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ABSTRACT

A calculation has bsen made of the result of the following sxperiment: a
source of neutronz is surrounded by a sphore of active material snd a fisaien counter
is placed nearby. Tho count is compared when the sphere is in place and when the
sphere is removed; the ratio (M) of the two counting rates ie a messure of the re-
active properties of the sphere. The results of our calculations are compared with

the results of the experimentse of Group R=3:

Sphere
Material Diameter Counter Yeale Yebs
2.5 63% 25+ 316 28 1381 . 135 £.02
3% 25 28 108 1,13 2 .0
+ 274 28 20" 63% 25+37% 28 2.252 " 1.28 ¢ .06
. 28 1,032 .00 £ .05
Hormal 2.5 63% 25 +37% 28 1.04i 1,031 4,011
Uranium ° 28 0.707 0,760 4,012
6% 25 + 374 28 1,199  1.202 +£.012
Plutonium 9" 28 1,176 1,175 %.015

In the case of the 2,5" 25 sphere the outcoming spesctrum bas also been calculated.

The agreemont with the spoctrum as measured by Richards is satisfactory.
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MULTIPLICATION OF NFUTRONS IN SMALL SPHFRES OF ACTIVE MATERIAL

1. INTRODUCTION

Recently & number of experiments have been performed which measure the

multiplication of neutrons by smell spheres of active material. (Compare also

LANS=227, 230) These experiments are essentially differential and serve to check
our date on the neutron processes in active material.

tie shall calculate theoretical quentities to be compared with the resalt
of the experiment performed by R. L. Walker, J. H. Manloyl) and co-workers of Group

R=3. The experiment is performed by surrounding a source of mock fission neutrons

with & sphere of active material. A suiteble distance away a fission counter records

the counts when the sphere is in place and when the sphere is taken away. The ratilo
of the counting rates is a weighted measure of the production of neutrons due to

fissions taking place in the sphere, We will call this ratio the multiplicationa)

and will denote it by M.

The experiment has been made using spheres of 73% 25 +27% 28, normal
urﬁnium and plutonium. FPFurthermnore with each sphere the meesurement has besen made
using both a 25 foil of 637 25+ 37% 28 and a 28 foil as detector. The 25 foil re-
sponds to neutrons of all energies; the 28 foil on the other hand has a threshold

at around 1,1 Mev. The 28 counter, therefore, will be much more sensitive to in-

elastic colllsions taking place in the sphere.

1) LAMS-207, p. 16; LaMS=-222, p. 9; LA-101.

2) Strietly speaking the term multiplication applies only to the ratio of the count-
ing rates when the counter has a rlat response. In this case the multiplication
represents exactly the number of neutrons produced per neutron from the source
and not merely a rather complicated weighted measure of this quantity.
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2. FXPANSION IN NUMBERR OF COLLISIONS

The spheres of active material used in the experiment had radii, a, which
wore less then a mean free path. This means that most of the neutrons that make cole
lisions will make only one collision in the sphore. A few will make two and a vory
few thres. This suggests a study of the problem in the faorm of &n‘cxpansion in the
number of collisions that the nsutrons make. The natural parameter of such an oxpan=
sion will be ao, where o is the reciprocal of the mean fres path. For our spheres
then a Z2as <1, In the calculations we shall take the unit of length to be the
radius of the sphers.

The effects of surrounding the source by the sphere of active material are
twofold; first, the flux of neutrons that camo directly from the source in the no-
sphere experiment hag been attsnuated by the collisions performed in the sphere;
sccond, the collisions occurring in the sphore multiply the number of neutrons and
pregent to the counter a distributed source in which the intensity is a funotion of
the distance of the point of the sphere from its center. The flux of neutrons that
comes directly from the center is attenuated by'the factor e°qnﬂm32. Let us under=-
stand this from the point of view of an "expansion in collisions™. W%We need only
study e-% since l/LﬂRe is a purely geogetric attenuation. Consider then a slab of
agtive material of thickness egunl to b. Suppose one neutron enters the slab n

normally how many neutrons emerge which have not suffered eny collisions at all?

2 x Y

I "y ]

‘o dx b
Fig. 1

Transmiseion through a Slab
Lot & be the probabllity of a collision per cm. If we now consider only single

collisions, we say that the number of neutrons lost in dx is Gdx and therefore

e UNCLASSIFED
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i&gzﬂiva;' hi‘ noutrons that emerge is therefore

throughout the slab the loss is°;5, .ng %
l-ob. If we now include the consideration of double collisions we would sﬁy that we
have subtracted out too many neutrons because we have just seen that due to eingle
gollisions ox fower get 4o x., Therefore at x, thore will be Gxcddx fewer nouirons
taken out of the beam, And across the whole slab aaba/é. This argument in terms of
collisions is continued and we seé that we obtain the development of e~%P. This
argument in tesrms of collisions is continued and we see that we obtain the develop-
ment of €"®®, The term in (ob)® represents the effeect of n collisions gontributing
positively or negatively to the outcoming beam.

In the casga of tﬁe sphere of active material we will use oxactly this typa
of reasoning with the addition that neutrons can be oreated by fission. The caloula-
tion will be made in the following way. We will first assums that all tﬁe neutrons
have the same energy, end that the foil is activated by neutrons of this energy. we

- %111l then calculate the nultiplication on this basis, From this we will get tho

correct multiplication by introducing the proper averages in each collision.

3. SINGLE COLLISIONS

Let the source smit Ly neutrons per sec, and let the counter be at a dis-
tance R from the source, Then the flux at the counter when the sphere is absent is
R°C gec=l, In calculating the multiplieation we always require the number of oounts
with the sphere relative to a single count without the sphere. This conversion may
be obtained by multiplying the flux at the counter with the sphere in place by Reo

In the sphorical case vie also uso the method of eollisions which was flluas-
trated above in the case of the alab. In this method, the multiplication is given by

the sum

1+ M;(single collisions)+Mp(double collisions)+ «..

,

APPROVED FOR PUBLI C.RELEASE




APPROVED FOR PUBLI C RELEASE

e e o 9 o e ® o @
e o 90 o [ e 0o o
[ N [ ] L} (1 X ]
o o o . o 8 e o 0
e e LX)
e oo
. e o & e o
. o oo o o0 o o
e o o e » o o
e o o o e o e ®
o eooo0 » 0o 000 oo

We will now calculate Ml‘ the contribution dues to single collisiouns. Lot
(r,p) represent any point in the sphore, and lot p be the distance of (r,w) to the

counter.

counter

Fig. 2

Geometry for Single Collisions
From the figure we have 92:R2+ rC - 2rRfh The'f.lux of neutrons from the
source at any point r 1is l/ra. The element of spherical volume is 2ﬂ‘r2drdgm, There-
fore the numbsr of collisions per sec taking plnee in drdp. is Q‘Eﬁﬂrdp. Lot 1ff
neutrons come off after ocach collision. The contribution of these neutrons is
. 1 1 1
E.S_]Lé*.'f). dar -1%22:?-(-}%{2- odr%&v—g—zég:u(hf)(l+;§z+zgmv”..)

Q

The net gontributlon due to mingle collisions is this plus the term, -, resulting

from single-colligion attemuation of the direct beam from the source to the counter
My= () (1 + 1/R% « 1/25R 4 . 10u) - @ (1)

If R —yc0 we obtain just «f. This is the number of neutrons produced by & nsoutron

traversing the radius of the sphere. If in Eq. (1) we let £=0 we have

My - «(1/9R2+1/25RL‘ 4 cs+4) which means that even if only scattering occurs, there is

8till multiplication. This clearly comes about from the fact that the sphere of

material effectively brings the source closer to the counter. .In our experiments

R~2 and the geometric multiplication is ~3%.

L4, DOUBLE COLLISIONS

When only single collisions are considered, we say that a ray of neutron

starts from the source, malsdp &°ed11£§2c}!"a8’ nome point in the sphere, and then goos

APPROVERS*FOR *PUBL] C*REL EASE
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to the counter. The conaideratian of double collisions is a refinement of this
picture. Some neutrons will h; seattered out of the ray before they can produce this
collislon. ¥e say that these nsutrons undergo a double collision process. Supposeo
that the collision has taken place and a ray of neutrons is on its way to the counter.
This ray must pass through some matter in the spherc and a cortain number of neutrons
will be scattered out of this bsam. This is a second double ocollision process. A
third double collision process takes place when the neutrons perform a second col-
lision after their first collision and then go to the counter. Finally there will be
the contribution of the direct bemm from the source in double collisions.

| The contribution %o the multiplication of the direct beam is mg/é. The
contribution of the two fission collisions can be calculated in the following way.
The first collision produces a flux of noutrons at (r',u) of 2fix{l+f)dr'dp. Let the

soecond collision take place at r. Then the flux of neutrons at x» where 5}'=:cou“159

is .
al(1ef) X et 1 djpe _ae(].«r)ai dp? ra rler
2 o 1 FRer'2-58 u 2r ot {rior|
The contribution to the multiplication is therefore
2 2 1., e 1
(2+£) drr dr L ripe .y5%

b o o T ‘r:“?i -1 P ;R |

2,142 [1 1 2 L
_a (1+f) ‘! dr’ drr G L35 1+l<£)+-1= .E)-*......)

- 2 o ¥ {o jrier} 3\R 5\R
Performing these integrations we find

2 2
Mo(two real coll.) = a2(1+€)2 {\% (1’1-: 1)’}_21:}1'2?(%*% PO (2)

The contribution due to attenuation and then fission is obtained &s follows. The
number of neutrons taken out of the beam is (1/%2)%xr=;a/}. Thersfore the lose in

multiplioation because these neutrons did not produce fission, is

APPROVED FOR PUBLI C RELEASE
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Mg(&tt-)-—-—-ﬂ—e ol‘dr 01';271-{2-0'&( +f (2*5.1452*506&&%@---) (5)

Finally we come to the loss in multiplication due to the neutrons lost on the way to
thoe counter after fiasion took place, If the distance traversed in the active

material starting at (x',y-) is Z, +then the loss in multiplication is

2 13 1
o (Z‘?f) dt Z(rlﬁ (h)

o =1 P/R

Let us find what this distance Z(r.p) is, From

Fig. 3 va have ' fd*\

(rezp® )2+ 22(1-w2) = 1
Z2 = r(/p%s (1-r2)/r2 - W)

We will now change wvariable of integration from

= Ma(att . ) =

f~ to ¢ in Eq. (4). Let r/R=zx.

v._.R“Pr.. ..’5.
' P '(}(1)9

Fig. 3
R=/lexCe 2px = 1= ux+d x2(1-
9/ X P % x=( P? ) The Attenuation Distance 2

and

gt (44-24) xw% (1»}1..2) ,.«xe
neglecting higher powsrs of x than the sccond. To solve for ¢ in terms of P." lot
M= Xy +x° Poe If we substitute this in the previous equation and then set the
separate coofficients of differont powers of x equal to zero we find Ky =1- /;.'2,
Moo= = p(1-pB)/f2

s P +(1op22) xoF p(1-42) ‘xa

d o, X2
-&L’;- = 1~ gpxa (1-308) S
APPROVED' FOR® PUBLI & RELEASE
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On carrying out the integrations we find
2 1 1 2
a (14F) Zap 5 ( 1]2 7w )
e Mn(att.) = ——toaet dar ——te = (A2 (B l) ¥ Poese
2( ) 2 o .1 Pe/Ra ( ) 4 ( 14 ) 128R2
We have therefore the following result

2 2 2
Mo = S'é- +q2(1+r)2[% (%—+1)+ —2:? (%—:wi—) + ] eq2(1+f)[&+-i—2%§ +}

. . (%)
- 4:2(1'}1‘)[% (%*1)‘*?2%&?* ....}

5« REMAINDER .

With the caleculation of the contribution to the multiplication due to
neutrons that have made two collisions, we bring to a close the.calculation in terms
of collisione, and we will now obtain the remainder of the multiplication by an ap-
proximate mothod,

e will adopt a method first applied by Peyomen and Ashkin to problems of
thie nature. Consider the integral eguation describing our system. In the one velo-
city approximation we can write it in the following foim

a{r) = s(r) +(1+f) §K(r,r°) in(r') dr« (62
where n/r is the flux, S/r is the source function and K the kernel. Suppose now

that we have an approximate solution to =n. This we denote by n(i). Let the res

Dt

mainder be n(i). Then nsn(i)«o- n(i)o We will now find an approximate expression

for n(i)o Substituting in Eq. (&) we have

a eod O oe® see o3
e e 3 o " 8 -4
e o o a 2 o e
e ¢ oo « oo o &
* e o ° . ®
eF 96% 040 &P& AD> 03

e [ ] wed o
L 2 2 L4
£ ]
[ ]
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g e L Tl
e
(1) - s.,n(1> +(1s8) [K n(15 dr? + (1+f) } dr?
nld) o 83 + (1+£) IK n(3) gps (1)

whege S; = S»n(i)-r(l*f) S‘K(:;r") n(3) ¢re, Thus n(}) gatisries the same integral
oquation ag n except for a different source function,

he can write down the formal solutfon te this equation immediately
1 £
a(1) = 1% F5 () 5y(r) an) o) (8)

vhere

B, = (1agn) [KGearn) ler) are (9)

The proof of Fg. (8) is simple, The symmetric kernel K{(r,r") generates a
_@oupleto orthocnormal set of asigenfunctions ¢n The associated eigenveluos are
1+fy,, as shown in Eq. (9). Let us then expand n(i) and 83 in terms of these

oigenfunctions .
n(3) = il Co (€%)
n:

®
5y= g:-i S1n o Sin ® fsl #y ar I
Substituting in Eq. (7) and using Fq. {9) we find

lffg

Cp = Tt Sin

If this is substituted in Rq. (8) we obtain Eq. (8).
The equation for n(i) is an oxact expression. Ve now mada the approxima-

tion fy=f, for all un. This means that we put all the neutrons from the source in

the normsl mods.

(i) 1+f
nt. ' fonfz (¢n sl) ¢n - f f Sl

—opnsa—

n 1) . ?S%{S-n(i)+ (1+f) ~B-K(r,,r') a(i) dg'}
o~

The contribution to the multiplicatien corresponding to n(i) we write u{1). 1If we

say that the counter is at infinity we havs

u(3 { {;n(-:)‘):x”raﬁ'i
APPROVED FC]gf.PUBL. C*RELEASE
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6. CORRECTIONS

The spheras of active material used in the experiments each had a small
spheriecal hole at the centor which served to hold the source of neutron.s° The radius
of this inmer sphere was 0.396 e¢m. The source of neutrons was approximately spherical
in shape of radius 0.336 em. Our calculations sc far have assumed & point source and
no hole, and it is now nocessary to find the effetts of these perturbations. They aro
by ne means neogligible.

The material in the source has approximately the same scattering properties
as the active material. We make a negligible error if vie assume the acattering pro-
pertios to be exactly the same, and furthermore if we assume for simplicity that the
space between the source and the active material is filled with inmative material but
scattering like the active material,

It is easy to show that if we have a spherieal source of radius b and
source strength q per unit volums, then the flux, F, at a point distance r from

the center of the sphere is given by
_a -pC r+b \
F(r) = 23_( E»lr YRk (30)
I¥ is convenient to have F(r) as a sorfes in r. We normalize the total source

strength to hﬂ‘noutrone per sec, ﬂ-— %;‘b3°q = L4ff, We have then

r2b Fr)= : (1«-3@—( -77(*-)b+mo> (10°)

r<bd F(r)-‘:%(ﬁf;(r)a 35 {..,) h...) (10%)

It is now necessary to go through our previcus oalculations taking into acoount this
more complicated flux distribution and almso the fact that in the region which we
designate O ¢ r € C no fisalons take place corresponding to the hole in the sphere of
active material. The calculation is straightforward and we now give the new expros-

gione for the contributions to the multiplication of tho different collision processes;

hore b/C = d. .0: .E. E .E. g:. §..
APPROVED FOR bimLl¢ ReCEASE
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My = u(1+f)[1 C 4= ; - db('l=c)+5';.; ab(1-c3) & ::.3;'3%2 (%— (1-¢5)
?%b (1ac)+lg7 b2(1-c)+o.o/\;+.o ...... ]
4 '325 b2e(1- d)-tl‘}.? b2 (1-d) + >+}
¥ “b}% "'E; (%“1-?7” 555" \)*% (%T (%i" R RATS )J
. u{(lo%a-n...)f—;-(%)a (1-?.7‘!5”‘,.)]:,0...‘... |

M, (two real coll.)‘-’-aeJl to{1+f) aJo taa(lef) J3éa. (1?1‘)‘2 J,

1 1 af1r 1 1 1 11 1
J - bc o om— - = © oae °"""""dh bandiad - © eave
123 [A 1.3 (5 1,3.7 3.5.9 ) 3.5 (7 1.3.9 3.5.11 )}

3
3057

=2 b(1=d) + == B(1=d3} 3 ...

L 1 0(1-03)¢ —2— aBc(1-a) +—2 dab(].od)ro.o)

13\3 1.3.5 1.5.7
e 2L o1.05 2 0a3) 4 =2 dbio(1e |
38 (5 C(1=-d )+5°§.5 db(1-a7) % =7 d*e(1 d)*.o.)h ....... }
= °5 Qe
Jo cc( (1c)+555(1c)+557(10)+ )

4

! c5)+“.>+-—3-bd3 A C T3 I | PO
05 507 1°3°5

- a| -1 (-c
5.5 \1.3.3
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J3:H3°Jl.
1 2 {1 1 1 nbh 1.1 -+c(1ed)+-—=~b(1=d)
By = =135 \5 15.7 359 ") 357 159 " 3.5
L
3 3 wd9) 4 enn oo a3 -==-=-b201d+--b31«=d +,>
557b(1d3)f 7'919(1:1)4“ . 3( c3(1=d3) + (1=d) 57 (1=4) |
1 ( 06Q.- $o ) -—=-(C--b)+ ........
3
Jy=H-Jd2 -
B =l-Cty5s ;05 db(1ec)+5°*;’.7 d3b(1=c5)+me1—1-3-(; (1-C )+---—b (1-:0)
3. 1 {1 ,,..5 201.03) 4 . +2.8 ) emenans
4—1.5.7 an’ (1 c)+e.)« 5°5(5 c )+ b (1-62) + °>'2hR2(L; -3

= Mp{att. then coll.) = ea.e(l'rf){% (lnca)*t-i—al—'é? (1»0"‘)4- o.,..}

2-];.2 £ 2 Ch cl“' o 2 °=2”b2 qGoenavesns
o [20(1(1)*‘-{5}{2 (ld)akooa} « 5 +

1 3 1 5
= Mp(ooll. then att.) zo(1ef)pt| 1= ca-fwgg (1-C )-»-3——5-2 (X2=C?) vs.

c-.-- = P = 5 )-‘-o-.o-ooov
§ e (bd(] =C) (] c) ”) -2 ( bd?(1=C?) e} !

2
*az[c-b°}9-ca(l"d3)... "5_" (1° dcgﬁ(lad)‘» oe>+ oo.coooo}

345
2 2 2 1y
M(direct beam) ;-a-’a-[l = %—1- 1 (-%- ,_;P._}.) . .]
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The mock source of fission neutrons was obtained by the reaotions

7. DATA AND RESULTS

Poi-NaBFh;bZ% BoF), . Natural alphas on boron do not preoduce a spectrum of sufficiently
high average snergy; so a small amount of beryllium was added. The resulting speotrum

3) L)

as moasured by Richerds”’ is given in Fig. L together with the latest fission spectrum,
The method of calculating the averages to be put in each collisien has been
glven by Kurath and RaritaS)o In the case of 25 and 28 we possess rather extensive
data and here there is no difficulty in obtaining the proper energy averageaS)o On the
other hand for L9 only the fission cross section is kunown as a function of energy. We
have thereforae used what we believe to be reasonable wvalues and in .the case of the &x-
poriment with the 28 counter the saleulation has been made for three values of the .in-
elastic cross section: .79, 1.0, and 1.25 barns. The other data used were:
0p =1.80 b, ¥-1-a=2.02, or more significantly, op(v=1-a) =3.6h, and oy . 4 =L.77 b.
The tables below give.the calculated values of M the ratio of the count-
ing rates when the sphere iz in place and when the aphere is removed. For comparison

we have added the experimentally observed values of M,

3) H. T. Richards, LA-201.
L) H. T. Richards, LA-200.

5) D. Kurath and ¥W. Rarita, IA-197. To the date used here must be added a 3% reduc-
tion in O>f for pure 73% 25, indicated by the multiplication experiments with the

flat counters. || ||. .
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TABLE I: Experimonts wi¥h 25732253 27% 28)

Diameter Counter Ncale ¥obs
n 25 1.383, 1.35 £ .02
&5 28 1.082 1.13 + .02
| 2.0" 25 1.262 1.28 £ .06
° 28 1.032 1.07 + .05

A

TABLE JI: Experiments with normal uranium

Diameter Counter ¥aalc Mobs
2,50 25 1.0LL 1.031 % 011
° 28 0.707 0,760 ¢ .012

TABLE III: Faxperimente with L9

Diameter Counter Meale Mobs
25 1.199 1.202 +,013
9" 281 1.187
: 282 1.176 1.175 * ,015°
283 1.165

As an example of the contribution of the various terms to M 1let us con=
sider the 2.5" aphere of 25 uaed in coenjunction with the 25 counter. The zero col=
lisions give 1. The first collision gives 0.2035 the second 0.0915 the remainder
0.0388. Total 1.4238. Correcting for the fact that the 25 foil is 63% 25 and 37%
28 we find that the result of the experiment should be 1.3835. The slight difference
betwoeen the experimental values here listed and those in Ref., 3 arises from the fact
that the latter have been corrected to correspond to a pure 25 detector.

Richardsé) has messured the spectrum of neutrons emerging from the 2.5"

sphere of 25. Fig. 5 shows the ealculated spectrum together with Riahardn” resultas.

6) Private communication,
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On the whole the agrecment betwesen theory and experiment is satisfactory
except for the multiplication of the 25 spheres as messured by a 28 counter. Sueh a
discrepancy has also been reported by Kurath and Rarita7) when they caleulated the
result of similar experiments performed by Snyder, Wilson, and vlhoodwewda)° In our
case & roduotion of ~35% in the inelastic scattering is required to bring the
theoretieal results in agreement with experiment. It is net possible to leearn any-
thing from the c;omparison of the meapurements of the apectrun that c@es out of the
2%-" sphere with the theory on this point bocause the difference in the spectrum (Fig. 2

sought is far inside the probable error.

7) Loc. Cit.

8) I‘A‘=’1&9o '
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