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ABSTRACT

By the uso ﬁf the integral variation method and a one-velocity-
group theory, we conmpute oritieal sizes and multiplication rumbors for
rectanzular parallelopipeds of squarc cross ssction. We do this by get-
ting values for the zize of the gadget versus (1+ £)/(L g ), where £
is the net number of neutrons produced in the gadget per {transport aver-
aged) neutron collision process, and § gives, in certsin units, the wmul-
tiplication rate of the neutrons ir the gadget (ef. equations (1) und (2)).
Prow these values the desired results on oritical sizes and multiplicution
numbers follow at onice.

We consider ulso the much simpler extrapolatod end-point method
of aaloulating these same quantities, In & form which upplies to our problem.
%e then compare the results given by the two methods so as to compute cor=
rect:ion curves to bhe applied to the extrapolated end~point rasults in order
to obtain the variation method results. These correctvions turn out to be
very smell and, for practiczl purposes, our conclusion is that the desired
qg&ntities for the rectanzular parcllelepiped are best computed by using the
extrapolated end-point method (in the form sgiven in Section IV) alonz with

the ¢ rrection ourves of ¥igures 1 &nd 2,
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CRITICAL SIZFE AND FULTIPLIC TION YUM¥BRER FCR UNTAMDT

RECTANGULAR BLOCX BY VARIATION METHOD
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1. THE INTRGRAL VARIATICR HETHOD

Since the intezral variation mcthod for detormining crifical sizes
and multiplieution numbors is discussod olsewherso, of. 2 forthcoming compendium by :
Frankel and Nelson, Wwe shall not dorive it here nor discuss its detsils. We
shall simply set forth the muthod and epply it to the problem at hand. |

o suppose we have n gadzet of any size or shape which, for simplicity,
we shall take as untamped (this is the only ouse which we shull consider). We
consider all neutrons as being of one veloclty, i.e. this is a one~jroup theory,
so that there is a unique fission cross section @ p, a unigue abscrption cross~
gection @ ,, a unique transport cross section G;t, etos Let ¥ 38 usual be
tho number of neutrons exmitted per fission. Thern we define £ by

(v ~1)¢7%p -0,

r = - - (1)

that is, £ is the net number of neutrons produced per {transport averaged)
neutron collision process. This is clearly a physical constunt deponding on
the nature of the gudgoet materisl.

If o zZives the' multiplleation rate of the neutrons in the gadget,
that is, dn/dt =t n (n is the neutron density), and V is the neutron velocity,
then we dofine the guantity f by

PR VALY | (2)
Thus y sives essentially the multiplicaution rate, since it is proportional to

ol . ¥%a furthermore agree th.t, instead of meusuring distances in units of the
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mean free path 1/G ¢, 26 is usually done, we shall measure them in units of

1/{6'1; (1 + ¥ )]. We now define two integrals

e'rlé

i= n (1) n {2) av, aVy (3)
iy rg*z

N ,=Sn2 (1) awg o (9)

where the numbers 1 and 2 each denote an arbitrary point in tho zudget, ryp
18 the distance botween the points 1 and 2 in units of 1/ fd‘.t (1 frgj,' n
denotes the noutron density, and the integration is performed with the points
1 and 2 each moving over the entire gadget independently. The assertion of
the integral variation method agplied to & homogeneous gadget is then that of
all the trial functions which can be substituted for n in (3) and (&), the
truc neutron density will make the ratio N/ﬁ a minimum, and that furthermore
for this minimum:

1+
(8/1 doin Ty (8)

for the zadget in quostion. It turns out that the approuch of the ratio N/I

to its minimum, as various trial functions are used, is much more rayid than
the approach of the trial funoctions to the true neutron distribution. This ls
very useful, since it mesns that oven a fairly rough spproximation to the
neutron distribution givos a rather scourate value for (N/i)min, and we are
intorested primarily in the ratlo {1+f)/(1+y ) rather than ths actual neutron
density. In practics it has been found that, if the minimizstion is performed
using only parabolic trial functions, the values obtained for {1+ f£)/(1+y )

for the interesting cases are correct to a small fraction of a percent; (indeed,
even with a aonstant trial fﬁnction the result has turned out to be in error

by oaly five or ten percsnt at mosi;.) In cur application of this method we

shall fake our cue from previous work and use triel functions which are parabolice.
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11. THE PROBLZM FOR RECTANGULAR PARALLELEFIPEDS

He are interested in critical sizes and multiplication numbe:s for
various untam.ed rectangular parallelepipeds; we shall consider here only thoso
cases in which at least two sides of the rectangular solid are of egual length.
Let us-denote the length of the egual sides by %a, thet of the remaining side
by 2bs Our problems then are these: 1) Given the physical constant f, what is
tho oritical sizc (i.e. x.—.O) for, say, a cube a=xb, or for a solid for which
b/a =2, or one for which b/a=3, or in gemeral one for which bfasr ? 2)
Given f eand given &, what is the value of the miltiplication number y , for

given velues of rab/a 7 Both of these problems arc solved by obtaining curves

l+{
Of"I-vv

of Seotion L. For, given f, to find the oritical value of a for any partiou-~

vs. a for varlous values of rab/a, according to the variatlion method

lur type of solid (given by the value of r) we read off the graph the value of

i*:‘ = 1+ (since$z0), and this is our answer. As we ree '
Y

nmurked before, the values which we use for & éand b eare measured in units of

a essociated with

I/ECF‘t(l*xil; however, in the case of critical sizes, for which ¥ =20, this
means that we are measurlng & and b in the usual way, that is, in wmits of
the transport meun free path I/G‘t.

If on the other hand we are given a and {, and also r, we can

regd from our graph the value of ]i::. and conseyuently theo value of the mule

tiplication numbher ¥ « It is to be noted thut since & and b arc measured

in units of 1/[¢t (1+3)] we do not know in thls case what sctual physical size
our choive of & eand b ropresents until after ¥ is determined. This however
is no real diff‘ioulty, since for any ziven f and r we can by this method
eusily d&termine enough points on a graph of § vs. a (in direct physical units)
in the neighborhood of a given valus of &, to be abla to read off easily from

the curve the correct value of ¥ for this given a.
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As & matter of notual practice it would be ruther difficult to

determine snough points by our vsrietion method to get zood curves of
1s+7¢
1+p
there is an easier procedure which we shall adopt. There is, as we shall
la7
1+

a for given values of' r, which is quite accurate and is very simple to

v3e & for vuarious values of r. Fortuncitewly it turns out that

discuss below in Section IV, en aupproximate method for getiting VB

apply. This is the extrapoluted end=point method. We shall use cur varia-
tion method to zot curves for corrections to be applicd to the results given
by this extrapoluted end~point method. Since the corrections are quite small,
we 2ot adequafe correction curves by caleulating only a few points with the
variation wethod. This is then the attsck on the problem which we shall adopte.
For further discussion of this, see Sectiouns IV and V.

III. APPLICATION OF THW VARTATICYH METHOD TO THIS PROBLMM

We can now proceed to use the vuriation method outlined in Section I

to determine (1 + £)/(1 + ¢ )= (N/1) for an arbitrary rectangular solid.

min’
¥or the present we shull let the sides of the solid be 2a, 2b, 2¢, althouzh

in *oplying our results we shall always set a=c. Then we must evaluate

e T12
I -.:jmz n (1) a (2) dav; 4V, (3)
N :‘ n? (1) dv; (4)

and minimize the ratio N/I for & chosen class of trial functions n. We shall

use as our trial function the class
A% X% 8,

n(x,y,2z)= n3{x)ng(ying(s)= (1 - Px2)(1 - Qy2)(1 - R22) ~b=y$hb (6)
~c£ 2% 0

where P,Q,R may be arbitrarily varied in the minimizinz. It ceems reasonable
from the symmetry of the problem to use the separated f:rm for n, n=

nl(x)ng(y)ns(z); also the dirfusion theory solution of the problem yields a

separated form for the neutron density. We have furthermore previously noted,

Sestion I, thut Ear_z_a_‘gg_liy_.i.:_rial funetions yield very accurate results, and

————a
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since clearly we musi use even funoctions here, we are therefore led to the

form (6).

The whole difficulty here df‘ course is in cvaluating the integral (3).

Thera are several possible approaches to this, but the scheme which seems best

is one bused on some ideas due to Feynmsn. To begin with, lct us write (3) as

- 2
Izj ¥y vy n (r1) n (rp) eP/p (7)
vhere we are now using vectorial notation for the poimts in space and whsre
L=y ~Xas pP= lﬂ . Ye went next to make a Fourier expansion of e"P,sz.

Let the components of p be (j’x’ Py Pz’)' Now we want an f(k) so that

. ° :
s -l axr@ etk g (8)
TYS
Hence ve must have i
"o
l - 3 .
£ (k)= —3 dpx dpy do e '21 et k £
s /. '23"

We introduce polar coordinates whose polar axis is along the directicen of k,
and using k= !_I_c_l » we huve

]
£ (k)=

el

2 s -2 -p _—~ikp ccs @
pPdp sin @ded o A

8n
space
Intezrating, and using Peirce 506 {integrating 508 first with rcspect %o m),
we 2ok
-1

o E )

lence, from (7) and {8), wo have

-]
I*jdvl a¥p n (r3) u (rp) 5 ax £ (k) of Xo(zy - ra)

-00
vhore £ (k) is given by (8). Changing the order of integration and substi-

tuting from (6) for 1 we get... o
e e UNCLASSIFIED
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© a8 .
i= (d k £ (k) { dxy dx, (1 - lez)(l - szz) ol ¥x X1 =1 ky "24( .
2 (10)
b

RIS
dyy dyz dzy dzz

Jh ) l

where the integrand in the y end z intejrals is exaotly the same us in the

-G =0
% integrsls e¢iocept that P, x and k, are raeplaced by Q, y end ky,and by R, z
end k, respectively. What we have accomplished by the -‘ourier expansion then
is to get our function of the spuce coordinates x;, ==~z conpletely separable,
so that the intezration over these coordinates is now very easy to performe.

#or the integration over the space coordinetes vie use the typical
foriaule

3,

3 2s8in k_a
S dx, (1 - lez) ol kx X1 _ x

1SS PR
£

x
-y -
- '2a® sin k.a da 008 kya 4 gin kx &
- F * = = g3
k. ky ky
This zives us
® 2
‘ gin kxa . in k .
= 2.2 ., Sin kx8 28 cos kya
- kx kx
-0 -
o’
2 RY: {11)
Gy koo b R, k,, ©

The brackets {Q, ky’ b} and %3, kz’ c} denote the same function as the first
bracket with P, ky, & repluced by the corresponding guantitice in the other
brackets.

- in order to perform the intezrations over the k's it would be useful %o

get the integrand to separate into a functiocn of k, times a function of ky times.

= UNCLASSIFIED
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a function of kz' This product form already exists except Tor the function

- - h & 4 <
£ (x)= ..5:%,2_ (tan~ K)/ - 2; (tan" Vi, 2+ k2 v 1,207 kB KT

We can get £ (k) into the desired form by making tho expansioan {due to Feynman )

0 -0
-1 2 . ol k2 X% &
_‘E?B.E_.L_Je.ky F(y) dy = ekxy ekyy e e ¥ F(y) ay (12)
° o
where
»
-tl
P(y) s oo I B @), 2\ et ae (13)
y -2 vy
y
(The correctness of this expansion oan be readily checked). ilence
) ’ 2
o \ )
3 : Kk ® -k
I ?j F(y)dy dkxdkydkz <] kx y P, kx, 8 e’y y Q’ kyl bj
L (1<)
o © 2
2
[+] kz y R, kz’ Y
where the brackotsa } are the same 25 above in (11). The intezrutions

over the k's can be performed by fairly straightforward, although rather lengthy,
methods. We shall onit the detuils of this and simply write down the results.
If we perform these integrations, and ulso replace y by x° in (14) we get as our

final result the following:

Letting ox
e
E (x)= g 8™ dx (15)
°
o
2
Fr (x)= ; ye"x dx (16)
()

and sebting UNCLASSIFIED
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K (x)=2 B (1/x) - x(1 = e“l/xz ) (17)

. 2 1 /<2 2,
Ky (x)= (¢ x%+ 4/3) B (1/x) + 2x(4 ; 1) g1/ 3—’5-%}-9 (18)

K, (x)= (4x%/3+ 2/5) E (1/x)+ (le/l$)[x4v x2 . (5/16)] e'l/"z

(19)
- x (16x%/15+ 1)
then
8 abc 4
i= dx Br (x){ K (x/h) -a PKl(x/h)*-a P Kn(x/h)
{r (z/b) -bPQK,(x/b) ¢ b *q K.,(r/b)} (20)

{Ko (z/c) -c RK1(1/0)+ c Ramg(ZVU{}

It elso follows immediately, after substituting in (4) from (6) and integrating,
that

N = 8 abo (1 ~&Pa® + %)L - '§'sz+ %szg)(l -‘2‘302" %RE°4) (21)
The integration of (20) can not be carried out analytically, so we must resort
to aumerical means.

For any ziven a,b,c now we can compute the various intezrals in-

volved in (20) and thuis get I as a polynomial in P,G,R. ¥ is already such
a polynomiale The retio of these polynomials, E/i, can then be mininized
with respect to P,Q,R. As has been said before, we have considered in the
applications only cascs in which a=¢, whiech implies of course that in our
trial funotions we siould sot R=P, It was found in praciice that the min-
imizing could be accomplished most easily by & trial and error method, rather
than by equating (3/0F){E/I) and (3/8Q)(N/I) to zerc. This wes largely due
to the fact that the actual value of the minimum was rather insensitive to the

particular choice of P and Q; this of course also speaks well for the probable

acearacy of the resul’t'aohieved using parabollec trial functions. The results

= ____=— PUBLI c reLeast) NCLASSIFIED
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. . . 1«2 . R
are ziven in Tab%le I, which zives T against ocertain values of a

(listed asx e'variation) in the case of a cube, in the case where 'bfZa,
¢=1a, and in the cagse whore beew, ¢=a. From this table we zet at once,
clearly, ¢ ‘as g function of a for the ¢ritical case ¥= O, and the multi~
plication number § as & funection 9f.‘ a for any desired f. The remaining
two columns of the table are explained in Section IV below.

1V. THY EXTRAPOLATED END-POIKT HMETHOD

There is an approximate method which is very ea:y to apply and
which enarles us to compute with very good accuracy the same quantitles
obtuined by the variation method. nsed &bofe. This is the extrapolated end-
point method. 7This method is described in considersble detail elsewhere by
Hglson and Frankel (L&-8), and we shall merely set it forth as a recipe for
computing (1~ £)/(1+¥ ) vse & here. Given (1+¢)/(1+y), we want to come
pute a. Tho scheme as applied to our problem is the followlag:

We solve the diffusiovn equation for the neutron density n:

o g : -0% XEQ
v* n=~kn inside gadget ~bs y=b (22)

-0% 2% G

n= 0 outside gadget
whare k is determined By
-1
tan ~ k 1+

= ¥ (23)

* ’ 1+f

The Tuandamental solution is then

(24)

n = cog kjX*® cos kpy*® eos kyz inside gadget
n=20 . outside gudget
where |
k2 v 1P+ gl =i? (25)

In order to satisfy the condition that the neutron density be continuous
everywvhere, we should get for the sides of the solid: as 11‘/2!:1. b='fT/2k2,

c» W /2k3. The extrapoluted end=point method asserts that a much better

SEE-—  (NCLASSIFIED
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approximation to the intezral theory solution of the problem is given by
adding 8. corrsotion Yerm to euch of these values. This ecrrection is of
amount xoz\/( (L+y )/(1+¢£), where X is a funotion of (1+% )/(1+ ¢)
and is given by the graph of Figure 3; for the derivation of this curve
cf. Report [4~8, Thus we have for the half-sides of the solid
as T\"/(akl)‘r Xo
b= /(2k)+ %, (26)
e= T/(2kg)+ x,
As before, these lengths are ln units of 1/[47;;(1 +y )J- Of course these values
for the sides are nqt deterninate, s'nce the }:1, kz, kﬁ are not uniguely de-
termined by (26). We must specify two more conditions. This is accomplished
by setting o=a, as in our previous work, and letting b=ra where r is fixed

in advance. If this is done the eguation {or a becomes

1/(a+ xo)z-q- 0.5/(ra +x,)%= 212 (27)
Equation (27) can be solved for a for any choice of r and any given
(1~ £)/(1+5). For the cases r=1, r=2, r =00 , the values of & deter-
mined by this extrapolated cnd-point method for certuin values of (1+f)/(l+¥ )
{5.e, those obtained usinz the variation method desoribad above) are shown
in Table I. If we assume that the variation method is exust, since its errors
are probably of the order of a fraction of a peroent, we czn compute for euch

point in our table a percentage correction p to be applied to a to zet aggpe

ext
This is given in the fourth column of the table.

V. CONCLUSI NS AND SUMMARY

The o8t useful product of the work described here is the set of

s 1+rL for the ca =
curvss of p versus Bort and p versus = or e casos b=a, b=2a8, broo

{of. Figures 1 and 2). In the first place agyy is exceedingly easy to come

pute, since all that is required is to solve (27) for a. In the second place

the values of 8, Gre quite olese to those of ayg, (of. Table I). This meens

oo I ==,.  UNCLASSIFIED
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that the inaccuracies in p due to ﬁhe fact that the curves are drawn
through only three points, although relatively large compared with p,
are absolutely very small end have neglizible effect o:x the final answer.

¥e can suumarize our results then as follows: Given (14 ¢£)/(1+y4),
given that c=a, and given r=b/a, to compute & we first compute &,y

using (23) und (27) and then correct this result to z:t a using the

var

1]

graph of p, either Figure 1 or Figure 2. The ourves given in these graphs
are only for the cases r=1, r=2, r=00, but it is clear that an adeguate
interpolation can be made for any intermecdiate cases. ({"e have not been in-
terested in this work in the cases for which r< 1)e The values of & which
we zot will be in units of 1/[9"1.'(1-»32 and the actual physical size of a can
be determined only when the value of y is specii‘.ied {we can assume thut the
physical constsnt ("y is inown}. |

¥ie uight be given the converse problem, for given = (thut is,
av&r) to determine {1+ f‘)/(l +¥ )+ This is reudily done as we shull see below
if a 1s given in units of l/fc‘t(l +x_5} . Horever im gencral a will be given
in some more direct p‘hysical way3 even so, if G"t end 1+y ere given, so that
the object is to determine [, we can at once proceed to get a in the desired
units, determine (1+ £)/(1+y ) (see below) and hence f. If, as is most likely,
£ and @ are given, and it is desired to compute ¥, our best hope is to guess
at the uelghborhood in which the answer llos, take several values of ¥ and
hence (1+ £)/(1+y) in this neizhborhood, and compute a from these, as des-
eribed above, in direct physiecsl units; thus we get & zraph of a .vs. (1% f)/
{1+y% ) from which the value of (1+ £)/(1+y), and hence ¥ s for the specified a
can be read off at onoce.

Wle must finally Justify our ubove statement that if we are given Bvar

in units of 1/[a~t(1+x§) , then (14 £)/(1+§) is readily determined. ¥%e must

first zuess at the appropriate value of p (this is casy to ¢o adequatsly well

S ———— e i ettt S o =

Sewmmpm—  |/\\CLASSIFIED
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instead of a‘var’ since 8oxt will

even though p is ploited against aext
« Ve then

not differ much from avar) ond determine from it the value of aext

place this value in (27) and use a trial and error method to solve for (14} )/

(L¢£) from (27) and (23).
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v oe _‘I:!lBLE I
. 1+ 9 V - 8yar ~8gxt. 100%
2yapriation TTY 8axt. end point P= B Ver——
Cube: azb=2¢
.80 2.0409 L7851 2.16% o
1.50 1.4634 . 1.4819 1.22%
2.30 1.2527 2.2810 0.83%
2 x 1 x 1 Rectangular Solid ¢c=za b=2a
370 1 &s‘&?o 06868 2.01%
1.20 1.4974 1.1859 1.19%
2.00 1.2429 1.9898 0.52%
Infinite Rectangular Solid b=oo
.62 1.9669 06129 1.16%
1.10 1.4798 1.0907 0.85%
1.80 1.2464 1.7901 0.55%
—_— —
'M

pr -
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