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Approximate golutions of the Transport Kguation

ABSTRACT

are obtained for a large class of problems in neutron
diffusion, using the Spherical Harmonlcs Method. This
method gives rise to a sequence {"Vn_,} of approximations,

the accuracy of which increase wlth n.

The polynomials closely associated @ith the
Spherieal Harmonics Methed are investigated, in par-
ticular their asymptotlc properties, The latter make
it possibls to obtain exact solutions by letting n

approach infinity,

Matrix representaetions of the general solutions
(of erder n) are develeoped which greatly reduce the
analytical and numerical work conneected with particulsar
solutiong. At the same time the discuasion of

boundary and other physleel conaitions is slimplified.

Some resulis obtained previocusly by the "integrsl
theory" methods of Pleczsk, Frankel, liark, and others,
are dbrived by letting n apiroach infinity in the
Spherical Harmonles approxi;ations of order n. Jt is
1ikely thaet “integral theory” results in general can be

obtained by the methods of this report.
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THE SPHERICAL HARMONICS METHOL

l.1. The Transport Equation. U N C LA SSI FIE D

The study of tho diffusion of neutrona in a
physical medium may, under quite ,general assumpti;ns
regarding the propertlies of the medium, the scetiering
and other physleal proceszo0as, be reduced to the investipa-
tion of an integro-differential equation, the so~called
Transport Bquetion. OCf. G. Placzek and G. Volkoff, 1.%
In this report we shall restriet the discussion Lo the
particular diffusion model obtainsd when the fulilowing
specific assumptlons are made:

1) That the scattering of neutrons takes place
without change In velocity so tuat eacn velocity can be
treated independently of all others.

2) That the scattering,as well as the neutrons
(of the veloclty under consilderation) emergiong from

sources which may be present, i§ i1sotropic.

Under those sgpeeiiflc aasumptions the Transport

Equation may be writien in the following form:

(1.1.1) Y8 vatvoWRa e )] so¥mae) =BV .2 Mo+ Za(p),

whers ‘V(F,B,t), the “angular digtribution", ropresents
the number of neutrons per unit volume and per unit solid
angle et ¥, travelling in the direction &, at time t, and

where q(¥) repreosentes the source strength per unit volume

% For references, see p. 86.
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: 4 -6 -
at ¥. The inbegvacion In R fp, Do Taneil over g1l

directions 5.

In this theory the physicél medium is characterized
by the two parameoters ¢ ana (1+f), o belug the inverse
total mean free path ot the neutrons, and (1+f) the number
of emerging nsutrons per coilision so that fx~il. 1In the
process of eliminating the velocit& v which does not sappear
in (1.1.1), time ¢t scquired the dimensions of 1/ . Measur-
ing lengths in units of cm, we then have & in units of 1/cm

and & in units of cm.

We shall restrict the investigation of {(l.1l.1) to

time dspenuences of the type:
‘ ‘ . » 2. &b
(1.1.2) Wep 3,8) = Y(3,8)e 7, ot in i/em,

which ineludes besidus the cases of oexpeusntial iacrease
anéd deereasec also the stavionury Caos (=0 ). Substituving

(l.1l.2) in (l1.1.1) we have

(1.1.3)  awfs¥E2) vev#,8) = Ll fursue - Zam,

where & = ¢+& , i":%—ff , and q(P) = %‘q(?). In tne

sbetionary case we heve simply & =¢, £ = £, and G(B) =

a(®).

Although the SH~method, te be defined in the next
paragraph, in principal can be applied o any geometry
(C. Mark, 1), that is, directly to (l.l.3), we shall in

this report specialize {1.1.3) to plane and spherlical

Feome bt ogoprd) i ek $SL R RARSRGFOTY Bauetion oen
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?
g I 4 - . " 3w
(1.1.3) F%r,g)e-«@ﬁ# ‘;‘;&(r,;;.)w"?(r*,g&) z :nﬁ'(l*fi,‘f‘“}’(r,}&)h'ga%é"’qw}

where » is the distance in em from the origin (a fixod
plane and & £ixed point respectively),gg:cos@ , and & the
angle between the vector r and the direction of motion
of a neutron at r. If we measure r in units of the total

mean fres path we may setfe] In (1.1.4) and {1.1.5).

1.2, Definition of the Spherical Harmonlcs Method.

If Vﬁr,yj i3 expandable in Spherical Harmonics
in A , that is, 1f Y(r,p) can be written in the form of s

Legendre scrica

L d

(1o2.1) Yir,p) = % ga(zzwl)*!{((rn»k(w,

where the coefficients ;(r), the "angular momonts®,

are given by

g
(1.2.2) Yir) = f‘l’(r,;z)?k (P,
-1

then the integro-diiforential eyuations (l.l.4; and
(1.1.5) ecan be trangformeoa into Infinite systéms of
linear differential equatlions. e substitute {1.8.1)
in (1.1.4) and (1.1.5), multinply left end right hand

sides by Pk(yj, = 0,1,..0, and Interrate with respect

to )L from -1 to 1,

i b T
T e T ¢
B L Y —
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(1+2)¥, (2)+T(x),
(1.2.3) (k+1)Drtf{;,,;{z*)d-kl)r%,;(r}*(21{-1-1)(59{{(7?)::@{( ° k= O,
0, k= 1,2,000,

(1.2.4) | (1+F) ¥ (r)+
(ie+1) [Dpt SEYL  (2) 1 [ Dy ]%.g(r)-a-(zml)%(r):{ +q(r), k=0,

O, k"=192,o-0,

where ¥ 1s in units of the mean {reo path.

We define the SH-approximations, o tha‘ﬁq~approxi-

mations {the Spherical Hesrmonlc:s approximations of order

n-1) of‘?(r,y},by 1) replzeing (L.2.1) by
=i
(1a2.5) ‘#(r,ﬁ} = %é§£(2k+l)9t(?)Pk(yj,

end by 2} requiring that

}
(1.2.6) '-a}f,(r‘} 8 f‘%’(r,;@)?n(y.we C.
N

Thls approximation procedure leads to the toiiowing

finite aystems of linear differential equationas:

o [(1+F) Yle )+ (2),
(1.2.7)  (k+1)Do¥, (2 )+kD (=) + 2K+ 1)‘? () k=0,

O, 1("1,4,.0.(!1"' ¢

{1.2.8 ) (1+E) ey
(k—el)[ Z,]%Z(r)*k[})rwk-"f K_,(r)ﬂakﬂ)@li‘(zﬂgl +q(r), k=0,

O’ kzl’z’ito
(n-1

l.5. (@oneral S;horical Harmonles Solutions.

The solubtlon of (1.2.7) subject To the conaition
(1.2.6), when 4(r) = 0, is given by

/2
(1.341) l5’(*‘) = ZGk(f,fh) [( 1) Aze /ﬁ-i-B ) P/FJ, n even,

where G, (f,pr) = 1, Gy (L) = -fp, Gn(fop) = O, and

APPROVED FOR PUBLI C RELEASE
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(1.3.2) G (£,p) = (Rk-1)plpey (E,1) = (k=1)Cp_o(f,10),

and where A3 and By arc unkrowns to be determined by

boundary and other physlcal conditiona.

The solution of (1.2.8), when Q(r) = 0, is given by

: o/
(1,3.3) ‘V;:(r) = in(f 1 [( l)kAg_Hk(r/}.’qH Siﬂk(-r/p,)]

n even,

where Ho(x) ¢ e%/x and
(1.3.4) [;'.)rvr—’%%] Hy,j{ex) = {Drw" i] Hyg-1(ax) = al(ax).

vhe functions Hk(x) ars rcelavted to the Bessel
fuonctions of the second kind, denoted by Kp(x). We

have
:105.5) Hk(':x) = g e Kk-g——é(x)'
See Janke and Emde 1, p.l1l36.

The corresponding solutions, when g(r) Z O, are

given by (n even)
s

5-. Gy (£, 34 { ~l)k[A3+3~plc1ﬁi(r')c P/P‘df‘g eT/
+[Bg_* picijb(r)sr/l“a.@ e &’/}7@

¥,
;Gk(f’}’a (-2)%[ag -ppgci'{é(r)e f'a‘}‘;&dlg I?’Pu

iBj_ picif;{ﬁ)o /”‘x/;x dr}

i3

(1.3.6) W"(n)

and

(1.3.7) "i’ (r)

4]

where the constant of integration has been absorbed in
the unknown, and where c; » Df(l/pxg). These sclutions

ere given in C. Mark 2, pp. 7-15.

When n 1s odd "i’n..l(r) has an additional unknown.

Por the tresment of this case, soce CH2PLET TV, Note 1

APPROVED FOR PUBLI C RELEASE
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CHAPTER II

TEE G, (f,p) — POLYNOMIALS

The goneral spherical harmonics soluticnsz gilven
in paragraph (1.3) 21l involved the polynomials G,(f,p).
1t has been shown by Mark that, Arrsspective of the
geometry under consideration, these polynomials enter
aprrozimations of the spherical harmonlcs type. Sae O,
¥erk 1. In feet, the propertiss of these polynomials
not only simpiify the whole treatment but also make 1t
possible to obtain tho oxact solution of the Transport
Bquation in some problisms Iinvestigated using other

techniques.

2,1, Dofinition of the G,{(f.1n) - Folynomials,

The following definitions of the polynomials

G,(f,11) are equivalent, -! EpEl, -LEf<00

(251.1?°(fr“) =1, @r(f,p) = -y,
20n{fr) = (En~-1)pGp-31(fon) = (n~1)Gn.o(f,n),

(2.1.8) Gn(2,p) = Pp(u)=(1+0)p Prrog|$28] pap)-an ()

where Py(p) end Qu(p) ere Legendre functions of the

firat and second kind respectively, Pol(p) = 1, Py(jp) = n,

Qo(p) = FloglEh|, end @u(p) = paolp) - 2, and

(2.1.3) G (F,p) = Pn(}l)[l - ?é‘(l*fmzp E-M}lij g

where pg are the roots of Pp(p) anu pj the corresponding

APPROVED FOR PUBLI C"RELEASE
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woight numbers in Gauss' mechanlcal quadrature formula.
in order to simplify our notatlion we drop The supersecript
n in pg), and restrict ourselves to tne casze when n is
oven whenever the sxtention to the cazse when n 1s odd

is immediate.

Since G,(f,p) has the same recurrence formula as
Pur(p) and Qn(p), two independsant solubtions of Legendrets

equation, we have

(2.1.4) Gnr(f,n) = aPp(p} + bQup(n),
and hence
(2.1.5) Go(fop) = a + DRe(p) = 1,

G1(f,n) = ap + b Qo(p) = 1 = -fp.
Solving the two simultanzous squations (2.1.5) wae
obtain
(2ele®) b = p(l4f), and a = 1 - p(l'**f)‘é“loglg;%tn

and hence

(2e1.7)  @n(f,p) = Pa(p) = (Aef)p[tlogfB|entp) - Qnlp)]-

The equivalencs of (2.1.2) and (2.1.3) <an be shown

using ths integrel rcpresentatlon of

(2.1.8)  Rplp) = p[itos BEEIra () - antp),

given in G. Szegd 1, pe. 76, 1.0.,
{

(2.1.8)  Ry(p) = élen(g)_“tPn(t) dt.

Since the integrand 1s a polynomial of degrse (n-1)
in t, the integral is correctly glven by Gauss' mechenical

quadrature;

e 1,5 En(P)i-Poipi) . _ . B
(2'1'102APPF§§/"—_FD> FC]?\"}I 17 C ARET BAGE B = zPPn(}l)Z D g Pt -
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2} = & b
(2.1.11)  @,(f.p) = Pn(p) [1 - 2(1,,5)}1;’1 “‘lPi} .

2e2. Explicit formulas for G, (f,Rr), n = 0,1,¢.e8.

Go = 1

3
)
4]

~fp

+1/21 (35pPal)

~1/51 [15ep®+ (5-48)pn]

~1/41 [208p%+5(7-11£) p2-9]

65 = =1/51 [045£p°+105(3-7£)p5- (161-641)3 ]

£ g8
it 1} i

6g = ~9/6! 11555p°+35(11~548)pt-21 (14-118) 28]

Gy a ~9/71 150168 7+385(18-50¢ ) pO-21 (242-283¢ ) 15+
-+ (969=206£ )1 ]

6y = -9/8! [2252250p%+15015 (5-23£)n® ~385(247§363f)p +
+3{9647-5053f )p~“-1225 ]

6, = 1

o = ~pf

=1/21(3p2f+1

=1/31 [(15p8-sp) £+5p]

Gy = =1/41 [(105p%-55p%) £+ (58p2-9)]

-1/51 [(9a8p®-73mpsreap) £+ (315p°-161p)]

-9/61 [{1166pt-1190p%+ 25157 ) £+ (385p%-2uapPees)]

4]

&
o 14

G
&
4]

G
(2}
1

G 8 =3/71 [(15018p" ~19250p%+ 5o4sp® -56p) £+ (008"
-5082p +969}1) ]

Gy = -9/6 [(22622618-545545p5+1 4745502151508 )£5
+{75075p5-95095p +2894l -1225) ]

APPROVED  FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

CoBe The SLIMANALION O & LI Weldafagle n-= it

Theorem 2.7.1. The polynomisls Gup(f,p) cen be written

in the following form:

(2:321)  Gu(f,p) = —1/nl[f§n(p) + ﬁn.g(m] »

where 5,(p) and Ru.2(p) are polyromials of degrec n and
Csloees, ﬁmg(}l) = -1, 50(71) = O,

JAe

{(n=2) respsectively, n

R-3(p) = 0, and 5 (p)

Theorem 2.3.2. The recurrence formulas for 5,(p) and

Rp(r) are
Sp(m) = (2n-1)pBag () - (n-1)%F;.p(n), end

(208.2) _ - o
Rp{n) = (2n+3)plp-31(R) - (n+t1)"Rn-g(pl.

Theorom 2.5.3. The following "mlxed" recurrence

formula holds:

(2.3.3)  Bp(P)Bpe1(p) = Spea(RIBp-zip) = (11)%n.

Above theorems arc readlly eostablished using

mathematical induetion ard the recurrence formule for

Gp(f,p).

Theoren 2.5.4. If pg are the non-negabtive roots of

3,(F,m), My > a1, 1 F 1,2,000 [E(0v1)], then
(203.¢) | Gpop (£212) = cn—lpi/sn(ni},

vhere ¢, = 2%(n1)%/(2n+1}, and

(2.3.5)  3,(p) = 227n-2)] F,(n)/(2n-1)1,

fso that the coefficient of tiw Lighest power of p in

Sp{p) equals unity).

APPROVED FOR PUBLI C RELEASE
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From Gp(f.pg) = O follows

(2.3.6) £ =3 -Rpoo(pi)/En(pa).

Hence )
(2.3.7)  CGpoy(fopy) = i/in'1>![§n~1(}11)§fﬁ-;-f-§-?§—i—l - 'ﬁn-a(}li)].

and applying Theorem 2,3.3 we obtaln

2 .
2.3.8) G._(Tymq) = 1/(n-1)1 B2-VI0°ps _ o ./8 .
( ) Gpop{Tom /(n o en-1P1/Sn(n1)

Theorem 2.3.5s The parametor f in ¢, (f,p4) can be

eliminated, and we may write

(2.3.9)  Glf,p4) = eppna/Snlng) * Tiws (),

whers Gn(f,ﬁi) =0, k= 0,l,ee0on, and Tﬁll(p) & polynomial

of degrec n-k-=1.

This theorem l1s u consequence of the reclations,
Gp{f, ) =0, Gpo3lfmy) = e 3ny/Splpg), and

(203.10) (n=k+1)G,_ (f,1) = (2n-2k+i)p G kep (FoR) =
={n=k+2)Gp_js0(f,0),

an altornate form of (2.1.1), ¥ = 2,/ ,...n. We also have
(2.3.11) ¢4 =1, e = (k/2k+l)ep.3, ¥ = 1,2,...
so that the coefficient of the higheast power of p in
2
T§+1(p) equals unity.

e note that ;z‘l‘?(l’-) = Sp(p), end that (1/3)'1"5’(;1‘) =

Rnsz(p) = [.'en"l(n—l) 1/t2n-l)l] 'ﬁn,_g(p).
APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

204, £xXplicit Formulass for Gk(f,ﬁ?), N o 2,59 60000

n=2 Sp(p) = B,

Go(Rg) = comngfa(nma) - ps ,
Gy(ng) = eapgfa(ng) = 1, Gg(ng) =0, 1 =1.
n33 sSgp)=pd-fp,
= c(ue? - %
Colh1) = CoRgSslpg)e (P - 2 )»
Gy(pg) = Glﬁyés(P1)° B3 »
Gp(Rg) = cgpsfz(ng)e 1,  Gzlyy) =7, 1= 1,2
n=4 sgm = pt- 23R8
- = 11
Goln1) = eoigfSalns)e (13¥ =~ 1 )
Gy(pg) = °1Piﬁ4(l’-i)°(l'4:12 - z?g )s
Golpg) = cghyBalirg)e Py »
Gs(}li) = 03P5F4(Pi)° 1 » 04(;11) = O’ 1= 1,20

nzs ssip) = p° - g g R,

Go(Pe) = Coafs(Py)e (m* - 5 ma® + §hx ),
61(pg) = eymaBs(ry) (m® - 5 mg ),
Gzlpg) 2 eomafslng)- (ng® - 32),

Gy (py) = °3P$55(”1)‘ By s

Gafpy) = cgmyfplig)e 1, Gglpg) = 0, 1 = 1,2,3,

nz6 Sglp) =t - SEnte 3R,

Go(my) = eghsfglng)s (ny® - %% ng + %— Byds
Gy (ry) = cymgfalng) (% - S22 py? + 5 ),
Go(pg) = 02P3$5(P1)'(P13 - %3 i),

APPROVED FOR PUBLI C RELEASE
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n =6 Os(p1) = eapBslng)e{(pg® - £5/99),
cont. Sl 1#6 *
Gqlpg) = calyfglrg)® Py »
Go{pg) = esmaPelpa)- 3, Gglpg) =0, 1 = 1,2,5.

2.5. General formulas for G,(f,1).

The recurrence formule for T‘;)(n) , an immediate

ecnsequence of (l.2.1) and (2.3.9), 1is given by

n)
(2.5.1) T o(R) = RTpe,(R) = E1TRGA),

whers

(2.5.2) g = K%/ (2k-1) (2k+1).

{r7)
Using the fact that Tz(:-:-l(P) = 0 ana Tg(p) =z 1,

we then have

Tnal(u) SR
Toeg(u) = p 2 - En-1 »
(28.3) 2 (4 = -(Zan-i)n )
Thg(u) = {ggn-i)u + 8n-18n-3 »

iz}

and in general

(2.5.4) 10 (u) sk (Zgn.. k=2 (E zrn-agn-s,)v k=4 .
e aes *{(‘l)ék Zéﬁn-i"“’ 'gn-i%a
(- 1):=k 2}1 Zgn-i.’“gn-iy k odd,

k even

where I, , r = 1,2, [3K], are r-tupxes (4, , 32, eco 1)
with 1£4,£18514% ... % £i-2r+2£ k-Cr+l.

Formula (2.5.4) 18 readlily obtained by induction
using (2.5.1) and (2.5.3)

From a rcemark at the end of paragraph (2.3) we

fing chat @,(f,p) can be written

APPROVED FOR PUBLI C RELEASE
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(2.8.5) G, (f,p) = -{(2a)1/2%an)?  perln) + (1/3)70 )] .

) .
Substituting Tglk(p) from (2.5.4) for ¥ = n=-1 and

k n~2 we obtain

(2.5.6) G (£,p) = -c.}"m? “Z’szen 17°*8n-1g -
£20
- 812€n.. '°'gn~js_lJ ’

.\-0
where C,= (2n)1/2%(n1)%, and X =& = 1, 2 =
s % Ly
%;= O. The sets of Integers I, and Iy are the same as
those defined in connection with forsula (8.504), letting

k = n-1 and k-= n-2 respectively.

2+46. The Zoroes of Gn(f,n).

From the preceding paragraphs, in particulsr
from formula (2.5.6), it is elear that Gp(f,u) is a
polynomisl of degree n in p if £ £ ©, and of degree
n-2 if f & 0. Furthermoro, Gn{f,pn) is of the same
parity as Fp(n).

Case I, N aven.

Theorem 2,6.,1. If(p’? 1=1,2,s.e5n, are the squares
of the roots of G,(f3,1i, ~l&£fy4 ¢, ana if piaare
the corresponding roots of G, (-1,p) ® P,(j1), then

2 ., .2, o

(2.6.1) ny” f—-(llg )2"" P?»—l » 1= 2,5,..080,
¢ .

(2.6.2) £(p}’) -1/f; , =1E£,20

(206.3) “‘l/fl (P.l ) » Oéflz‘oo .

Theorem 2.6.8., If «1£f,«f;¢ o, then

) " ¢ - ]
(2.6.4) }!.1 (p("' 12«“ ( 1 )6&; Fl.?”l 9 i= 2,0,....‘«5‘11,
(2.6.5)  wPs )2 " )Baaase, -1ff,<p940),
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In order %o ostabilsh (Z.6.1) we write (2.1.9)

in the following form:

2 -
(2.6.7)  Gn(,m)/Bp(p) = [2 - eppp?y Bt
U A

ir p2 varics frewm F%+l to p? » 1 ¥ 8p3,0043N,
the function (2.6.7) increases from -0 to + 00 .
From this we conelude thet Gn(f,p) chenges sign at
least once in each one of tTho intervels (p§+l, piz)
for £ £ -1. This verifies (2.6.1) and accounts for
n-2 roots of G,(f,p). The assumption that we have more
than one root of G,(i,n) vetwscn successive roots of
Pn(p), B.Le, three (the number must be odd) immediately
leads to & contradiction of the fact that we can have
at most n »oots,

It p2 varies from pla to 00 , (266.7) increases

o/

Y2
from - 20 to [1 - (i+£)3 py| = ~£ %0, 1f ~1=f<0,
-, -

which shows that for f 1In this range the remaining
two zeroes of Gn(f,u) are In the intervals: (np,o0)
and (-®, =u3). This arpument anc the following
formula derived from (2.5.4):

V2 V2

- )

(BeboB) H(}li )2 = -(Tl"ggiml)/f; » N evon,

¢ :.’
conpletes the proof ofrloticy {25 1} 8ince (2.6.8)
Implies

] ¢ (‘)

If £ 1s 1n the interval (O, 00) we conclude that
the remaining ¢wo zerces are pure imaginary from

foruvle (2.6.8). Further, if p* varies from - ® to 0,
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- 19 -
the fraction (2.6.7) veries from -f to 1, so that G,(f,n)

regarded as a function of pz changes sign in the intarval
(=00, 0). This combined with (2.6.8) glves (206e3) e

Theorem 2.6.% can be shown to be true with an
argument along these lines: If the derivative of the
fractlon (2.6.7) witia respect to p venished for u = pg,
end 1f p, substituted in (2e6.7) pave £ = £, -1 <f,< @,
we would conclude that the fraction possessed two
zeroes in the pi-interval containing p,, for some f
near f,. This contradicts previous conclusic;ns repard-

ing the numbar of zeroes in each pz-interval.

case II, n odd.

The following theorems, with the ald of

‘ﬁ‘ o .2 b4l
(2.6,10)  l(pg )° = nga - (Sl/ﬁ)gsn-g,o..gn-J,,.,”
az 2

and the methods used in Case I, can readily be
astablisned:

Theorem 2.6.3« We have Pup,. = 0, and

{
(2.6.11)  p®e (u P2 i, 1= 8.0,
- ) .
(5.6.12) nee (p;L )22z -1/8,, =12 fl‘f_(:)
54 1 - 0,2 L N o
(2.6413) Y5e(py )°< 0, O0<fyfgy Spnodh ool
o2

Theorem 2.6.4. If -l€f,<£3<A , then

(2.6.14) pe )P P2l L 1= 2000080,
(2.6.15) %< (p1 )%« (u )% -v/fy, -1 £, £; 0,

: 0]
(266018) -l/flz. (pf{) )24. (31 )2_4_ o , oz.gzz £144A,

where A 4s the ripht hand side of (2.6.13).
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2.7. Asymptotic Formulas for Gp(f,p).

Theorsm Z.7.l. If tp are the zeroes of the transcend-

entsl equatiorn

(2.7.1) (1+£) - EF%&MW) <0, -1£f<o0,

then *p = +}im p‘;_), where dvp(;) arc the "singular" zeroes
of Gp(f,pn)e The solutions of (2.7.1) sre real 11‘.

-1 £ <0, and pure imaeginary if 04 f <%, 1In the
letter case we may replace p by ipl and arcth by
arctan. In discussions where the shorter notation

may be confusing, wo denote R by pge

we observe that p(-1) =1, po) = E’%x_p(f) = »
1im mi¢?) = o, and that (1+f) jul ~2/r 4f £5>0, By
expansion of (2.7.1) we have pe21/-3f, -1&«££0,
and ;}1]2‘.-1/3& O£fzv . See (2.9.9). Consequently of
the following derivatives the Sivek iz ‘2l rxays positive

and the szcond (luawy: negatives

(2:7.2) n' (£) = ol P2 -1 -1-4£<0
‘ m + I‘T%",,_ i ’ 2

Yoy = -1 %+ 2
(Be7e3) '}1’ (£) = T}ﬁm 1-%) s O£ f£ 00,

Theorem 2.7.2. For the “non-singular" zZerces of

Gp(f,n) we have tho asymptotic forms:

(247.4) Bq = cos %:%ﬁ + otl/ncf', £ = -1, 1= 1,2,1‘_,1.;1
"°[“‘g‘"]:

0 @ a2
(2475) pg - pa = \ELEEL_ [arctan g(f2,p) - arctan g(fl,w)]-r
+ 0(1/n%),
o @
where i are the zerces for f = £, py those for

£=1fg, x>1, and
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(2.7.6) g(f,p) = %Tfﬁg&)&;ﬂhu , Ofu#l.

As the derivative of g(f,n) with respsct to p is
always negative, g(f,n) decreases monotonely from

00 to ~oo , and arctan g(f,u) from /2 to -7/2,

Theorenm 2.7.3. Wo have

W (a) o @)
1im ¢ (111 IF(ng ,311 ) =
(20:;'0'7) n2o F' 0]

= (}1"‘3 = PDZJ)F(PU sPo )+
+(1/ﬁ)fF(p)_[arctan gi{fy,p)~arctan g(fl,)x)] q

provided F(}zi s )‘19 can be written as Fuy) + 0(1/n*),a>o0,
and the integral on the right hand side exlsts.

Theorem 2.7.4. wje have
1,

Un Sp® g Wm®) - Bp) =

(20:7.8) = Y, &.(1/}“"2) s F(PIJ) -
- — dn — .
[ - (1+f)parcth pf%+ (w/2) (1+2 3"

In particular, if F(pg) = 0 (f,n1); we have from para-
graph (3.1) - Nete, that the right hand side of (2.7.8)

equals 1/f for k = 0,and O for k=2,3,s0e0 This enables
us to evaluate a numbor of definite Intepsrsls of the

types (2.7.7) and (2.7.8).

Expansions.

(2.7.9) p2 = -(1/3f)(1~ -:5f'*b %%%fz %s?%‘s g%%‘sf -

(2.%.10) 1/p? = -3£(1+ qu R e mrgst e e0),
(2.%.11) p = WI/~3E) (1- 3f+ 51532 Lageds Bgég,';gffé co oty

ooo),

(20‘?.12) 1/11 ‘—5f (l+ 'sf"' Ig'gf + lbb 4. ooo)’
(2.:418) T = =(14P) (1 G + %’415-;14 1 -ﬁ%%— + ré%%‘%%pa *eo
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(207014) 1/1+¢ = &mipl - (% ~ it g - .0,
- 45 =L L £< 00,
2 29 2-25
{(2," .1 ) m = m+ﬁ3ﬁw+m3 +.... 9
0L <00,

~2,/(1+f
(2:7416) l/p ~ 1 - 208 ' ‘ ) . 1+f£ {xear Co

We also have the following expansion £no
a
a (1/p®):
re e 8 $ 212 1684
(20"’.1':»?.'\) t% (1/)12) Z =3 + 5;32 + -5-2—5-’-:4 + m@s T eeo

Proof of thsorems.

From Szegd 1,(6.21.3) and (8.72.19), we have
for ;125- 1:

(2.7.17)  Pp(p) = n¥ [p+ 1] 2o,
(2.7.18)  Qqu(p) == n~% [p + & - 1172 P,

where ‘Pl(p), ‘Pg(p.), as well g Their quotient, are

bounded. Hence
. ?_._-:'221"1
(2:7.19) 6 (0)/Pp(p) =[l-(1+f)peretul/pl+ o0 [(usTuB-1

which shows that tho'convergence is uniform for
}12-:-: j+€. For o Tlxed £, ~1lLf4£ 0, we. choose £ = &(f),
go thet (2.7.19) is uniformly convergent in intervéls
containlng the zoroes of 1~(l+f)parcthi/p .

Aince (2,7.17) and {(2.7.18) hold not only for
;12& 1, put in the whole complox plane cut along the
sopment [~1,1], similar arpuments ara velid for the

case p2é°£ o Thoorem (2.7.1) foildwé.
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the following asymptotic expressions ror P,{p) end

AnlKl:

(2.7.20) P,(cos8) = p(o)cos(niie-w/4) + 0(1/n*),
(2.7.81) Qg (cose) = -(T/2)p(e)sin(iTie-1/4) + 0(1/n%),

where the bound for the error term nolus uniformly

in ££6&%-7 , whoro cosf o B, and p(8) = 21!""%(2nsine)':é.
In the discussion below we restrict ourselves to p in
the interval (0,1~-§), and & in the interval (£,T/2),

whors cosé= 10 o

3ince Gn(f,';n) is a combination of Py(u) and
Q) with coefficients inaependant of n, we obtaln

the following asymptotic expression for G,(f,p):

(2.7.22) Gn(f,'p.) = p(8) [(l-m;zarcthp)cosb-(ﬂ’/e)(1+f)psin&}+
+ 0'(l/n%)9
where tho bound for the error term holds uniformly in

s LN2.

The asymptotlc positions of the zeroes of
D
Gn(fl,;x), Oép;_ﬁ 1-5', ~-1<4£7Lp0, are thon given by

y - ) (1)
(2:7.20) van(FAe- /) = IEEEREESIEL + o/,

{
where 00891‘)3 31? .

Now, in view of formula (2.7.20), wo may write
. (‘) '] (' ‘.
(2.7.24) (n+':§*6i-17/4) z -(nt+g) (84~ i)) + (21-1)‘% + 0(1/ngé),

wherc cos 01 = W3, the roots of Pp(j).
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0] o 1-155 - cth ¢ 2
(2.7.25) (64-9") = (1/n)|0/2 —uctam_:gm-%’mi,&]w(l/n ),

so that -8y’ and hence pj-p; are of order 1/n. The
second term in the bracket wo donote by arctan g(fq,p)
consistanﬁ with (2.7.6) The function arctan g{f,n)

18 a woll-bshaved function in 04 p £1-§, being

bounded in this Intorval, hav:.ng, finite derivatives
with respect to u of all. orders, and possessing a
Taylor oxpansion uniformly convergent (to this
function) in 04u£i-§. wWe may thon expand (2.7.6)
about jy and, noting thaet the rsmniring terms are of

oxrder (l/nz), keep o;';:.;«r ths first term, We obtain

cahy o | _ 1-1F%in arcthpy 2
(2.7.26) (04-8;)} = (1/n)i/2 -arctan vt J+o(1/®) .

We now expand 8,~88 in terms of pi-p; with
32" P1~Pe

the presult that
(2.7.27) (8-8{") = (pfi’--m)/’smsi + 0(1/n%).
substituting in (2.7.26) wo have

(2.7.28) (p‘_,:’-pi) . M SBa 2 ['rr/z ~ arcten g(fy,py )] + O(VAR),

from wihiceh the svatement (2.7.5), Oéu(;,p‘fle-f, follows

immedistely. The number of roots of 6,(f,p) in the
interval (l-lY,l) 13 of ordor n. From the inequalities
in paragraph (2.6) we have that the sum of (P‘i)"‘}‘i) for
- P4 's 1in the interval (1~§,1) must be less then d, Then,
excapt for a finlte number of sueh differences, (p&')—pl)
rust be of order &/n, and {2.7.5) follows with the

unessential restriction: "almost everywhore®.
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w 25 =

Formula (2.7.4) follows from G. Szegd 1, (8.3.8),
e
vhere the inequality 535“2%;f¢r is given, and from the
; 2 2 2i-3
fact thaet the sum of N7 as well as the sum of cos Eﬁ?ﬁ?{
equal n/4 ~1/8 +0(1/n).

Theorem 2.7.3 follows from Thoeorem 2.7.2 and
Szegd 1, (15.3.10); and Theorem 2.7.4 from (2.7.7)
sgsentlally by differentiation.
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CHAPTZR IIX

MATRIX REPRESENTATION OF THE ANGULAR MOMENTS

3.1, Plane Symmetry.

In plane symmetry the Transport kyuation has
the following form, when Q(r) = O. See (l.1.4).

i
(3.1.1) yll{.'(r,p)-s-‘l’(r,p) = %(1+f)[¢(r,p)dp,

where ri,p) 18 the angular distribution, r the
perpondicular distance from a fixed plane (the origin)
measured in units of the mean froe path, and p the
cosine of the angle botween the direction of travel

of a neutron at » end the vector r.

Applying the SH-method to (3.l.1) we obtain

for the qg_l-approximation:

1+8)¥, (r),
(3.1.2) (k+1)qu}Kﬂ(r)+kDIw_,(r)+(2k+l)qik(r).={( iesy

0’ kal’z’...
ewne (n"l)-
The complete solutlon of (3.1.2) 1s given by

(see Mark 1, p. )

Lz
(3.1.3) Y(r) = iﬁk(f,p)]_.(-l)kAier/pi‘rBie-r/Pi],

=1 k:o’l’.oo(n“l).
which can readily be verified by substitution in (3.1.2),
and by making use of (2.1.1). The quantities A; and By
afe unknowns to be detormined by boundary and other
physical conditions. e refer to (3.1.3) as the

exponential form or exp-form of the solution.
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| - 27 -
We may also writo (3.l1.3) in an alternate

form 3.rivolving; hyperbollce functions. Ve refer to
thils form as the hyperbolic a hyp-form of the solution,

and have

%%
(3.104) Y (r) = (-l)k‘%:(}k(f,pi){[A,_-o-(-l)kB,] coshnfpy +
‘ +[Ag+ (=1 )kdBil sinhe/pg .
We restrict tho discussion in this chiaptsr to
the case when n 1s oven. For the treatment of the

odd case, sec Chapter IV, Note 1l.

Denoting vertical vectors by [ ]n’ and matrices
by ( )mor( )n’_,__,s 1 the horizontal dimension m is
different from n, we can easily verify that the
angular mcowents L"{{(z') may be written in ths voctor

form

(5.105) [Wk(r)}n - CnGnKn(}li,r) [Ki]n »

whers Co O eceso O tn iz eeee T
0 “cl . 0 tu .t"c tgn

Gy =

Chu | o 0 §
(3.106? O see 0 (-l)né‘.:m “7 A

C.) ceeccece O Gyin,
with ¢q » 1, ¢ = (k/2k+l)e,.y, and tng the
coefficients of pP~S in TH(p) [see (2.3.9) and
paragraph {2.4)] .

The form of Kn(}zi,r) depends on the form in
which the solution is given, as does ths form of

['Zii] o Corresponding t0 the gxp-form wWs have
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i~ -
P. 093 aese ]Rr;,?’e% u' 'e_' ceew u?)k'@%

Knwg,7) = R 20y eses Py Oy ~WIE-Q e oeo 3iaAn

}1' 0, seee p.' e,a.-o
(501.7) P e PO NSV ORI NS 09GO SPSNRGECIVISESOES
’ Ve‘uoco- e% "@‘ seve "‘Q% n

with eq = of/PL and ay = o~%/ Pl and corresponding
to the hyp-~-form

n., -
e (50 B R )
{(3.1.8) T T I I T
sh, eee.  shy  ch chi, /n
with chy - coshr/ps and shy = sinhrp/p,.
For the vector [Al, we have respectivoly

Ay = (14))-4q »
(3.1.9) (pa/Salpe)d-Ag > 1,2, 40080
Ai'hk‘ (}11/311(311”‘31 ’
and _
By = (pa1/Sning) Mag+By) ,
By = (Rg/Snips))(a1-B1),

whore Sp(pg) eguals y.iTg)(pi).

(3.2.10)

We shall show that the following matrices are
tho inverses of (3.1.7) and (3.1.8): '

- e, mEe (W-s )eie W (u, “8) )01 @ evoes
En(pgs®) = (82 PaBaa (=8 )z Pe{Pa=5 )FrGueceeo

'...0..0..&I.'...oi....‘0.0..000.......l..

o}

Fos29 Vel 8o (M5 )Tyl oo Po~51 ) Frnlnge oo oo
g) S ~“ M & S (}1?“3. )E‘» e. -Pl (}17; -8 )F. € eoces

(5.1.11) G0 0P ECROCB LIV PSO0EEOEROSELEPNVNQCEIOGOEEOOORODPOBODNTS

g’?f.a%—__’i%g%e’ﬁ (pg’&'. g )g)ﬁ.eﬁ‘}l%(}%‘ 8 )gl}z%o XXX

s o0 o{%{" )kskﬁ;zx-zgl &y )‘l (" ) SR'P». W % -.

00.....0.'.....'0.'...*..0.........

*cs melespese tesese '0 ssssospene :
ou-[g(") sk}lpi {"l&e,’i }1 Z(’I)SKP.% 8”.@%

vow [F(-l)kakp, z_'IP,g @ "PQLZ("" Skll' 18] e,

BLeES 0 aoo.&z.ococb&&oo e®aec 00 (.3

coe [Z(-—l) (1) By 4, Jgﬁey;, P{Z("‘ ')"sx}i',*;‘ﬂg,,_e h
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- g, ehy = gy (1 =8, Yo chy -1, (B -8, g, shy ...
Kn(}"i’r) =[ ppehy ~Mpgrshy (1 ~3 )@ chy -p.(Wi-s, oy sheee.

® 6 ¢ 000 AN LG SO E OB CEGNES P00 8 000080 gantsantedee

gwchy, ~Puemohy, (P8 )onChuy ~Won(ihy~9; )&y shye o .
~gy 8y w g ehy ~(i -8, e shy W () =8, Jmiehy e

(3.1.12) GO0 P0G O0304030P920800088008¢088¢0000s00000s00000s

= Sy o, @y Chg= (=9, )@ Shyg p”(ng-s, ) EyChage o «

na-t y .ol -
e (Rt e ony pE i, sh.\

® 5000 L 4 ¢ T 008 @ v.{ ¢BOoLYEew ‘¢ v USSP e TS

sea ] veseseevoip-l ne22g® ***
ee T% (-1 ] Pl Pnfé,(“)x Sk I Shig
eee [N m sty py [SESs i, oby

B it Tl o e

¢ k. .n-2k
whers Gn(fﬂ“i) 3 ané(-l) 8113 s 80 that s, 1ia the

symmetric function of the squares of thes zeroes of

G (£,p), of order k; and whore g, = Qan/(},&(.t‘,pi), which
2 2

may also be written gy = 1/py gz(pi-p 7), exeept in the

casc when n = 2 whon we have gy = 1/p;.

3 th th

On multiplying the row of K}'l into the 1%
column of K, taking the hyp~form of thesc matrices

we obtain (modulus #n)

-.‘ ~
3 1) ¥s (Ana) PN L GR(E,ma)
(3.1.13) gy (~1)%sy (3n-k)py = g Jﬁn““ =1,

and rultiplying the i'® row into the B column, § ¥ 1,

we have

n-266  h-RK

9% -1
(3.1.14) gi(chichj-shishj)pj/(p%»)fs'.)éo(..]_)"sk(}lj “ ) =0

for 1£€4n, 3%4n, J ¥ 1; and similarly for the cascs

124n, j24n; 1£3n, J2¢n; and L 25n, j£4n, 3 £ 1.
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Noteo

If we multiply K, into Kgl the following
formlas rosult, which we shall make use of in

succoeding paragraphs:

v ¥ pgt
Nl . =
(3.1.15) ;‘2’81]11 b 2anle‘n(fppl) - 1’

"% nnnzk-l
(3.1.16) 2an§m =0, k= 1,2...(40-1),
pn*Zk-l 31 kel,

%
sle T )
(S 17) 2al’l 2 GALY, P s? ~- Sgo, ke2,

ag ~2818g + 83, k= 35,

s% -33?32 +28183 +s§ -84,
etc. ka4, ‘

Since pi(f) s -é% Gn(f,pi)/bﬁ(f,pi) we have

(3.1.18) é(l/pﬁ) siz/y‘i)gt}n(f.}ii)/eﬁ(f,m) =
| = -(2/pfn1)8n(p1)/GA(T, 1),
86 that
(3.1.19) pige(1/pE)0(2,py) = a
= - [ox(2n-1)1/2"h1 (n-1) 1] %ﬁ{-%’;i-).
Now ngl(P) 13 a polynomilal of degree n-~k-l.

Henca

‘ 1/¢, k= 0,
(3.1.20) M & (/) oglfmy) ~{

0, K= 2’4.ooon,
and similarly

(3.1.21) Pra (/15 Gu(f,py)

{-1, k=1, |
0, k= 5,b,.oo(n"1]

wnere Py uie the roota of Gu(f,p).
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In Chapter IV we shall necd the matrix

-1
(3.1.22) En(p1,re~r;)  Ko(pg,ry)-K, (p4,ro).

Introdueling the funetions Iy £ kp(pg,ro-ry)
dofined as followss

n,

o
(3.1.23) ‘%ﬁgiF?°°8h(r2‘r1)/Pz , m odd,
i%gip?“nh(r&?'”l)/}li , m even,
l:

we have

-
K
Knt Mn  Kni"SKmt Ky SKn eeee 2 (-1)E .
(14 ,T0=Tq) 5| Yne Mn ¥n=3Kng kn:-S.k:.p... (- Sykap-axa
Enl{pg,Ta=Ty

, P eGP QOO OOOCNOOSODPOECGICSTOEOSOS &.....
(3.1024) ka k, ka""ﬁka ks"S,k'o--o o("')‘akkn.gx-g No
. The computation of the slements in (3.l.24) is

facllitated by making use of tho formula
i)
<1)%s k =
(8.2.26) 2 (-1)¥sk o

They are in fact combinations of the slemonts in the

first ooviumn. We have in the case n = 8:

(pr,ro-ry) = [Ky B3gtmiug] @24 epo~8la21 826  Spag)

55 kg 833 834 846~8283) 436 8383}

(3.1.20) ks Bg1 8y7-81837 256-8224) a46  Szaql
ko a3 apj-sjag] a3y as7  Spas]
ky a4] a31-s1ag] 243 833tSgas) Szagy
ko 251 841-818p1 853 a4z*Spagy  2ggfe,

vhere the gencrsl element is denoted by 834
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8.2, Spherical Symmotry,.

In spherical symmetry the Transport BEquation
has the following form, when q(r) = O. See (1.1.5).

2 :
(3.2.1) pq£kr,p)+l§E-Q$kr,p)+Qir,p) = %(1+f1‘/QRr,u)du,
-t

whiech after the SH-gpansrormation beconmes

koL [r)+ (2ee2) W () =
{(1+f)%(r), x = 0,

0’ k= l’ ,...(n"l).
The solution of (3.2.2) is glven by

(3.2.2) (1) [o, 4521 W) ek o,

(see Mark 1, p. )

(3.2.3) Wetr) = ZGk(f.}li)[("l) Ain(l“/}li)'*Biﬂk(-P/}li)}
kaO,1p00e(n=1}),

where

(3.2.4) Hy(x) = (1/x)e*, Hy(x) = (1-1/x){1/x)e™,
H(x) = -{2k=1)/x]H,_;(x) + H,_o(x),

and

(3.2.5)  [DprX22]m, 1 (ax) = [Dp~5E]my ) (ex) = amy(ax),
Hplx) = (1 = 2+ gmom.
Hy(z) = (1 = £+ 38 + 38 )E,(2),

(3:2:8) m,(x) = (1 - 32+ B - 2+ 298 i,
Hg(x) = (1 - 22+ 208 . 480, gﬁb 252 )Holx).

Formula (3.20.9) can be derived by induction.
.Using (3.2.4), (3.2.b),aand the recurrence formula
for Gu(f,p), To awessice (3.2.3) can readlly be

showm to bs a solution of (3.2.2).
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The solution (3.2.3) may also be wrigten in a

form involving hyperbolic funetions:

9% .
(=1) k% Gk(f.pi){ [Ag+ (=2 )ksi] H:{)( r/py ) sinhrfig+
+ [Af (-1 )k* 1131] Hé? (x/pq) coshr/pi} .

(3e2.7) Wk(r)

where
Hy(x) = (1-cothx/x)(1/x), Hy(x) = (l-tanhx/x)(1/x),
BY(x) = =f2k-1)/x]Jeotnx B, (x) + Bl o(x),
H:?(x) = <j(2k-1)/z]tannx H{{'.).l(x) + Hllflg(x).

The angular moments in spherical geometry may

also bes written in vector form. Ve have

(3.2.9) f‘!’k(r)},, = chn(r)%(pi.r)fTii]n ’

where C, 1s given by (3.1l.0), T,(r) will be derived

bolow, and qn(p4,r) is rolated to Kn()zi,r). We

have in exp-form %(Pi’r) = (1/r)1g1(;11,r), in nyp-form

Qn({PgsT) = (1/1')1%(}11,1') with ch; and sh; interchanged

[see (3.1.8)], and qu(ng,re-ry) = (ro/r))K (p1,To-r;).
The vectors [31],. in exp-form and hyp-form

regpectively erc given by

Ay = (f/sn(p)dag

(3.2.10) 5
Ai,%s-(pl/sn(}lj_))Bi ’

and
(3.2.11 X, = (p¥/Sa(p1)) (A3+By) ,
Agangm (Pg/sn(}li))(Ai-Bi) .

Denoting the coefficlents in the Hy~funetions
by hij s, SO that
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(3.2.12) By (x) =|Znygx " )L x)eT,

and . .
(302013) hij = '(21“3)”1..1’3“'111_2,5._.2, hllzl’ hgl““l,
' . hoo™ 1,
wo define the matfix Fn(r) as follows:
(3.2.14) Fu(r) = (hijrj‘i) =
i/ U o Seo0oDReO
8 fw r l 0 cevesscne
) 3/1’2,_"'3/1' 1 U sees
-lb/r‘:’ lb/rz-'-o/r ) Y R
(R R NN NN NN N NN n
and have P fan/ns
-t -1 3 e
(392015) Fn(r) = é"’l)'j hj+l,2j-1:°'lr3 1)‘-‘-
l 0 o QG0 O @080 6096000
= l/z. l 0 8 e0POas®OO ST
v O/.!‘ 1 e o0 adeesd
v or6/fr_1 0 ...
u 0 15/r2 10/r 1 0O ..
[ 35 A B BN BN BN O BX BN BN N BN B BN BN B BCCBN B K Y] 0
0 Q0 S 09 BSOSO 0 ¢S OBOOSBNIOS l n_.
It 1s possible to construct matrices E@(r)
so that
. “, 0 ee 0 ‘
(302016) Eon(l‘)Fn(I’) = g LX) 8 Fn-zi_z

o........... U

Oosssesvsccee O/n
e have Eﬂ(r} = Y, the unit matrix, and
(3.2.27) EXr) = fO B/21 0 cicenens

0 O /r i1 O ecas
0 0 0 7/ri1vu..

ceececscscecssoncsnnas/Ng

Eﬁ)(r)a 0 U 15/rc 10/ 1 O cueees
0 0 © 55/1° 14/ 1 O ..

B0 B Ok OBONGEDOSOEPESEOEONLSIOGEOBDLIOSTETOODEOS

® 0 VORGSO S O QG909 OS BORPESISOISPEO n.

It is now possible to show that Tn(r),

(3.2.18) Tn(r) = B (r)P (P),
where .,(r) is a combination of Eﬁ&r) with diagenal

matrixt coefficients which involve the coafricionts
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of T3 (p), k=0,1,.c.{n-1). See reforence in
connection with (3.1.68). 1In fact, E,(r} csn be

written

¥ () ®
(3.2.19)  Eu(P) =42',Tn(r)En(r),
- LA
where Tg)(z') 13 a disgonal matrix with the elements
Cioaiepo a9t s Baoigs eee » tpoisny in the diesgonal. The
numbers tng are the coefficients of B 8 3n 'J.‘g)(p)

[_;eo (2.3.9) and paragreph (2.4)].
Pinally, we def'ine T, (ry,rp) as follows:

(3.2.20) T, (71,Pp) = To(ry)T () .
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/
3«3s Plane and Saonerical Media with s Q.

In the plane case we obtain from (l.l.4)
and (1.2.1) when 0" O
(3.3.1) W) »(Pp) = Z’(2k+l)qf((r)1>k(p)

K=0
so 'that, after multiplying through by Prip), k =
f

0,1,spe(n~1), and integrating we have LV&,..(r) =
As a consequance the angulsr moments and the angular
distribution remain constant as r varles across a

medium with = O,

In the spherical case the equation (1.1.5)

is reduced to

(3.3.2)  (+2) [0 B3 W o(r) + (1) [Dp- XM () = o,

when @ = O. The solutiun of (3.5.2) 1s readily
found for k = =1 which yislds LVl(x’) and for k =
{(n-2) which gives \H,z(r) » the other moments then

foliow by succsesive intogrations. e have

=}
q’o(r) ) 7a3013r3 1, ¢yj ¥ 1,

(3e343) Fao
q’i(l‘) b ﬁAj JPJ" » 1 a 0,2,...(!1-2),
""‘l.l"’u
and
(305.4) 01.'5’5 s “°1+LJ I“% :1+l .
Sinilarly
(3.3.5) o) - fgoﬁicgi’r T oegse
Wi("‘) = E j01+]’3r j I =1 5,000(11"1),
and 224..
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Lot {14 Az d AFQ ST LT

We now have tho foriowing mabtrix reprosentation

£ L’{C(JP):

(3.3.7) [szr)]n = nh(r)[Ai‘,,.

where

(3.5.8) Dy(r) =2 ( pit) )
1 2 0 J“ L B I S B I N )
=fo 1r20 O O ceaseccnns
0 0/ -1/51'2 0 4"2/71'4 sSseses
0 l/r l 0..........

0 o 0 1i/21r% .....

®0C 0OV OSOSVABOLYPIREGESSEONOIEEassReos

(AR R R R NN ENNENLNNNENESNE RSN ERERXE) n’

ang
-f l 0 5 0 9 sdesswooe
(3.3.8) Dpryz=f0o »® o0 _o epensenes
0 04 “5/1'2 O‘ ‘30/1' aavesns
U - 0 '.i‘l e erosonvse
o 0 ] 0 21/1‘4 avscce

S 60 8NPV OGS LOLOPOUENSTOBEOPOIOSEVTOSESTOD

L 2K 2N B BN BN BN BN AN BRI BN A BN BE AU B NY S R B NE B BC RN B WY BN N N nO

For applications ws shasll alac need the

matrices:

DE(r1,7g) = Dnlry)Dn(rg),

(3.3.10) e
Dn(rl’rQ) e ann(r19r2,Cn’

where C, is defined by (3.1.8).

Lenoting 2’12/1"22 by & we have

10
10 5{1-3) O 9(1 w 2%) 0 ..
Palri,rs) = {0 1i/s o) u F 3% ol
0 0 s U 6(l-s)s U ..
(3.5u11) 0 (1-1/s)/s3 0 1/s% 0 U es
B 19 (1-14,.9 149 g 5% Vg
0 (I-gztes2 21/ 8 o ,.m,g(,l-l/a)/s‘ 0 /9.,
CEXNNBSOEBERPPNOOOEBIOCGIEOIUIPOOOSOOOPLESOILOEORQOOBOO ooy

and
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Dy(rysrg) =
) {‘x 0 Z(1-8) © 5 (13 2arle®
0
(5.3,12)]° /° ° 0 o

0 O 8 0 17(1"3)8
0 (1-i/s)/s © 1/ 0
0 0 0 0 g
o Zu-gigm) 0 fpee(l-1/a) 0
l.......’.............‘..................‘..........‘
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S.4. Plane and sSphnerical Media with T = U,

When £ = 0 we have 1/p; = O for all n. Ve may
obtain the solutions in this case from (J.l.4) and
(3.2.7) by replacing Ay~B, by 4;~B;)/p; and let 1/p,
aprroach zero. Denoting A;+B; by 4, snd (,-By)/p
by B,, We have, meking uae of the fact that G, (f,p;)
$s of order l/plf :

(3.4.1) q’o(r) s A°+Bor+gco(f,pl)[(Ai+Bi)coshr/p.i +

+(A,~B, )sinbr/ps ] ,

Lyl(l‘) = -BO/S "'ZﬁGl(f,}li )EAS_*Bi)COBhI'/Pi
+(Ag+By) sinhr/pil

q’K(r) "‘.' (~1) fek(f’lli ){@1*(“1)% 1 cOShr/}li'l'

+ [ag+ (-1)B,] 31nhr/,u§_}
k= 2,5,..0(1’1’1),

and

Ay tB/r +§' =G0 (5P )f (Ag+Byg yul )(17;:1 )sinhr/p,«
+(As-B3 )HQ (7"/)’:1 Jeco shr/}xl]

(3.4.2) Y ()

W (r) = Bo/3:2 - zGl(f,pi)[Ai-Bi)Hl(zriq_)sirmﬂ}lrz-
*(A.’L*Bi)’*l(nililcosh’?’}li]
Yir) = Bok!/(zml)rk"l +

+(~1 )kZGk(f; )lj){ fas+ (-l)%g i k(l‘:, py)einh v/pe+
+ [Ay+ (—lfBﬂ Hk(r,pi )coshz)’pd

Theae solutions may also be writien in sapuneutlal
form corresponding to (3.1.3) and {3.2.3), and may of
course also be obtained directly from the PTransport

rqustion.
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The matrix reprceaentations of the angulsar

moments are agaln

f\Vk(r)]n = CpGpKn(py,r) ﬁg_‘}n s and

(5.4.3) .
Wetri]n = cutntedanips, ) [id n

respsctively. The matrices C,, G,, and Ty(r) have
the same form as before. Thoe relation between

K, and Q, 1s the same as before f:see remarks in
connection with (3.2.9)]., The K, -matrices
assoclated with the case when f = 0 have the

following forms:

ne}

1 ? p ssece 992 }I;Qo.oo Q”
0 .L ]f&.oo. ;ﬁ'ﬁ’;ooo—v’%
{3.4.4) K {pg,r) =0 O ;
Lo ( KpeplPpo?)
\O 0 is= P PR R Y74} n,
1 - -3 Sh)r ooo.oooo"(")s - ("‘)8
K;:(Pi’r) s g % 01 -%1 Soaccnce 0 y&' :‘(—' 9%&:":.
(3.4.5) L . K;:__a()li’r)
0 o 1= 2,5,.-0’3’11 h
-}
with G (O,p;) & 24 (-1) sk}x?-dk 8, 8, = 1, and

By = aﬁn-Z/Gn(o’P'i)’ which may also be written

gy = l/pig:_(pg-pg}, except in the case when n = 4
when we have go = l/P2 e M ins hypeform (3.4.5)
remains unchanged but we have in place of (3.4.4):

i v ﬁ';‘cmo.. Hychy, Pi8h, .o Hnsh

(5.406) l{n('.li,r) n g (J:-’ 'P;.Ch;‘ooo behm )].i:’shl... ;}';25}1;2
- Kn-e‘}‘iv )
o 0 = 2 3,..0%’1
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The véctors [Ai]n are the same as those given
by (5.109), (301010), (302010), and (302011), except
thet in the plane case X; = Ay, A = Bg, and in the

spherical cuse A3 » By, &, = A Then

o
Ban = (Re/Sq(pg) )(a4+By),

(3:4.7) , 1= 2,5...8n,
Byrgn = (pa/Sp(pg) M Aag=8y), #n
and
Ki.g.l s (P%/Sn(]li) )(Af“Bi) P
(3.4.6)

Agdn = (p3/Sp(ps) )(44-B4),

in plane and gpherisal syumetry, vhen the solutions
are given in hyp~form. By analogy we obtuin ths
vestor elements corresponding to (3.1.9) and (3.2.10),
that 1s, the voctor elements that go with the

exp~forn of the sclutions.,

Finally,
Kn(pysTemmy) =

0 1 fn-z ‘31+kn.. Kn* slk,,.,, svesa
o o]
(3.4.9) . . Kn.z (Pixrz‘rl)
. o 1= 2’3, ee .-én
o o |

where ky, 1s defined by (3.1.23) except that the
surmation extends from 2 to #n rather than 1 to %n.
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CHAPTER IV

APPLICATIONS OF MATRIX REPRESsNTATION OF
M) T PROBLENS IN NAUTRON DIFFUSION

V¢ shall limit oursgelves in this chapter to
the discussion of three-mculus prublems. These give
no% only the formulas for the two-msdium provlews as
a sSpeclal case, but enable us by analogy to arrive at
the formulus ana tecimiques which go with the N~-medium
problems, We repoat here, thaet as far as our theory is
concerned, plano and spherical media are charactorized
by the two psramsturs £ ana €. In tus rlaue case,
nOVIevsr, We may reaucs the Lroblems to ovne-parsmoter
ones by mensuring all aistances in units of tne mean
free path. Thls is not pussivie in spnerical provicms
sxcert of courae in tho caué woen tne pabtns in the

various media are all equell

4.1« Critical Problems.

The plane configuration we shall consider hero
is a symmetric ono, consisting of a center "plate" of
half-thickness a, of which the right hend half is
“located" in the interval (U,a), with £ = £, 0= 0,
and urknowns A3y and By, and consisting further of =
middle plate in (a,b) with £ = £5, 0= ¥, and unknowns
Gy and D;, and an outside piate in (b,o0) with £ = La,
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¥ =2 03, and unknowns &g and Pq. Ve denote the various
media with roman numerals sterting at the origin, we
measurs dimensions in cm end 0 in 1/em, and understand
by a3, by, ete., afy, bf, ©tec. In order to have a
stable confipuration in absence of sources, we require
further that at least one of the inslde media be
multiplying (£0).

The corresponding sphcrical coni‘igﬁration congists
of a core with radius a, a shell with radii 2 and b, and

an outside sh:xll with radii b end 00,

Symmetry about the origin requires that the
anpular distribution at » = O be isotropic, which
implies lVk(O) = Constant for k= 0, O for k = 1,8,...(n-1),
which in turn implles that A; = Bi. Continuity at the
boundaries requires Lykl(al) v ‘*aniaz) , and q)&bgj =
Wf(bs). Finally scattering‘and/or capture in the
outslde medium implies LV;;r(oo) = 0, so thut Ly = O.

We now have for plates and spheres respecctively,

roa

LUIRG WiiD DBUIAn IROS S o= " 5 s

S TR SR e o e

(4.1.1) annKn(Pio' a3) [Krl] = annKn()"Poaz) Eil -
CrOnkn (pesb2) [61] = CnOpKn(pihbs) [B,],
nTnlay) Qn(Pg)s‘ll)ﬁ‘.:L] = GnTplag) %n(}‘ga‘e)[‘éﬂ,

("}.o 102) . e -
CnTn(b2) On(pb2) [B1]= CaTn(s) anptieg [Er]

e ———— R D CR—PUBE-C—REL EASE
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whare we take the hyp-form of the matricos in the r'irst
and second media and tho oxp-~form in the third or outside
medium, Eliminatling the unknowns or the second medium,

we obtaln

Kapfhan) B = Kn(pfive-ag)iiplos) B,
G(prey) R

= Tnlay,02)un(pf bomag) Ty (b2, b5) Q% (pFs3) [BsT

(4.1.3)

wrers the () serves to indicate that the dimensions have
been reduced because of the physical conditionaz imposed.
Thus, since A3 = By the last én slements in [ﬁﬂ equal
zero, and this means that Ki and gf (for the first medium)
have beon reduced to n by £n mstricea consisting of the
first #n columns of X, and u, respectively. Also, sinco
By £ 0 the first #n elemsnts of [Ei] syual zero, so that
Ki and QF (for the third medium) consist of the last

2

#n colurms of En end g (in exp~form) respectively.

The matrix equations (4.1.3) can be interpreted
as two systems of llnear squations each consisting
of n equationa in n unknowns. The following procedurs
enablesa us to reduse the order of these systems by o
fector 2. (/s multiply lof't and right hand sides of
(4.1.3) by Kz*(p?tal) consisting of the last #n rows
of K:(p?,a,), duplicate these steps in the spherical

case using QL”(pgta,), and obtain

(43.4)  Er*(pehay)kn (s vpmeg) ki (pfhvs) [ = (OunfRF,
'«.?:;3*(]15.»:31)'1';1(81,&z)dn(]lg).bz-az)‘.[‘n(bz,bs)\%ﬁ(}ﬁ),ts) [Eﬂ'i:
= (OpgBF,
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where (O)y, denotes a n by n matrix with zero élsments.

If information about above configurations s
given go that in effect wo have but one unquwn para=
meter, the latter (the critical number of tﬁgﬁconrigura-
tion) way be found from (4.1.4) sincs the solutions of
theses systems of oguations require that the determinants

of the nmatrix factors on the left hand side vanish.

The formlas for the two-modium case may be
obtained by lstting b approach a in which case K,(p;,bs-82)
and Qu(pg,bo-ag) bscoms unit matrices and Tn(ay,82)Tn(ag,a3)
equals Tn(e3,83), 7phe formulas for the N-medium case
are readlly obtalned by inserting N-3 additional K, 's
and Q,T,.'s bofore the last K end Q, in (4.1.4), correspond-
ing to the elimination of the unknowns of other contral
media. We note that the arder of the matrix products
in (4.1.4) 1% independent of the number of media end
equal to gn.

Note 1. In chapiers III and IV we have restricted the
discussion to the case when n is sven. Tho auwditional
term corresponding to p%¥ = 0, which onters the cexpressions
for‘k&(r) in the odd caso, can be intorpreted to give

a contribution to the moments at tho boundarlies but

no contribution elsewherec. Now it is possible to show
that for n odd qi_l-approximntion iz formelly equivalent
'to Qé_z—approximation. They will differ in devteil,

instead of the Zerocs of Gn-l(f’r) wo uss the 2eroces
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of G,(f,p) excluding Pﬁf’ and instead of Tééjlc?3r¢1cionts
G, and Tnp{r) will have oloments involving the Tk+1 -
coefficlents. The coefficient C,Gn will canccl in the
plane as well as the sphorical case; in the latter casc
bocause T, (r) may be written GnTn(o r). The equivalence
of w -~1~approximation and ‘V -g~approximation now follows
from the fact that the ecolumm in K,(p:,r), Th{0,r), and
Qn(pi,r) corresponding toO P@ﬁ’ containg zero slements

for row indices 1l through n=l.

Note 2. TIf in the pleane case we have 0 = O in one of the
interior medis, we may because of our observations in
parsgraph (3.3) simply let it collapse. For instance,
31f the middls medium has ¢ = 0, our boundary condition
bscomes L"{K(a;,_) = \H{(bs). If the outsidse medium ( in
elther the plane or srhcerical cese) has a zero “cross-
section", we may assign to 1t arbitrary parameters, 6.g.,
£f o =1 and Temw, a8 long as we characterlze it in a
manner that will permit no neutrons to return to the
interior media.

If the core of a spherical confipuration has
zero crossection we uss the matrix representation
developsd in paragraph (3.3)« The condition that the
density bs finitc at r = O lmplles Ay = O for even
indices. Ve then have corresponding to (4.l.4)

(4.1.5) E%Tn(az)%(,zi,bz ag) T, (bg, bz )QE vas) [Ef =
= (O)an Haf ,

whers
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o l 0 0 S 6s 000008
(4-:‘..6) E;é.ng 0 0 8] 1l cencecoas

PO SO SO EOPOROSNOEESEONIIOGDE

If the insiue shsell has a crossectior 0° equal to

zoro we obtailn, replacing (4.l.4),

(4.1.7) G (pl) a3 )0 (87 ) D0 (8, D) T (05 ) QE (HEsbs) B =
= (0)3n (g

Note 3. If £ = 0 we may, instead of using thc special
matrices developod in paragraph (3.4) factor out a
diagonal matrix with elements pi~! frow X, (ps,»! and
@n{pj,r) and inelude it with the associated vector.

We may then let ) approach zero and introduce A, and

Ba

B, as defined in the boginning of paragraph (3.4).
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4,2. Transmission Problense.

The techniques roguired in oraer to obtain the
density distribution, tlg(z') , anu quantities assoclated
with it will be devoloped herc in connection with
problems where we are primarily interested in the
current transmission. The current at a polnt r by

definition is given by
'
{(4.2.1) Current = qu’(r,u)d}z = 11({»),
-1

and the current transmission across a msedium in {&,b)
by
(2.2.2)  Transmission = ¥ (b)/¥,(a) = s,

wvhere S 1s a surface factor egqual to unity in thes plane

case and b2/a® in the spherical case.

The plane configuration which we consider 1n
this paragraph consists of an inside seml-infinite
plats in (-0o,s) with £ = £, and (=8, a midale plate
in (a,b), £ = £, T= 0, a4b, and an outside semi-infinite
plate in (b,&7). We take b = O in this case, and
normalize by requiring that Wl(b) = 1, The corresponding
spherical system consists of a core in (0,a), a shell in
(a,b), and a semi-infinits shell in (b,00). ' Here as in
the plane case we take W, (b) = 1. Further we assume that
~-1€£,,55,853%0, and that noutrons are supplied by a

plane gsource {(shell source) at co. .
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In thess problems wo numbser the media and the
paremeters, and denoto the unknowns of each wedium, as
in paragraph (4.1). The boundary conditions are agaln
those of the provious paragraph, l.e., thoe continuity
of the momonts. Further, we require in the plane case
that W&(-ao) = 0, so that By = 0, ana in the spherical
case that the angular distribution at r = 0 be isotropie,
so thnat Ay = Bi‘ The torma 1n‘f&(r) involving py, 11,
can be Iinterpreted as the contribution %o the asyupiotlc
terms of‘f&(r), those terms involving Pi» near a boundary.
The condition in the third modium is, therefore, that
the non~asymptotic part of the density vanlshes,i.s.,

By =0, 1>1., We then have

CrCpKE (nay ) Ay = CnGnKn(P(fs ag) [C ,

(4.2.3) ] . _
annKn(Pgtbz){bi]s annxﬁ(PiabB)lﬁih s

in the plane case, the matrices taken in exp-form, and

OuTylay ) pgsmy ) (A= 0, T la5)a, (rRen) [6y]

{4.2.4) . . P
cn?n(bQ)Qn(ﬂ%th)[cils chn(bb)Qﬁ(Pg{bS)LEﬂ* »

in the srherical case, the matrices ussociated with the
first medium taken in hyp-form and the others in exp-form.

Bliminating the constants in tho middle medium we iive

(4.2.8) Ki(phay) (B K (pfogmeo)ks(pd o) [EeF
{4.,2.06) Q'g(,li')’al) [Aj}“z Tn(al, ag)Qn(P[f, bz-az)Tn(bZ!b3)°
AN

ﬁhére |
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Kﬁ(pgﬁal) is compriscd of the first $m coulumms of Ky
glven in exp-form, Qﬁ(pﬁial) of the first in coiumms of

Qn Ziven in nyp-formg Kﬁ(pglba) of the first 4n+l columns
of K, siven in exp~form, and Qﬁ(pﬁ?bs) of tho game part of
Qpe Proceeding as from (4.1.3) to (4.1.4) we obtain

ez Pe I oeman G0 ey (B = (0 R,

Q" (Rg»83 )Ty (81,8000 (1) pmag) By (05, D300k (b, b3 ) [Egf =
2 (0)s, JA
and reoversing the elimination ﬁn[‘ﬂﬁ
(4.2 8)15:'1*()1?).“3)%(}13aa'ble?z()lfial)[ﬁi}* = (L)3n.q [BFs
o d;?(Ffzbs)Tn(bs,bz)Qn(sz82'52)Tn(&2331)Q§(Pg,a1)Eﬁﬂ*= .

where

O 0O +se0eee 0 1
Hanea = (‘.’..‘.’..::::::.‘.’..‘.’).

Formulas (4.2.7) reproscnt systoms of #n equations in
#n+1l unknowns. W8 may then solve for Ei/ﬁénﬁlﬁ 1=1,2,...2n.
Similarly wo may solvo (4.2.8) for 31/ﬁ§n+1. Thon sube-
stituting the valucs obtained for these unknowns in
the firat (or second) part of (4.2.3) and (4e2.4), wo may
solve for Ei/E%nﬁl. Finally E%nwl may be found by making
use of the assumption'#&(b) = l. To obtain the transmission
we need not bother about tho last step, sines this

quantity is a ratioc.

The same procedurc can of course be employed
to find the donsity distribution in a critieal configura=-
tion after that the critical number has baen found. ‘ie

have msrely to decide upon some normalization of the density.
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4.5 Problems Involving Weutron Sources.

In this paragraph wo shall consider a few simple
configurations containing a source of neutrons, a

symmetrical plane system with a unit plane source

at r = O, giving risec to a distribution
(4.3.1) p(r) = 3E3(ir})

of primary neutrons (C. Mark 2, p. 25), and a spherical

system with a unit point sourcs et r = 0, giving risc

to a distribution

a2 =T

(4.3.2) p(r) = W )

of primary neutrons. The secondary neutrons in the
system ecan then be regarded as having boen gensrated
by the isotropie source functions q(r) = (1+f)p(r).
A unit plans source at » = a will glve rise to
p(r) = 3By (ir-al)s A unit point source may be rogarded
as the limiting case of a unit shell source at p* = a,which
gives rise to the distribution of primaries: p(r) =
3 (I/Bﬂhr)fkl(ér-al)-El(3r+aj)]. The function i (x)
is the exponential iIntegral function sometimes denoted

by -Bi(-x). See G. Placzek 2.

Consldsring tho goomotry of above eonfigurations
s
we f£ind that Wk(r), the angular momenta for the secondary

neutrons, vanish for odd k at r = 0, Henee VﬁjO) is
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glven by L‘{;(0), the moments ror tvhe primary neutrons,
for odd k. Going back to ths Sphericael Harmonles
form of the Transport Equation, (3.1.2) and (3.2.2),
we obtailn, letting Qﬁﬁzq = p(r),

¢
14 e
(¢.5.3) Yer) = 2 pk(p)e"r/)lsga ,
. -
1Y’ Akrl
(4.3.9)  PWiir) = S 07T
As r approaches zoro we then have

)
(2.5.6)  Wo) = &, Yoy = -5, Yoy =hef G fod)

FeGeeok
K= 1’5’000

(4.3.8) rzLI{P(O) = y/aw, 2%1¥0) = 0, k = 3,5,...

If the sources are surrounded by a non-scattering
plate and core respectively the situation is similar
%o the one doserlibsed abovoe. Again we have Q{:(a) = 0,
k odd, whers a 1s the coordinaste of the outside boundary
of the non-seattering medium. The boundary conditilons
at » = a are then the relationa (4.3.3) and (4.3.4)

svaluated at r = a, k odd.

Above conditions ere sufficient in order to
Investigate configurations with sources with the
SH-method and the matrix technlques devsloped in para-
grarhs (4.1) and (4.2). llowever, the angular distribu-
tion near a sourcoe 1s clearly quite unisotroric. e

®

can , thorelore, expect mueh batter results 4if we

apply the SH-method to ths secondary neutrons.
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We start with the differential systems

(4.3.7)  (t1) D ¥Ygg (r)+kD Y () + (ke )W () =
{(hf)%(r)-fq(r). = 0,
' 0, k=1,2.e0(n-1),
;l]q{{.l(!’)'f(Ek‘bl)\Pk(r) =

: {mf)%(rm(r), k=0,
0’ k= 1,2,...(n~1),

k+2

(4.3.8) (k+l) [Dz.+ ml(r)*k [Dr

and the solutions of these are obtained as the sum of

the general solution of (5.1;2) and (3.2.2), and a
particular solution of (4.3.7) and (4.3.8). Using the
recurrence formula for Gn(f,p) and fo%mulaa (31020) and
(3.1.21) we verify readily that the following expressions
are the general solutions o (4.3.7) and (4.3.8):

(443.9) %{(r) wfﬁk(f,pi)-{ (=1) [Ai-!-- }11011:1(1')6 I"/Plar]or/}"i-o
'*[Bi"é}‘icifg(r)" /PMar]e’ r/m}

(4.3.10) l-}lk(r) -fek(f,;xi){(-l) Eqi-rgplcljg(r)- ax‘/}‘idr]Hk(ﬁ)-r
+[§1-iric1]a(r)F e PiquHk(-r/ri).'

In the cases we are consldsering we have

(4.3.11) j:a(r)e /Pl 9(1+f)fEl(r)o /gy o

. = 2(1+f)p1{El[r(l+1/Hﬂ -El(r)e%}
{(4e3.12) ﬁ;(r)e /)lldr = -"‘-(1+f);zi£31|_r(1-1/;@]-E (r)e )11}

where El(-x), x positive, equals -E1(X), and ¢4 = Df(ll,z?.)g
and in the spherical case
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P
0 T Pga . OO (14S o /P 1
(4.3.13) fq(r)?_ o~ T/ Pias = __LI'L..)_[ P dal =

é'f-é,%-‘-*—f—’altruﬂ/m 1,
(4.3.14) f(r); o™/Plar z ﬁ%ﬂﬁ[ﬂl‘l/}‘iﬂ

Substituting (4.3013) and (403.14) in (4.509) and (4.3010)
we obtain, using (3.1.20),

(4.3.15) W (r) = zak(f,p.i){(-l)k[)xfb (1+£)pfey B, (eTFI7F, )] o0
<+ [.Bi""(l"'f)}‘ieiEl(rm_i)]
1+L£)/¢ 3), K=0
[ s/t 25.(. 2’(11—1),’
(2.3.186) q/(r) = Gk(f’Pi){('l) [Ai (l+f)ciEl(rITI7ﬁiEHk(r/ﬁQ *
4[B1-85(1+f)cinl(rI"I?“ink(-r/Pl) »

whers the bar serves as psrantheses.

Ve may also write the above expressions in hyp~ferm,

obtaining, with&dr,p1) =[E16M+C1F E | e,

(4.3.17) Y () = (-1)kfek(f,;@{@1+(-ukq+ (1+2)pZe b5 o shvfy +
+ [ag+ (1184 (192 ) pFeg €, g Jsinnrga -

{d(l*f)/f Ey(r), k=0,
0. k=1 2,0.0(1’1‘ )

(4.3.18) Y(r) = (-1)E Gk(f,;li)[ﬁﬁ-')Bi“aa'cigx(f‘:}ﬁﬂﬁx@fsmm *
+ Jag+1)'By W"i&u""?’ﬂ Hg%i) cosh 1/ o

We may now regard the inslde bracketa in the liast
four formulas above a&s new unknowns. Then the matrix
technique of the pireceding parasgraphs 1s applicable,
excopt In a middle medium where an additional vsctor is

introduced at the second boundary, (o keep the new
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unknowns squal att the two boundariss of the middle

mediunm.

It must be noted that in the second medium above
formulas will change slightly dus to the fact that in

that medium p(r) = 2B, [r-(ag-aq)] for plates and p(r) =
- o o=T ¢ &02“3"?) for sgheres

2% plag) = plag). In the
third medium we willl have still other sxpressions for

p(r)e. PFor intograls involving the El-function seq

Jde LeCalne 1.

The condition on the odd moments et »r = O gives
the followlng axpressions for Aq-Bsg, dus tv the fact
that the determinant Ggi_l(f,pi) doe.s not vanish:

(4.3.19)  4;-By = $(1+f)egloglily M"
147 A1+l /n
(4.5.20) Ai"Bi o - -‘Eﬁ.— cilOQtIzlé}T:lo

See C., Marlk 2, Dppe.

fiane source in infinite moedium.

If a plane source at r = U 1s surrounded by an
infinite medium characterized by the capturs probsbility
£, =1 4r£€0, we have A; = 0 and honce the following
formulas for the angular moments, including the

primary noeutrons:

(4.3.21) Yo(r) = -(1/2f)31(r)-%(1+f)ﬁ,;1c1[ r/)*nog, +1/1_;3‘
~Ey (¢1¥17}i1 ) e /PLog L (2 )e” r/)’il

and
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P
s L
Wk(r) = ‘%fe B a Pr(p)ap - %(1"’1')2, P%Gk(f,}li)cic
0 t=\
{4.3.22) .
s [er/ Rijeg ll':l/ Pi'- 0~ e’ﬁliq(rﬂvﬁ)-e'mli (ri-‘-’ﬂii)].

Point source in an infinite medium.

For the angular moments in the case of a point
source in an infinite medium we heve the following

expressions, 'corresponding o (4.3.21) and (4.3.22):

4m% 1*f:§:°1tﬁo(°n/Pi)1°g'l +1/p 1}

~Ho (r/pg ) By (ri+1/pg ) ~H, (-v/py ) By (2 3-17}5 )] ,

Wp(r) =
(2.5.25)

/a,

lVk(x') = Er% o7 + L ZGk(f:Pi)%[Hk(‘”/}’i)l"g l%l -

.3. 4 .
(4-3.24) -(-l)kﬂk(r/pa)El(rﬁ“f/ﬁ)-nk(-v(z,)zl(rl:‘m) .

Wile note that (4.3,.23) i3 the derivative owith
vespect to r of (4.5.21), multiplied by -1/27r.
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CHAPTER V

TWO-NMEDIUM PROBLENMS, SXACT SOLUTIONS.

Belde OCritliecal Problemse.

In the two-medium cas3e the matrix products of
the previous chapter aimplify consideradbly, espsclially
if we restrict ourselves to plates and to thoss spherical
configurations wherse @) = Uy, Furthermore, in these
problems - and perhaps in others - 1t becomas possible
to pass to the 1limit as n approaches infinity, if we
make a simplifying assumption regarding the behavior of

the density near boundaries.

From (4.l.4) wo have for plates and spheres

respoctiviy
(5.101) K—;?(Pigal)nﬁ(vi,ag) [61] = 0’
(5.1.2) i (pr,8y)eE(vy,8q) [C3] = 0,

where pg are the roots of Gnh(f3,p) and Vl the corruspond-
ing roots for £ = fy. Multiplylng the matrices ve

obtain

(5.1.3) (Vjthi‘fm)lviniqiﬁbi-ﬁ)] _ o',

V?-p% Sn(Vy) Ju

Vjetha+tpg v?Dmgﬁé 2 o

where we have assumed that n is evon in order to simplify

the notation.
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Using formulas (2.3.1) and (2.3.5) ana performing

some straightforward algebralc operstions we have

n(£1,V5) = Const.[er8, (M)+r ()] =

(5.1.5)
= Const. [(£1-£2)8,(Vg +Tp8n (V) )*Ryz (V1) ]

On the othor hand wo have

v,
(5.1.6)  Gp(fy,Vy) = const.[flg(ﬁ-pf)].

Hence

(5.1.7)  8,(V) = T2 ﬁ%(v?-pf),
Ty=ig

= f2 2.p2
Formulas (5.1.35) and (5.1.4) may then be rewritten

in the following form:

thi+pg ’.fl'-fg -‘I
(5.1.9) (ﬁ;?:ﬁ_) l'—fi-— v:lDiQa.i ’

vjcthi*pi fl-fa
5:1.10
( ) ( Vy-uf ) E ﬁDi%]

Similariy, eliminating the unknowns of the

infinite shell, we obtain

(5e1.11) (vizh-’;}lj) -i-‘;:-fi richi(Ai"‘Bi)] s
\  Vi-
(5.1.12) (li%‘i”i}:i_g;) rf,g -£) rgshi(Ai-l-Bj_)]
¥~ L

where thy = tanh a]/}xi, etc., and ¢;= @ a"i/vi
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The eritical number 1s then the wvalue of the
unknown parameter which makes the following determinants

vanish:

~ th
(5+2.13) }( y)’ i;lli)’ = 0, plane case,

Victha+

(5.1.14) ‘(—l-—i-é-'f?- = 0, sphorical cese.’
Vi-pi

- Above determinants involve three parameters, ay, Iy, and

fzo

Onée the critical number has been found and some
normalization introduced, a.g.,‘4€(0) = 1, we may solve
for the unknowns and calculate Qé(r) for as many values

of r as we desire,

5.2, Critical Problems, the Lnd-Point Method.

The terms In Qé(r) involving P1, 1 D1, may be
interpreted as boundary corrections to the asymptotic
donsity (the terms in qé(r) involving u3), the magnitude
of which decreascsraplidly as the distanee from the
boundary in gquestion Increases. Ve now essums that
the boundaries in our configurations are well separated,
in feet, to such an extent that we may regard them as
Infinitely separated. In the two-medium problems now
under consideration this assumption implies thi and
cthy equal to unity for 1->1. 7o find the critical
number of this simpliflied model (applying the "end-point
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method") smounta to obtalning the value of the unassigned

parameter which satisfles

(5.2.1) ‘(fﬁg_&ﬂ;}.) l = 0, thy =1 for 11,
V3=
i
(54248) ("J“hr%
Vi

e observe that (5.2.2) is a linear functlion in

)l = 0, Gt.hi = 1 for 11,

cthy. Denoting (5.2.28) by F(cthy) and using the two-

point formula for linesr functiona we have

(6.2.3)  F(othy) 5 ZGLELD) (etng-(-1)) + F(-1) = 0,

and hence
(5.2‘4) cthl = W R and
(542.5) ay = pjarcoth .T.I.r._mg(:l)f_g(l) = plog g(-l) )

The determinants F(1l) anu F{-1) are readily

obtained by factoring.

_ TR W Ye) Tng-py ) TT(ng-ng)
{5e2e6) F(l) = o ﬁ(Vj"Pi)Tr( "3"}1;.) s

2
(5.2.7) PF(=1) = i Yi~va) ﬁ‘"jﬂ‘l’,ﬁ}‘i'i‘i)

Y%
(et )'ﬁ? -
Tovgorn) Howep
where the products in (5.2.6) are taken over the same

indices as in (5.2.7).
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From {5.2.5) and (5.2.7) follows that

p2 a
(5.2.8) F(=-1) . T{pi+ra) T(vs-p1)
Fm- =3 #——-———#AJ—-—Q »
' )N{PJ-P]') J"-I( *‘l‘}ll)

and
‘ %,
(5.249) a, = l}zll arcot «-))x.l/vl * [pﬂgzﬁrctan lpr))J -
-arctan lpl/py 1.
Using the formula
(5.2.10) arctanA~-arctanB = arctan %:TEE s

we obtain the following expression for 8, aquivalient
to (5020 9) H

7 i ) (rg=vy) ‘
(5.2.11" ay l;zll arcot -iml/AV + ]Pﬂ%rctan ’}11“1"')13”.1/'}’.4.4) .

5.3« The End-Point Method, Exact Solution,

As n approaches 0@, Wy ->»uy, V1->VY,, and Bj~VYy-> 0.

In the 11m1f:, therefore, we heave

%2
= - .. {(R4-V4)
(5.3.1) a; = l};olarcot-lpof 1 + 3&% T \’J/ 3
and applying Theorern 2.7.&
(5+3.2) 8y = l}lol arcot—bgqiﬁlo +

. -
: dan
+(1/)f[aretan g(fo,p)=arctan g(fq,1) .
b 2sp L) TR
Thls result has also been obtained by "integrel

theory" methods. 3ee Frankel and Goldberg 1, p. 51,
where the second term of (5.3.2), denoted by ax, is
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given. Prankel and Goldberg denote arctan g(f,Rr) by
Tes o bY 1/x, 1+f by ¢, and use primes to distinguish
quantities sssoclatea with the outside medium from
those of the core. In what foliows we denote the

sscond tere of (be5.Z) by Liaj.

Theorem 2.7.5 does in fact establish a link between
the integral theory used in Frankel and Goldberg end the
Spherical Harmonics Method. There 18 no need for re-
peating the analysis in thet report in its entirety
using the methods of thls report. We shall, however,
in order to 1llustrate the technique developed here,

derive the formulas for the neutron density.

Formula (5.1.10) represents a system of #n lineer
similtaneous equations. From the last #n-1 of these,

remembering that in these equatlons cthy = 1, we have

i

(65.3.3) '--‘V-’t"" ) 1. 2 G, 1=1,2,¢..%0,
Vi };l’( vi=Vy) (Vi-p1)ose;

where ¢ 1s a factor of proportionallity independent of 4.

We rewrite formula (5.3.3) as follows:

% o
(5.3.4) T (¥3-p3) E(Vf*lﬁ_)_ (Vaitv1) U -
”172(91-'1’ )m\’i"’}lj) (pa+vy) 2(py-Vi)Die; '
JF

and make use of the following expresaion for Y¥e(vi),

whore c(v;) =‘§%(yﬁb, which 4s a direct consequence of
(5.1.7) and (301018)’

L/ X 2
o £ T (V{-1uy)
5.3. = FANT IR N Y
( 5) Yie(vy) €o(fq~fp) v? er(*)zi-v?)
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Substituting (De365) In (5.3.4) woe obtain
(5.3.6) #"”v‘“ (v1+v1) Me(Vy) | fic
- [(Vi+pg) (pi-¥4) 2D1e; fz(fz-fl)
which may also bs written
% -V
(0.3.7) Dye, = fzife~fa) Gh+Vy) o )eé-::l"g‘l‘ %—Ffr’
From (3.2.3) we have
"a
-r)/V
(6.3.8) W (r) = ',.,Z,Die.iva(l/r)e(al r)/vy ,
80 that
fo(f3-f2)
(5.8.9) Y (r) = W
Mydc(\) )e(al rM*ZlO&;(l-—u)o
= (}1%‘)’1

Aprlying Theorem 2.7.3 anc Theorem 2.7.4) we obtain

in the 1imit as n approaches e

(5.3.10) Yo(r) = At£1, ) (1/r)e”FTHLIY =T (%)

+ B(£3,£2)(1/r) _[ T ‘:oi,’,)

exn[ (r-ap)p -v()],

where

1
. dan ¢
v(¥)=(1/m) W—arctan g{f5,p)-arctan g(f M,
(5.3.11) ﬁgf pt 2-F 1yl

w(f,p.) {ﬁ.—(l-t-f),zarcth ),}2*(,12/4_) (1+£}2}12},
and
5.3.12 = . )AL
:5.3.12: A(£1,85) = BUEL, £ [2(00-1)M(2+8,) (142,98) (33-2)),
B(£;,f2) = £u(fo-)/201C .
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We can now compare the second term in (5.3.10)
for instance with the corresponding result obtalned
by Frankel and Goldberg (1, p. 53, last entry in the
fourth row). Except for a constant factor @epending
on normalization)and different notation these two
résults are icdentical. The numerical work involved in
tabulating the density using (5.3.10) is of courae

considerable.

The plane result corresponding to (5.3.2) differs
from (5;3.2) An that arcot 1s repleced by arctan. And
the plane result corresponding to (5.3.10) differs in
that the factor (1/r) is sbsent, tho first term 1s
multiplied by 1/05, and the second term has a factor
1/v*under the integral sign.
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CHAPTER VI

EXAMPLES

- 55 -

The Spherical Harmonics Method has been used

extensively for the calculation of eritical numbers.

The examples below will give some indication of the

type of convergence that the method gives, and how the

critvical radius aq of a two-medium spherical system

varies with the multiplication number f

1

of the core,.

The mean free paths of the two media are assumed to

be equal and f; has been taken to be -.05.
hes als0 been designed to show how the end-point

Table I

results differ from the qg-results, and how the exact

and the end-point radil compare in the case wvhen fl 2 o5

The exact end-point results were obtained usiné'formula

(543, ) &and the graph for A&y 1n Frankel and Goldberg 1,

Pe 66,
Table T. Critlcal Radii.
end-point 1
L:ggig:i- £1=2.85| £42.50 g :ﬁgg Lyme75 flgli?.
Wi ] 242994 | 1.5327 | 1.5327 | 1.21867 | 1.0339
Wz | 2.1088| 1.3426 | 1.3422 | 1.0342| .8617
s - 1.3147 | 1.3143 - -
Yy - 1.3088 | 1.5084 - -
bei M z.0o1 | 1.306 | 1.308 981 | 795
| _axXpct
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Table II., Neubron Density.
W&-approxi- W%-approxim" u"3--se.pp::'cmﬂ.ma.t.;ion.,
mation mation end-polnt method
r Uiy | » Yolr) | r Yo(r)
0.0 1.0000} 0.0 1.0000] 0.0 1.0000
2 « 9900 02 « 9869 2 « 9859
o4 «0605} <4 « 9442 o4 09442
6 9124 6 «8768 6 . 8768
8 «8475 o8 « 7867 <8 «786%7
1.0 76811 1.0 «6779) 1.0 «6778
1.2 «6769] 1.2 «5081f 1.2 « 5548
1.4 oSTT2) 1la3 «4899] 1.3 + 4896
1.5 «5251 1 1,342 04616 1l.3422 +4609
1.5327 .5079] 1.4 04321 l.4 4312
l.6 47411 1.5 358681 1.6 « 3861
1.7 «4292) 1.7 03146 1.7 3139
1.9 356541 l1¢9 02598} 1.9 « 2593
2.1 2076} 2.1 02172 2.1 «2168
2.3 «2516} 2.3 0 1834| 2.3 «1831
265 « 2141} 2.5 « 15627 245 e 1559 -
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- GF -
Table of the T,.{x,y)~latrices.
From paragraph (3.2) we obtain readily the
foliowing formulas for the T,-matrices:
T (x) = T (x,00)6t
n nyes n?*
lfr:(x) a BTy (00,X),
Tn(x,¥) 8 Tp(x)TH(¥) = Tp(x,00)Ty(00,¥),
Th(X,¥)Tn(y,%x) = I (the unit matriz),
and
i1 O .
To(x,y) = ( » wheére ¢ = (1/y)-(1/x),
-c 1
1+(4/5)(c/y) =-(4/5)e O 0
Ts(xoY) =
~c+(4/5) (c/xy) 1-(4/5)(e/x) O
3(c/y) -3¢ 1/,
1 0 o o)
T4(3’y) bt 1/x 1 0
0 3/x 0
0 3/x° b/z 1
1 =(11/7)c =(99/av)(c/x) O\ [1 0 0 o\
o 1 -(9/7)e o{i~1/y 1 0 0
[ -] -
0 0 1 ol 3/92 -3/y 1 0
0 o 0 1] F15/3® 1042 -sfy 3

I T )
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i 0 v 0 o |
i/x 1 0 v 3
5ix,y) = o 3/x 1 U v
v 3/x° 6/x 1 v
\o 0 15/x¢ 10/x 1 ]
1 -e.sossssse [4:951080(/M) (FiTo%aeTee ey o\
o . 1 ~2.500bob00C ~d, pd32uyr9(c/x) (0]
o 0 1 -1 7777 7T8¢ o |
o o0 0 1 0
0 © 0 0 1 }
1 0 0 0 o\
~1/y 1 0 ¢ 0
3/y2  -3/y )} 0 0
~15/y5  15/y° -6/y 1 0
105/y% -105/y° 45/y° -10/y 1 } 3
1 o 0 0 v o\
/ i/x 1 0 0 0 0
Tg(X,y) = | O 3/x o 0 0 .
0 3/x2  6/x 1 0 0
o o 15/x° 10/x 1 o |
\o 0 16/ 45/x® 15/x 1}
~1.6528926¢
[ -s.os0s0m10 [5G0k 200/ fosamoessca(35Sai0TeRe s
o a emamue [hEMERE (o
0O O 1 -3, 5454545¢ -Y,0578512¢/%
0 © 0 1 -2, £721275¢
0 0 0 0 1
\o 0 U 0 O
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- 6 -
/ 1 0 0 0 0 0 )
-1/ 1 0 0 0 0
3/y° =3/y 1 0 0 0
-15/y°  18/y2 -&/y 1 0 0
105/5% -105/3° 4b/y° ~10/y 1 0
-045/y5  945/y% -420/y® 105/y% -15/y 1] .
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e

(2)

&)

. . - - 2 A . 0 bl

£ {a3f -3f  =3fuy 2y -3fm s ‘-3£p3_(5 ) ~38yy -3fp
-1,co 1.73205 3.C0C00 1.CCOCC 1,34143 1.49153 1.5695) 1.61509  1.73205

99 1,72337 2,97000 1.00C0C 1.33865 1.48566 1.56356 1.6C839  1.,72337
.93 1.71864 2.65000 1.0CCCC  1.33566 1.,8178 1.55755 1.601656  1.71L4%
«-.97 1.70587 2.9100C 1.CCCC0 1.33267 1.476E9 1.55152 1.59493  1.70587
-.96 1.69706 2,88CC0 1.CCCCO 1.32966 147201 1.54549 1.58819  1.69706
~.95 1.68619 2.85CCC 1.00000 1.3264, L4671 1.53943 1.58141  1.68819
- 0L 1.67929 2.82000 1.CCCCO 1.32343 1.46218 1.53339 1.57h8,  1.67929
~.93 1.67033 2.,79000 1.0C0CO 1.32061  1.45725 1.52731 1.5678h 1,67633
"o92 1.66132 2076000 l.OOCOC lo31757 101&5232 lo52]23 1056102 1.66132
-,0L L1.65227 2.73000 1.000C0 1.31454 144738 1,5151% 1.55620 1.,65227
-e9C 1.64317 2,700C0 1.00G6CO 1.31149  1.44243 1.5C503 1.5L736 1.64317
89 1.63401 2.67CCC 1.00CCO 1.30€43 L.43747 1.50201  1.54050 1.63401
~. 88 1.62481 2,64CCO 1,00000 1.30537 1.43250  1.49679 1.53364  l.62481
-.97 1.61555 2,61000 1.000CO 1.30231 1.42750  1.49C85 1.52675 1.61555
~-.86 1.60624 2.58000 1,00CC0 1.29923 1.42252 1L..8,50  1.51985 1.6C62)
-85 1.59887 2.355000 1.C00CC 1.29615 141752 147832 1.51295  1.596¢7
-84 1.58745 2.52000 1.CCOCO 1.293C6 1.:1252 147216 1.50602 1.587..7
"¢€l 1055885 2.‘&3% 1.0@00 lo 28375 10397h(} 1.1{5360 10&8518 10 55893
-.8C 1.54919 2.,40000 1.C00C0 1.28C63 1.39242 L.A4738 L.A47822 1.54933
"'079 lo539ll‘8 2.370{;0 l COOC’O 102771*9 10387.)". lomlé 1.13'73..26 1&53971
=78 - 1.52971.  2.340C0 1.000CO 1.27437 1.3€233 1.43495 L.56627  1.52CC6
-.76 1,50997 2,28C0C 1.C0C00 1,268C7 1,27220 1.h2247 1..50286 1.51C71
-.75 1.5CC0C 2.25000 1,00000 1.26492 1.3¢712 1.41622 144327 1.50102
-7k L1.48997 2.,22000 1.000CO 1.25175 1.36205 1.4C997 1.43625 1.49136
~.73 1.479¢6 2,19000 1.C0C00 1.25857 1.35695 140371 1.2202  1.48168
-.72 1.469069 2,16000 1.C0000 1.25538 1.35185 1.397L¢ 1.42202 1,47205
~. 71 145945 2,13000 1.CCCOC 1.25220 1.34675 1.29118  1.4152C  1.46245
~.7C  1.4491, 2.1C000 1.C00C0 1.24k9CO 1.34165 1.38492 1.40818  1.45290
=9 1.L3875 2.07000 1.C0000 1.24579  1.33652  1.37€65  L.k0116  1.44340
-.08 1.42829 2.04CCC 1.0C000 1.24259 1.33142 1.37238 1.39415 1.42395
- 07 L4177 2.01000 1.000C0 1.232935 1.32628 1.34£609 1.38711  1.42456
=66 1.40712 1.,980CC 1.COCCO 1.23612 1.32115 1.25983 1.3€010 . 1.41526
~65 1.39642 1.95000 1.0000C 1.2328¢  1.,31401  1.35355  1.373C8  1.40602
“oétb_ 1.3856& 1.92000 1-00000 1'22961{. 1031088 10:3[9728 103(\608 103%88
-.62 1.,36382 1.66000 1.CO0CO 1.22311  1.,30060  1.2347%  1.3521C  1.37888
-0l 1.35277 1.83000 1.00000 1.21963 1., 295h, 3 1.32847  1.34512  1.3599¢9
-.60 1.34164 1.80006 1.C0000 1.20655  1.59029  1.32222  1.33816 1l.3¢121
«.59 1.33041 1.770C0 1.00C00 1.21326 1.28512 1.31596 1.33121  1.35254
-o58 1.319C9 1,74060 1.000C0 1.2C596 1.27997 1.30971 1.32427 1.34395
~.57 1.30767 1.,71000 1.00000 1.20665 1.27482 120347 131735 1.33547
~.56 1,29615 1,68000 1.00C00 1.20333 . 1.20965 1.2972, L.31C46 1.32711
«a55 1.28452 1.65000 1,00C00 1.,20000  1.2Gh49 1.29100 1.30358 1.31¢4.
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TARL. I - 72
¢ 3r -2 e ® 3@ B ® Ty 3 /S
=55 1,28452 1.6500C 1,00000 1.20CC0  1,27449  1,29101 1.30358  1.318¢%
~o5k 1,27279 1.62000 1.,00000 1.19666 1.25933 1.28480  1.29673  1.31067
~e53  1,26005 1.50000 1.00000 1.19331%  1.25415  1.27861  1,28991 1,30262
"o52 l: %900 lo 560?0 l.OOCCO 101899? ' 1021&900 10272&-3 1028310 1029&‘68
~.51 1.23693 1.53000 1.C0000 1.18658  1,24383 1.26626 - 1.27633 1.29683
w50 1.2247h 1.50000 1.0000C 1.18321  1,23868  1,2601% 1.24959 1,27910
-9 L2124  LA7C0C 1.00000 1.17984  1.23352 1,25398 1.,26289 1.27147
~ A48 1.,20000 1.44000 1.00000 11,1764 1.22836 1.24787 1.25623 1.2639
=07 118743 . 1,.41000 1,0000¢ 1.1730 1.22321 1.2L177 1.2,958 1.25651
-6 L7473 1.38000 1,00000 1,14961  1.21806  1.23569  1.24300 1.24918
-5 1,16189 1.,35C00 1.0000C 1,16418 1,212062 1,2266h 1.23643  1.24196
-4 1,14801 1,32000 1.0000C 1.16276 1,207 1,22361L 1,22993 1,23L8L
-3 1.,13578 1,290000 1,00000 1.15931  1,20265 1.21762  1.22347 1,22782
=42 1,12250 1,26000 1.00000 1.15586  1.19752  1.21165 1.21705  1,22089
-.41 1,10005 1,23000 1,00000 1.15239 1.10200  1.,20570  1.21047  1.21405
~40 1,09545 1,20000 1,00000 1,14802  1.,18730  1.19981  1.20436 1.20733
=039 .1.08167 1.17000 1.00000 1.34542 - 1,18220  1,19392  1.1931C 1.20068
-,38 1,06771 1.14,000 1.,0000C 1.1419% 1,177 1,18807 1.,19189 1.19413
~.37 1.05357 1.,11000 1.00000 1.138.3 1.17203 1.18226  1.18573  1..18768
~-o36 1,03923 1.080CC 1.00000 1.13490  1.16695  1.17649 1.17963  1.18131
-.35 1.,02470 1.05000 1.CC00C 1.13138  1.,16190  1.17075 1.17358  1,17502
-.34 1.,00995 1.C2000 1.00000 1.12783 1.15685 1.16505 1.16759 1.16863
~.33  .99499 .99000 1.00000 1.,12k28  1,15182 1.15939  1.,14167 1.,16272
~s32  ,976680 ,96000 1.00000 1.12072  1.14481  1.15378  1.15581 1.15669
~a3L 96437 .93000 1,C0000 1.11715 1.3 1,14820  1.15002 1.1507%
-.30 94868 ,90C00 1.00000 1.11355 113681 1. 4266 1. .144246 1,1h488
“~o 29 . 932?L" 3 87C00 1.m0 1.10996 lo 13186 lo 1\3717 10]\3857 1.13910
-28 91652 84000 1.C00C0 1.,1063% 1,12692 1,1317L 1.13206 1.13338
-.27 90000  .810C0 1.,00000 1.10272 1.12197  1.12634 - 1.12740  1.12775
=26 L8831 78000 1.,00000 1.09910  1.11707 1.1:100 1.12191  1.12220
=025 .86603 75000 1,00000 1.095L5 111219 111570 1.11648  1.1167L
-a2  LE4853 72000 1.,00000 1.09179  1.10732  1.11045 1. 11131 1,11130
23  .83066 .69000 1.00000 1.C8812  1.10248  1,10525  1.1058L 1,10595
-.22 L,81l240 66000 1.00000 1.,08443 1.09766 1.10010  1.10056 1.,10068
-2 79373 .63000 1.0000C 1.08076  1.09287 1.09501  1.09540 1.,09550
-o20  JTh60  L600C0 1.00000 1.07705 1.08810  1.08996  1.09028  1.09036
=19 (75498 L5000 1.,C0000 1.07331  1.08336 1.08:96  1.08522 1,08527
~18 73485 .54000 1.00000 1.04959  1,076866  1.C8003 1.06025  1.08028
17 UYL 51000 1.C0000 1,06583 1.07399 1,07514 1.07530 1.07533
"'0]-6 0692& szscw 1.00000 l.o&w 100"‘933 1. 07033- 1.070&4 l. 07%6
-.15 67082 45000 1,00000 1.,05830  1,06473 1,06552  1.06562  1.0656Ah
-1 L4807 L,42000 1,00000 1.05451  1,06013 1.06C79  1,04086 1,06088
-13 62449 .39000 1.00000 1.,05069  1.05558  1.05611  1.05815 1.05617
=12  L,600CO 3000 1.00000 1,Ch690  1.05108  1.05151 1,05152  1,05154
"'oll L4 571946 0330(13 l.OOCOO 10%307 10 0&-662 10%693 lc %695 10 %695
- 10 LBLTT2 50000 L.000C0 1.03923 1.0L217  1.04241 1.Ch2h3 1.Q423
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o8 F=31 L 24 14 --er.l R a2 )3-1 F ").‘l]ll L d 2 "J"-f“l T T
- (0 54772  ,30000 1,00000 1.,03923  1.04217  L.GA241  1.C4243  1.04243
-.09  L51962 ,27000 1,00000 1.03537  1.03777  1.0379%  1.03796 1.03796
-, 08  4899C 2,000  1.000C0 1.,03150 1.03341 1.03353 1.03355 1.0335%
-0 45826 (21000  1.00000 1.02761 1,02908 1.02917 1.02617 1.02017
- 05 L2026 ,18C00 1.00000 1.02371 1.02480 1.02485 1.02485 1.,02485
-.C5 38730 ,L15C00 1.COCCO 1,019€0 1,02056 1.02059 1.02C59 1,02059
-0 L34641 LA2000 1.000C0 1.00587 1.01636 1.01638 1.,01638 1.01638
-~.03 L,30CCC  ,09000 1,00000 1.01193 1.03220 1.01221 1.01221 1.01221
“-a 02 .2&&95 aOéOOO 1.00000 1.00':"97 1.00&‘09 1'00809 l. 00809 1.00S09
-.0L .,17321% ,03000 1.CCC00C 1.00399 1.00402 1.00402 1.00402 1,00402
00 »,000C0  .C0000  1.,000CO 1.C00C0 1.00000 1.,000C0 1.00000 1.00000
)Ol . ].732]-'1 had sto l .00000 . 99599 o 99602 . 99602 . 996(;2 . 996@
02 Q244951 -,06000 1.00000 .99197 <99209 299209 59209 99209
«03 ,30000i -,COC00 1.C0CO0 .98793 .98821 +98820 » 98820 »98620
oC‘Z!- o%a&li hnd 012000 lo 00000 ] 98387 . 98&-37 -98435 - 95\1#36 09&&36
05 387301 -.15000 1.00000 97980 98056 98055 Q8056 .96055
06 A2k26i - 000 1.00000 97571 768, 97679 297680 97680
L7 458263 -,21000 1.000C0 ,97160 <7315 97307 97308 «97308
.08 489001 -.24,000 1.00000 ..95748 +96951 «96939 «9694,0 »96940
09  .519621 -.27000 1.00000 ,96333 96591 96574 96576 96576
J10  LJ5AT721 -,30000 1,00000 .95917 . 96237 .9621% . 96216 +96216
oLl 564461 -,33000 1.00000 ,5500 295887 »95858 .95850 095860
J2  L.600001 ~.36C00 1,00000 .95080 «95543 «95505 +9550¢€ -955C8
13 624501 ~-.39000 L.00000 657 « 95204 «95155 .95159 «95159
A 6B ~-.42000 1.00CCC 94233 «94868 94808 <94 E1L SOLELL
- 15 . 67082i -.&5000 l . COOOO . 93808 » 9“’&53 9 a 9251#6 5 » 9&-25-73 . 9&&72
oG 692821 ~.48000 1.COCCO  .9338L -SL21L oSk 25 OLL36 W94134
017 0711‘313'5- e 51%0 l.OOCOO 092951 < 93893 Q9378q 093802 . 3800
JA8  JT34851  «,54000 1.00000 .92521 »93377 293k »93471 293470
A9 754981 -.570C0 1.C0000 92085 .93268 .93125 <9313 093141
20 JTPAE0L -.60000 1.00000  .93651 .92965 92798 « 92820 <9Zi¥18
. :..l * 79373i ~e 63000 3. .CCOOO ° 93.21/& . 92665 - 9:‘3&73 e 92500 - 92!&96
[ ] 22 v Smoi hant 3 66000 l - 00000 . 907?1',' - 92369 - 92150 Y 92182 [ 92178
023  .E3066i ~-.69000 1.000C0 90332 92078 .91830 01869 L9186
* 210 [ 8&-8535- “~e 72@ l - 00000 . 89889 » 91793 o 9153}0 o 915 58 'y 915 53
. 25 . 86603i el 7 5000 l L] 00000 . 891\'}4'3 . 91512 [ 91200 L4 91251 L] 912“4-5
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