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 ABSTRACT

The behavior of & £luid at a surface § of d:scon‘bwu ity of higher erder
n

{3..0., no’c a chock) mre disoussed without reference to the sguation of state.

particular, the formulse
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for a discombinuity of order n, = 2 1 ere estsblished, where x  is the direce

tion normel te the curface, p is pressure, f denaity, v, velocity in the x-

direction, © the veleelty of propagation of S, and A ths discemtinuity of the

indicated function. I dg»/ cisg exists the third formula yields tho theorem of
Hedamard that such surfaces propagate with sbund.-vélaci;ty _ (if there is material

flow oeross them). The third formula is also applied to show thet a surface form~

ing the boundary between s metal in an incomprossible phaso where p « By P = po

end in a phose where Pp = p o g g): 0° must be a disconbinuity of order groeater whan

1, and at the pame time gives tho veloeiby of propagabion of such soundary.
. ,
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SC¥E REMARKS O THF INDRODYHANTCAL THEORY 0F WAVE PROPAGATION

B

WITH AN APPLICATION 7O A PROBLEK IN THE FLOW OF HETPALS INCOMPRESSIBLE

AT TN PRESSURES

L. The familiar treatments of wave propageticn in gises seswmordinarily &
Aifferential relationship betwson pressure P and densibty ?. Recently, howover,
applications have beon found for the concept of & gas whose Watt disgrem is a
broken line, in which case, of course, the derivative dp/ d? doss not axist evory-
whers. In the light of this fact, it is worthwhile to consider gghggzg.the ba~

havier of geses 2t & wave~front, without veference to the existence of the deri~

7

TaLive dp/d?. in tho casme of shock-~waves, of course, this involwes nothing nﬁé,
since these are discontinuities of the quentities p, ?, end the veleecity wector
v = {?m= Yy vz) and the behavier of derivetives of these quantitises does not
enter into the discussion. We shall, therefore, be ¢oncernsd with waves of nigher
order, that is Lo say, with waves whose presence is menifested by discontinuitics
in the derivatives of p, ?, v. However, certain precise and intorassting analce
gles botwesn the theory of higher order discontinuities developed bhere snd the
theory of shocks are pointed oub, snd will be discussed further at a later date.
In addition, a vesult concorning the flow of ideal metels incompressible at pres-
sureé less then some critical value but infinitely compressible at that value,

which has been previously sshtablished by Teller snd von Neuwenn ic devived as en

immadiate concoquence of one of the general lswe here set forth.

Ii. Wo consider then 2 body of gas which cocupies, at the time 4, a volume
V¢ of spaco. The state of motion of such o gos during a time period T 1is com=

plotely characterized by tho definitlon of the functions p, ?, v ovsr the ro-

|
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gion ¥ = ¥y x € in space-tims, these functions being consiricted to satisfy the
aquation of motion

gred p = = o v (1)
end the eguation of conbtinuity

§ S-odivy (2)
Sincs wevare not conceorned with shocks we assume that p, ¢, v ave contiauousl>

Ghroughout Vo

I11. '+ Hew let us comsider a three«dimansiaﬁal differentindle gub~-menifold 8
of V and denote by S its oress section in Vss iec., Sy is a surface within the
region ¥y whose position sand sheps are changing with tiwe. We assuwe that the
first derivatives of p, 9, ¥ in directiona pafallel to 8 are continuouz s~
ecross S, but admit the possibility that the firet derivatives of those quanbi-
ties in directiomns tranaverse to S moay be discontinuous. In ovder to study thoe
nature of these discontinuities, we éhcoae coordinates so that at the point =,
¥, 2, ond time &, the {y,z)-plans is tangent to S;, and so that velocities are
mzagured relative to mat;rial velosities in the {y:z)-plane, relative ta the valo-
city of Sy normal to the {y,sz)-plane. Thus, in effect, ot the point and instant
in question, the surface is et rest and the flc% of matter is mormel to it. Then,
| :
it P ie any ono of the functions p, Ps Vs Vyo Vg, WO have, by virtue of thege
conventions -

dB/at = 2B/ + v, 8B/ ¥x (2)

1) This assumption &lso rules out vorkex sheets, that is to gay surfages &oross
which 9, v are Aiscontinuous. but acress which no matter flows. Bub tThe
& .
renark concerning shocka in paragraph I applies alsc to these.
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’
Horeover, Af A dcnohés a diacon’cinuity_across S, it fcllows from the fact that
tho surface Sy is instantaneously at rest that
o (Efst) = 0 , (4)

which combined with (3) yields

A (aF/a8) = v o (28/3x) : . | (s)
Finelly, since Sy is tengent to the {y,z)-pleno, we have
A (38/yy) = 0, o (38/23) = 0. (6)
- IV, Now lot us apply A +to the equations (1), (2). We obtain then, by wir-

tue of the results of the pree.eding pavagraph,
9 & (dvs/as) = ~ A'(ag/ax), ‘
a {av,/az) = o, | | ()
& {av,/at) = o, - |

28 (dvy/3x) = = A {d?/dt)’ {8}
From {6), we can write the first of the equations (7)., and equetion {8) in the
form A A
.. Q Vx & (Bvx//bx) = - A (3p/x), }
(9)
9 A (dv/¥%) = = 7 A (by/éx),
which yisld _ '
A (apfax) = v o (69/53), o (20)
oy al’cema.tivsly,
| A (apfas) =vf o (d?/d‘c), (11)
if v # 0. '

APPROVED FOR PUBLI C RELEASE
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ﬂsh
New, resalling that coordinates were so chosen thet the surface Sy is instantene-
ously at reet, we sse tbé.i‘., in effect, =V¥x +6 the velccity of 8 et the polnt x,
¥, 2 and time t, relative to the material at that point. - If we denote thet

veloclty by ¢, woe bave

e = A (dp/dt%, (af/dt) , ‘ {12)
© it dF/dt # Q. I, at the poiixt in question, dp/dg exizts, this beocomss
c® 2 d.p/d? , (13)

and yields, thorefore, the usual result thet a surface of discontiuuity of dga/d;’c
is a soumd-wave front. On ths otber hend, even if dp/d? does not exist, equation

(12) provides a means of caleulating wave-velocity, where dg/dt is discontinuouso'

v. . Suppose now theh the first derivatives are cqnﬁi.nu_oua, or mare generally
that all derivatives of order n-1 or less are continuous, bub tm'bﬁerivativea of
order n ere digoontinuous. 12% us essume, however, thet derivetives of order n
in directioﬁs rerallel to S ars comtinuocus. Then if we differentiate (3) n-1

tiwes with respect to U, and then apply A, we obtain the precise analogons of

fornmlae (&), {5), {8), that is to say -

o (%8/58M) = o, (4°)
AP/ AP) v A (205 oxD), (5%)
a {(ovp/ayR) = 4 (o%8/as®) = 0. , (6%)

Horeover, if we now differentiate (1), (2), (n-3) times with rospect to ©, end

then apply A, we obitain
o A (v /at?) = ~ vt A (Fp/ox),

A (dnvy/dtn) =0, (")
& (avv fae?) = 0,
? vxnal (5”‘?5/&22*) =~ N {anfd'bn)- (8"’)
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Applying {(5°) in (77), {6°), we have
9 vx & (% a8) & ~ A (Wp/x) }

04 (P, 238) = - v A (ang/bxn) (o)
end’so, as befors
& (7p/exd) = w2 o (Wg/enn) | oY)
or, alternstively .
A (6Pp/lee®) = w? A (d“g/dt’“) (117)

Thus, egain, if ¢ is tho velocity of propagation of the wave im question rele-
tive Yo the moving ges, we have

ez A (dnp/dtn)/A (dngldtn), {12%)
wher2 n 1s the smallest iateger for which d.n?/ dt? is discontinuous. Since the
right member of (12') reduces to d.p/d? when thet derivetive exists, we have ingci~
dentally established the theorem of Hedamard that 21l discontinuitiecs of order
groater t}h&n zere in p. ?, v propagate with sound volocity. At. t!ﬁa Sene tim@, |
'formula {12') gives the velogcity of wave propegation irrespective of sny assump~
tion r@garding the relationship between p, 0 While wo have nbt proved it, it
is interssting to obssrve that (12°) is true for n = 0 also if we insert o factor
lsa 5)/ g oo the right, end becomes :m that ease

o% = (5, /po)(m, ~ P}/ (g, = $0)
the umual formule for shock;-smve volocity relative to the material im fromt of it.
In this connecticn, indeed, one may otserve that the oguetions (9°) ray be written

? vz & (Fvy/st) = - 4 (Fp/R)

(1)
& ({gvx)/oz") = 0 |

A

which are also true for n = O, becoming in that case simply the laws of conssrva-

tion of momentum and mass across 2 shook. The possible significance of these ana-

logies will be studied later.
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Ms@
vI. We hove, throughout the preceding giscussion, implicitly sssumed vy £ O,

and it is wortlmhiie %o consgider briefly' the alternetive case assuming that thers
is a discontinuity of order  n. From formala {57) it follows in this case that

: all éotal time derivatives ars econtinuous across S, and this leads with the squa-~
tione of motion to the conclusion tﬁat B"p/bx‘?, v, /350 ero continuous. Bothing,
" howevar, can be said about the quantities a"g\/ xR, bnvy/BxF, b"&rz/ B, and thus
discontinuities of order = which do not prapagbte but along ﬁrhich one or more of
these threo darivativesA are discontin;aous nay be expected. These are the preciss
nﬂl orvder anelogons of vortex sheéts, or of &ensit_y diecontinuities if b"vy/bxﬁ, -

61’;%/ =2 are continuous.

vii. Equations (10), {21%) hav§ the following imporient application. Consid-
or a subsgtance whéss equation of state has the foym

? = ?o = gonst., P < PO (15')
P:pot-cone‘i'.., 5)04?(?' .
whero c;! pay bo oo, and we are in any cese i;xteres’osgi only in the bohavior of the
gas ak densities ‘,?oé ? < ?e « Consider a curface Sg jﬂhi.ch at the time ¢ is a
btoundary betwesn ‘the substence in the incompressible phasge ? = Oo° and the sub-
stance in the phase p = P,. Then clearly, from {15), at any point of 8,

o (3p/3x) -_--ats(a?/bz), a0 |
Combined with (10) :m the case that there is material flow across the surface,
this yields |

A (op/23) = A (ng/b#) =0, (16)
and formule (11°) provides the wmea..n'a for determining thé velocity of propagation

of 8¢ in terms of the behavior of p, 4’; on the two sides. If there is no material

fiow, thern of course, b“s;/&xn may he‘disoontinuous for some n, but anp/a.xn is

——————
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continuous. Equation (16} has been established bsfore both by Teller end von
feurann. Spscial lmportance attaches +to it, since problems in the flow of malers

ials with such an eguation of state as (15) may bo expected to be underdetermined

if no aceount is taken of iL.

: A
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