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A.BSTRAGT

ApPx?02c~tit? solutions CN the 95Jansp0rtEquakion ~

are obtained for a large class of problems in neutron .’

diffusion, using the Spherical Harmonics Method. ThiS

p )“method gives rise to a sequence ~.t
+

of approximtions$

the accuracy of which increase with n.

The polynomials closely associated With the

Spherical Harmonics Ilethodare investigated, in par-

ticular their asymptotic properties- The latter make

i;hpossible to obtain exact solutions by Ietttng n

approach infinity.

Matrix representations of’the general solutions

(of order n) are developed which greatly ~educe the

analytical and numerical work connected with particular

solutions. M the same time the discussion of

boundary and other physicel mm.aitions is simplified.

theory’~methods of Ple.czek,I?rankelfiliarl<~and Otherse

I
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assumptlctris the Transport

the following form:
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medium 53 characterized

and t in units of cm.

time dqxmtienc= Qf’the type:

increase

Substituting
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where r is in units of’ the mwn f%eo path.

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



and whenw ./liand B~ arc?unknowns to be decerminod by

boundary and other physical conditions.

where Ho(x) = ex/x and

f’vmctionsof the second kind, den~t~d by Kn(x). W

have

When n 2s odd f’n.~(r) has an additional unknown.
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TXE On(f, p) - POLYNOMIALS—.

The general spheP5cal.harmonics solutions glvon

geometry under consideration, these polynomials enter

obtain’tihoexact solution of the Transport
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%(P) and ~(p)3 two

equation, VW have

(2.1.4) Gn(f,p) =’

and hence

{2.105) Go(f#) =

Ql(f,p) =

and hence
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~5@+(5-4t)Pl

[ao594+5(7-13f)p2-9]

[945f~5+105(3-7i’)@(361-64f)],]

[&5f#+35 (11-34f)p4-.21(14-llf)@+25]

[150W’p7+385( 13-5Ckt)p5-21(242-283f]p3+
--(9 W-256f)p]

[225225f#+25025 (5-23f)p6-335(247#W3f)p4+
+3(9647-5053f)p -=2225]

A
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R@) sire

formula holds:
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(2.3.8) Gn=l(f,pf) = l/(n-1)1

Theorem 2,X.5. The parameter f

el$mtnated, and we may wr~te

In C+Jf,p~) can be

TMs theOre~ is & ccxmequonce of the relatlons,

Gn(f,pf) = o, (3n-l(f,p~)= cn-l~it%(lll)~ :lnd

(2.3.11) co = 1, C]c=

so that the cooff~cient of

Tg~I(P) equals unfty.

We note that )~T$)(p)=
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2.4.
[n)

dxpULclt F3mulas for Gk(f’sp+)J n = 2,3,.0.6.

n= ~ SZ(p) = P2,

n =4 $4(P} “ P4 - & P2#
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2.5. General Formulas for G=(f,p)*

The recurrence fo~ula for T~)(v)s an immediate

consequence of (1.2.1) and (2.3.9)$ is given by

Wheme

(2.5*2) gk = k2/(2k-1)(2k+l).

using the fact that T~~l(p) = O ana i’)(p)= 1,

Formula (2.5.4) 3s readily o“btainedby inductton
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k= n-2 we obtain

k= n-l and k-= n-2 respectively.

2.6. The ZC9PO03 Of Gn(f,p).
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-19-
the fraction (2.6.’?)mmies from -f to 1, so that Gn(f’,p)

(-00$ O). This combined with (Z.608) @V@a (2.6.3).

Theorem 2e6.~!can be shown to be true wtth an

argument along these lines: Xf the derivative of th~

fraction (2.6.7) wit~~respect to F vanished for p = ~,

and If PO substlt~ted in (~oG~7) gQQ- ~ R fos ‘~4f’04 ‘S

we would conclude that tha fraction possessed two

zeroes in the p~-htemal con~aini~.g po~ for some f’

near fo. This contradicts previous concluslona re~ard-

ing the number of zeroos In each p~-interval.

Case IX, n odd.

following theorem~with the aid of’
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●

(2.7.1) (l+f) -
+=0’ ‘l’””saroth(l p)

latter case we may replace p

arctan. In dlscuss~ons where

may be confusfrqz,we denote p

;veobserve that ~(-1] =

by lpi and arcth by .

the shorter notat~on

by PO.

1, p(o) = ~$p(f) = s

1~.mnlpl~~)w m, and that (l+f)lp\~2/ff if fs~O. By

%1/.3f, -lef,*o,expansion Of (2.701) W8 have p

and

the

&nd
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As the derivative of g(f,p} with respect to p is

al~ays negative, g(f,p) decreases monotonoly from

co to woo , and arctan g(f8U) fr@?l?r/22to -~\2.

(20’7.7)

“ (1) 9prov%ded F(~i , pi can be written as F(~i) + O(l/n&),Ooz

and the integral on the right hand sid61exists.

equals l/f for k = O,and O fOr k=~~:,.... This enables

us to evaluato a number of defintte Inton%ls of the
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We also have the followtng expansion f~JI’

PrOOf Of theorems.

From Szqd! 1,([$s23.3) and (?3.72.19)s m have

for ~2~ 1:

whSch shows that MO convorgenca 2s untform for
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● Qn(P):

Now, In Vfew of formula (2.7.20)>W0 ENlywrit@

.
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Theorem 2.7.3 follcms from Theorem 2.7.2 and

Szeg8 1, (15.3.10]; and Theorm 2.7.4 from (2.7.7)

essentially by dlfferentlattoh.

●
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CHAPTBR 113—.

MATRXX REPRESi!2?i’AYIONOF THE ANGULAR MOMENTS

3.1. Plane Symmetry.

In plane symmetry th= Transport Mquation has

the following $orm, whan Q(r) = O. see (1.1.4).

where l?(r,~)Is the tmgulm dlstrlbutlon, r the

perpond!iculardistanco from a fixed plane (the ortggfn)

measured fn units of tho moan froa path, and ~ the

cosine of the angle botwwm the direction of travel

of a neutron at r end tho vector r.

Applying the SH-method to (3.1.1) vJe obtain

for the ~n.l-approximation:

{

( ~+-f’)~o$r),
(3.1.2) (k+l)Dr~K+l(r)+kDr~K.,(r)+(2k+l)~k(r),= =,

(0, k=l,2,...
...(n-1).

TM complolm solution of (3.1.2) is givm by

(see Mark 1, p. ) ‘

which can readily be vm’ifled by substitution in (3.1.2),

and by making lZS63of {20101)0 The quantities Ai and B1

are unknown~ to be detormi$’mdby boundary and other

phystcal conditions. we refer to (3.1.3) as the

exponential form or exp-form of’the solution.

/’

H..,..*. ..*
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We may also wrtto (3.1.3) in an aZternate

form as the hyperbolic a“hyp-f’ormof the solution,
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to the hyp-form

\ d’+.... ** ch, ch~~n

.
the inverses of (3.1.7) and (3.1~8):
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On multiplyin~ the Zth row of

Column Of ~ taking the hyP-fOZWlOf

VMJobtain (modulus An)

I; Into the ith

these mmtrices

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



-30-
,

●

.

Mote.

‘~ the fOllOVJingIf me lmlltlply~ into q

formulas result, wh2.chwc shall make use of in

suceoed~ng paragraphs:

= c), k = 1,2,...(~1),),

I 3 -2s1s2 + S3$ k= 3>al

\
4 -3s~s2 +2s1s391 +8; -s4,
etc. ka4p

(3.1.18)

Sd that

(3.1.19)

Now

Henco

(3.1.20)

&&(@G@,P~) ‘

= - [ck(2n-1)!/2?%!(n-1)$J$$#&).

(n)
Tk+l(~) Is Q polYnOnfal Of degree n-k-l.
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In Chapter IV Wa-”shdl need the matrix

The computation of the elements tn (3.1.24) ia

R-1)%3@n.3@0j(so

fact combinations of thu eleaxmts in the

where the general elemmt is denoted by ai$.
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3.2. Spherical SymMCm?yo

In spherical ay?mmtry the Transport Equation

has the following form, when q(r) o 0. SQO (3.1.5).

vddch after the SH-tJ?ansi?omatZonbecomes “

‘{(l+f!)~o(r)$k = O,

0, k = 192,...(1)l).
The solution of (3.2.2) is g3ven by

(see Mark 1, p. )

(3.2.4) HO(X) = (~/X)Ox, HI(X) = (l-l/x)il/x)ex,

H@t) - -j@-u/x&#) + Hk.2(x)s

and

‘;2~Hk+~(@(3.2.5) rb#————

I&x) = (1 -: + *)HO(X),
H+) = (1 -:++?+ $ ]Ho(xh

(3”2”G) q%) s (1 -$+- QJ.L$ H++),

Hs(x) = (1 - #
945” 945

+g-$#qZ - ‘~ )Ho(x)o-

Formula (3.205) can be der~vcd by Induction.

Using (3.2.4), (3.~eb)5ati the recurrence formula

I

shown to bs a solutlon of (3.2.2).
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The solution (3.2.3) may also be wri~ten In a

involving hyperbolic tunctions:

(3.2.7) !’/k(r) =

whene

H:)(x)=
(3.2.8)

H:(x) =

E&x) s

(2)
Hk(x) =

The angular momentisin sphewical geometry nay

also be written In vector form. We have

(3e209)

where Cn

[h’fk(r)].= cnTn(r)~(pi,r) [&J~s

1s glvcm by (3.1.0), Tn(r) will be dertved
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(3.2.14) Fn(r) =

(3.2.15) F&) = [-l) j-fhj+L2j-&lrj-i} =,

(
o ● m***a***. *ea*e

= L? o * ● ● ● ● 9 ● ● e ● ● ● ● e ●

u c/Y 1 0 . . . . . ...0

u 3/+ 6/r 1 (.)● .00
u o lt@ m/r 1 0 ● ●

● *oOm*aO*** ● *****OOO*a a

o . . . . . . . . . . . . . . . . . . . . . . 3
(i)Xt is possible to construct matrices En(r) I

SO that

{i)

([)

0..0
(3.2.16) ~(s?)Fn(%’)= O .. 0 Fn.21-2

0..0
0.....0..... u
o @*. e*seaooe on.

(3.2.17) I& )r=

(

o S/r 3 0 Oaa*O*OO
00 b/r i o ...s
000 7~rlu ..

)............0........ n,

&*(l?)=

(
() U 15/r2 10/r i 0
000 35/1”214\r i“;”;:
9Oes ● * 9,000 ● O ● 9 ● ● ● ● 0 . . ● .0 ● O*W

● m **8* . e. ● . . . . .0 ● .* ● ● . . ● . ● . ● . ) n,

(3.2.lb) Tn(r) = ~(r)l?n(r), I
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numbers tr~ are tho coefficients of yn-s in T~)(p)

G.. (2,3.9) and paragraph (2.4)1.

Finally, we define Tn(r1$r2) as follows:

{3.2.20) !Pn(rl,rg)= T~(r1)Tn(r2).
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In the plane case we obtain from (1.1.4)

and (1*2.1) when U’= 0:

so that, after @ttQlying through by pk(~)$ k =

0,1,.~.(n-l), and M’tegratlng we have ~~(r) = 0.

As a conseqwnce the angular moments and the a~ular

dtstribut50n remdn constant as r varies across a

medium with ~= O.
.,

In the apkricd wase tb OqWit~ZO~(1.1.5)

Is reduced to

Ss readily

and fork= “

(n-2) whtch gives y.a(r), the other moments then

(3*3.3)

and

(3.5.4)

Sfmtlarly

(3.3.5)

eucmmsiv+ intogratlona. We havfs
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(3.3.7’)

where

(3.3.8)

am

[3.3.9)

(3.I..6). .

by s TTm navel

and
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a

(3.3,12;

ko L072;(1-s) o & (1-&%@i ) o SO*

o lIS o 0 0 0 ● . .

00 s o ;(14)8 o ***

o g$(x-&/s)/s o l/s~ o () ● m*

00 0 0 # o *OO

o *(+++) o ~d(l-Vs) o @• ●

● o*o O*oqe Oe*s S* O090*=O*OO*● 0*90069*00** ● SO..O*9OOO.

\
●
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course also be obtatnod dlreotly from the Transport

tiquattono
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\

Tho matrix repr~sentatio.~sof the angular

moments are agaSn

ZWspeetlvely. The matrices Cn, Gn, and Tn(r) havo

the same f’ormas bd!’oro. .Thorelatton batween

~ and ~ 3s the same as before [see remarka In

connection with (3.2.9)1. The ~ -matrices

assoc!latedwfth the case when f = O have the

following forms:
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sphurical

(3.4.’7)

a?.?d

(3.4.8)

(3.4.9)

00

● 9

* ●

,0 0 (
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pmbhnso

(xmcerned,

by the two
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The corresponding spherfcal conflruratlon consists

oi’a core with radius a, a shell”with radl% Q and b, and

an outside sh:sllvlth radii b and ~.

8ymtnetryabout the ori@n requires that the
-.

anpular distribution at r = 0 be Isotroptc$ wh5ch

Impltes Vk(0) = Constant for k = 0, 0 for k = 1,2,...(1),),

which in turn lmpltes that Al = B~. Continuity at tho .

‘?;(bs) ● Finally sCatte3?i~ ana~or capture in tha’

voutside medium Wplies k(m) = 0, so thtitl$i= u.

v/e now have for plates

. . . .,.?-..
./..

~= ~--=; –-UI:W . . .~ -— . . .m- o e ., .>. . ..m —
..

(4.1.1)
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where we take tho hyp-form of the matmlcos in the first

and second media and tho oxp-form in the

xnedtum. Eliminating the unknowns or the

we obtain

third or outside

second medium,

Indtcate that the dimensions have

the physical condlt%one imposed.

zero, and tlxlsmeans that”Kg

have been raduced to n by #n

.. -
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whore (0)n denotaa a n by n mtr3x with zero elementso

Tf M’oz%atlon about above @mf@urattons $s

ghon $0 that in ●ffeet w have

metes, the ha$ter (the CZ’itlC~

tlon) may be found from (4.2.4)

but one -own para-
,.“;

numbea of the~”conf’@ra-

sime the soluttons of

TIIefo~las for the two=-mediumease may be

obtained by letting b approaoh a tn which ca$o ~(~i,bz-az)

am Qn(~~sb2-a2] b~come un%t matrices and Tn(a3,a~)Tn(a~S?3)

●quals Tn(a~,a3)o The fo~ulas for the N-medium case

are readily obtatned by irksort~ngN-3 additional &~s

amd.~Tn~s boforo the last ~ ad Qn in (~~~.4)s ~orr@~Pond-

Ing to the elimination of the unknowns of’other central

mod%a~ ‘#enets that the Qrder of tha matrix products

in (4.1.4) %$ fndepenaent of the number of media and

equlalto *O

Note 3. In chapters 1X1 and IV we have restirtctodthe

discussion to the case when n Is even. ‘Phoamiitional

tsrm corresponding to ~% = O, which ontcn?sthe express~ons

fO~~k(r) in the odd case$ cm be Intorpret=d to give

a contribution to tha moments at tho boundaries but

no contribution elsowhcro. NOW it iS possible tO show

that tor n odd Yn.l-approximation Is ~ormally equivalent

to v~.2-approximation. They w511 differ in dezatl,

tnstoad of tho zeroes of Gn.l(f, ) we use the zeroesr
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mote 2* Ti? in the plane case we have ~s O in ono of the

5nterlor zmlta, we may because of our observations In

paragraph (303) simply let it collapae~ For instance,

Sf the middle medium has ~= O, our boundary condition

becomos Wk(al) = ~(b~). Sf the outstda EMX15um( in

either the plane or sphcrZcal cas~) has a zero ‘~cross-

sectton’f,we may assi~ to it arbitrary parametarsg’oggo$

f = -I and ~E~, as long as we charaotsrize tt !lna

manner that w1ll permit no neutrons to return to the

interior media.

If the core of a spher~cal confl~ratton has

zero erossectlon we use the matrix represontatlon

developd in paragraph (3.3)- The condition that the

density be finite at r = O hplies Ai = 0 for even

Indtces. ‘;iethen have corresponding to (4.104)

where
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~Ot$3 3. If f = O we may, Instaad OE using tho special

matrtces devolopod Zn paragraph (3.4) factor out a

‘-1 t%o:~lK~@&Jy)diagonal matrix with elements ~~ and

Qn{ps,r) and inoludo itiwith the associated vactor.

\’@may then let ~ approach zero and tntroduce.Ao and
*

B. as det%ned In tho beginning of paragraph (3.4).
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4.2. Transmission Problems-

The techniques roquirod in oraar to obtatn the

density dlstribution$ W )~ r , anc quant!lt2esassociated

wtth it w112 be devolopad hero In connoct~on with

problems where we are pY?!Lmarilyinterested in the

current transmission. The current at a point r by

-1

and the current transmission across a znadiumh (a,b)

by

(4.2.2) Transmission =wA(b)\{(a) w%

where S Is a surface factor equal to unity in the plane

case and b2/a2 tn the spherical case-

Th9 piano configuration which we consider in

this paragraph conststs of an inside semi-inflnita

plato W (-ou,a) with f = fl and ~=~p a midalo plate

tn (a,b), f = f2, ~=~~ a~b~ and an outside semi-itiZnito

plato an (b,Ca). We take b = O in this case, and.

normalize by requirtn& that ~I(b) = ~. The corresponding

spherical system consists of a core in (OOa), a shell in

(a,b), and a semt-lnflnite shell in (b,a ). Here as In

the plane case ‘m take ~2 (b) = ~0 Further wo ass~e ~hat

are supplied by a

APPROVED FOR PUBLIC RELEASE
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?n these problems wo

pammetars, and ~enoto the

- 49.-

numbar the media and the

unknowns of each iuedium,as

h paragraph (4.1). The boundary conditions are again

those of the previous paragraph, i.e., the continuity

of the moments. Further, wo requ~ro In the plane case

that Yk(-oo) = O, ao that Bi = Op and In the sphericai

case that the angular

so tkt Ai = BtO The

can bo Interprotod as

te~S Of%&r), those

The condition in the third modlum 1s, tlwmwfore, that

the non-asymptotic part of the density vanish@s,l.e.,

%Wf’wf),%) [’*
(4.2.3)

cnGnKJ#,b2 )

in the spherical case, the matrieos assocaatad wath the

first medium taken in hyp-form and the 0th0r9 in exp-f’orm.

??Mminattng the oonstants In tho m3udle medtum SC.;-.:vo

,,. t.,

whcm
.
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where

(

● O.... o 1
(l)&=+z ‘ R ● 6..0. o 0

)e*ee98*0... ..*,.**

Formulas (4.2.7) reproaont systems of & equations in

&I+l unknowns~ lyemay then solve for l?@~n+l@ 1 = 1,2,...&m.

Similarly wo may S03V0 (4.2.8) for &/~&+l. Then sub-

st~tuthg tho values obtained for these unknowns in

the first {or second) part of (4.2.3) and (4.2.4), we may

Solva for Ef/E&@+l. Finally g~m+l may bo found by making

use of tho assumption l?l(b)= 1. To obtain the ‘cransmisslon

we need not bothor about tho last stop, Mnce this

quantity Is a ratto.

The same proceduro oan of course be employed

to find tha density distribution Sn a critical conflgupa-

tlon after zhav the critical number has been found. IJe

have merely to dacide u~on some normal~zation of the denstty.
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●

4@S_ Problems Involving NOutron Sources.

Xn this paragraph WO shall considar a t%w simple

configurations containing a source of neutrons, Q

symmetrical plane system with a unit plane source

atr=C ~ giving rise to a diatributton

(4.3.1) P(ZS) = ~E3(~r;}

of primary neutrons (C. Mark 2,

system with a unit point source

to a distrtbutfon

p. 25), and a spherical

at r = O, giving rlsf3

(4.3,2)

of prmary

system can

neutrons. Thfisecondary neutrons in the

then be regarded as havi~ boon genoratod

by tho isotropic sourc$efunctions q(r) = (l&f)p(r).

A unit plarm source at ??= a Will give rise to

p(r) = *El(lr-a~)o A UMt Point sourco may bs rqgardod

as the 13m3ting ease of a unit shell source”at Y u a,whioh

gives PXSW to the dlst??ibution of prlmar5es: p(r) =

= [l/tWar)[.l(~r-al)-E1(Jr+a/)]. The function b~(x)

38 tho exponential integral funct~on somet!hnesdenoted -

by -Ri(-x). See (3.Placzek 2.

ConsZdoring tho goomotry of above configurations
s

we find that ~k(XD)9the an@Lar moments for the sooonda~y

neubons, vanish f’orodd k at r = O. Hence ~k(o~ fS
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‘P
vglvcm by ~(0)p tho moments ror tie primary neutrons,

for odd k. Gotng back to the Spherlcsl Harmon3cs

form of the Transport Equotion,(3.1.2) and (302*2),

we obtain,l~ttingvop(r) = p(r),

{4.3.4)

As r

(4.3.5)

(4.3.8)

approaches zero we thsn have

If *EI sources are surrounded by a non-scattering

plate and core respectively the situation ts similar

tO the

k odd,

Of tho

Q’tr=

one described abovo. Again we have ~~(a) = 0,

whma a !s the coordinate of the outside boundary

non-scattering xmilum. Tho boundary conditions

a are then the relatlons (4.3.3) and (4.3.4)

mnduated at r = as k odd.

Above conditions aro

fnvestlgato configurations

sufftc~ent in order to

with SOUPCQJS wtth the

SH-m@thod and tho matrix techniques developad In para-

graphs (4.1) and (4.2). lkN?eVCr9the aq@ar d~str~bu.

tf.on near a source 2s clearly quite unlsocro~zc. Y/e
t

can , thorefores oAT@ct much bettor results if we

apply tho WI-method to tho secondary neutrons.

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



-53-

IVestart with tho dlff’erontialsystems

(4.3.7) (k+l)Dr~Wl(r)+kDr&.l(r).$(2k+l)~K(r)=

=
I

t

(l+f)~(r)+q(r), k = 0,

, k = 1,2,...(1),),

‘j2]~l(r)+k[Dr~]~~~( rl+(2k+l)~k(r) .(4.3.8) (k+ll[~+—

{

= (I+f)vo(r)+q(r), k ‘MO,
0, k = 1,2,...(1),),

and tha soluttons of those are obta~ned as the sum of

the general solutlon of (3.102) and (3.2.2), and a

particular solution of (4.3.7) and (4.3.?3). Using the

mxnmrence formula for Gn(f,p) and fo%as (3.1.20) and

(3.1.23) we verify readily that the following expressions “

are the general solutlcms (>P(4.3.7) and (4.3.8):

where El(-X), X pOSitiVS, equals -El(x), and c~ = Df(l/’)g

and Sn the sphezvlml case

.
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where the bar servos as

We may also Wrz’m
-

In hyp-fmm~

1!%may now regard the inside brackets Zn tho last

four formulas above as mm unknowns. Then the matrix

technique of the paeoeding paragraphs $.sappllcablo~

except In a m!Lddlernod!lumwhere an additional vector is

tntmducmi at the smcond bmndary~ “Lokue~ *M new
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unknowns equal at tho two boundaries of the middlo

madium.

formulas wfll change slightly due to the fact that in

The condftilonon the odd noments at r q O gives

the follor?tng expresalons for A%-B~, duu Go the fact

that tha determinant G2A-2(f,Fi) does not vadsh:

(403.19)

(4.3.20)

See C. !Mzwk2, pp.

is surrounded by an

the capture probabtllty

i’,-l~f40, we have Ai : 0 and hence che following

formulas for the _ar moment8S including the

primary neutrons:

and

.
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point source in an WR?.nite medium.

FOr the angular moments an the

source In an W!?tnite medium we have

case of’a point

the followtng

expressions, correspond~ng to (4.3.21) and (4:3.22):

Vo(r) =*

(4.3.25)

W!!(Z?I=+&

(4.3.24)

\$Jenote

respect to r of (4.3.21), multipMed by -1/2flr.
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TVJO-MEDIWMPROBLEM, UACT SOLUTIONS.

5030 Crlticaz Problems.

Tn the two-mdiurn c-~ the matrix products of

the previous chapter stmpllfy oonsldorably, Qspeclally

if’ we restrict

Confaglmatlcms

problms - and

to PW3S to the

ourselves to plates and to those sphertestl

Wkm?e ml w re. Furthermore, Sn those

perhaps in others - tt beoomes possible

Mmtt as n approaches infinity, if we

make a simplifying assumption re~ardt~ the behm~or of

tho dens~ty mar boundar~es.

mom (4.1.4) m ‘havefor plates and spheres

l?e8pocttvly

{5.1.1) @$(~@@K~( ~@2) [~~1 = Q,

(5.1.2) .Jn*(pl,al)Q~(ti~,al)[Ui] = 0,

assumed that n is even tn ordar to slmpl~fy
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.

Ufmlg formulas

some straightforward

(5.105) Gn(f@~)

(2?.3.1)and (2.3.5) ana performing

algebralc opero.tionswe have
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●

Tho cr5tteal number is then the value of the

unknown parameter whach makes tlm followlng determinants

van$*:

(5.U3)

I

= 0, plane ease,

~
= O, spher~cal CQSe,

Above detormhants involve three parametw?s, al, fl, and

f&

One@ tho crttlcal numbr has been found and some

normal~zat~on Introduced, e.g., We(o) = 1, mm may SJOIWD

for the unknowns and calculato VO(r) for as many values

of r as we dosfre.

5-24 CrttScal Probl@ns, the &nd-Point Method.

vTh@ terms fn ~(r) Involvang P1, i~l, may be

Interpreted as boundary oorrecttons to the asymptotic

vdensity (tho terms In o(r) Snvolvfng u~)~ thQ magnfltude

of’which decreasesrapldly as the dtstancu from the

boundary !Znquestion Zncreases. lyeI-KN7Qssumg t~t

the boundaries In our conftgurattons are well separated,

an fact, to such an extent that viemay regard them as

5M?~nltely separated. In the two-medium problems now

under cons~deratlon this assmptlon implies thi and

cthi equal to unity for 2S1. 110find the cr$tscal

nunber of this simnlif!ledmodel (applying the “end-point
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nethod”) amounts to obtaining the value of.the unassigned

parameter which satlsftes

We observe that {5.2.2) is a linear function In

cthl. xnoting (5*2.2) bY F(cth~) =d UStW the tw~-

point formula for Mnear functions we have

(5.2.3)

and hence

(5.2.4)

(5.2.5)

The determinants F(l) am F(-1) are readliy

obta~ned by factoring.

9

s

where the products in (5.206) are taken over the saue

ind~ces as Zn (5.2.7).
.
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(5.2.s)

.

FI?Om(5.2.S) and (5.2.7) f’ollOWS that

and
.

(5.2.9J

Using the fornula

(5.2.10) arotan.A-arctanB= arctan %%!?’

we obtain the followlng expression for al equivalent

to (5.2.9) :

5~3. The Mnd-Point Method, 13xactSolutlon.

AS n approaches @ Y VI-+uog Vi+%, and pj-vj + 0.

IrIthe llmit, tlmrefore, we have

(5.3.3)

and applylng

(5.3.2)

Theorem 2.7.3

% = /p/o arcot-wf’)-+

This result has also been obtained by “integral

theoryr’methods. See Frankel and Goldberg 1, p. 51,

where the second term of (5.3.2), denoted by ~~ is
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given. mankel and

“62”

Goldbevg denote arct~ g(f,p) by

l’csPQ @ @z l+f by o, and use primes to distinguish

quant~ties assoelakea witn the outside medium from

those Of the core. In what follows we denote the

EiuCOnU tit$~kd Ot (bo~o=) by A~30

Theorem 2.7.3 does in fact establlsh a link between

the integral theory used in Frankel and Goldberg and the -

SpherZoal Harmonhs Method. There is no need for re-

peating the analysis In that report In Its entirety

using the methods of thts report. We sball$ however~

In order to Illustrate the techn~que developed here,

derive the formulas for the neutron density.

Formula (5.I.1O) represents a system of an linear

simultaneous equations. From the last ~n-1 of these,

remembering that in these equatsons ctht = lS we have

(5.3.3) -’
= C , i = 1$2,00.*nJ

WJWJI (?I-pI)Diet

where C is a factor of proportionality Independent of i.

We rewrite formula (5.303) as follows:

and make use of’ the following expression fbr Y?c(vi)9

where c(v~) = & (Y&), whfch $s a direct consequence of

(5.1.7) and (3.1.IU),

.
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Subst3tutilng(5.3.5) in (5.3.4)

(5.3.6)
e=
J=2

we obtain

which may also be wr~tten

From (3.2.3) we have

so that

pplying Theorem 2.7.3 and Theorem 2.7.4) we obtain

In the limit as n approaches w
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We can now compare the second term 2n (5.3.10)

for tnstance wfth the corresponding result obtained

by Frankel and Goldberg (1, p. 53, last entry In the

fourth row). Except for a constant factor @epend5ng

on normallzat~on)and d!.fferentnotatfon these two

results are Identtcal. The n~erlcal work involved in

tabulating the denalty using (5.3.10) is of course

considerable.

The p3ane result corresponding to (5.3.2) differs

from (5.3.2) an that a3?cot is replaced by arctan. And

the plane result corresponding to (5.3.10) differs In

that the factor (l\r) %s absent, th= first term ts

multiplied by

l\Vaunder the

@~9 and %he second term has a factor

Integral sign.
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CHAPTMR V3.

EXAMPLES

The Spher3cal Harmonics Method has been used

extensively for the calculation of erittcal numbers-

The examples below will give some indication of the

type of convergence that the method gives, and how the

crltlcal radius al of a two-medium spherical system

varies with the multiplication number fl of the core.

The mean free paths of the two media are assumed to

be equal and f2 has been taken to be -.05. Table I

has also been designed to show kow the end-point

results Ulffer from the Vn-results, and how the exact

and the end-po~nt radti compare in the case when fl = .5.

The exact end-point results were obtained usi~’ tormula

{5.3. ) and the graph forAa~ h Fr$mkel and Goldberg 1,

“—rmethod,*

202994

2.1088

.

-

2.091

fp!m

1.5327

1.3426

1.3147

1.3088

1.6327

1.3422

1.3143

1,3084

1.305

f3=.75

1.2157

1.0342

.981

—-

fplleo
—.. ..
1.0339

.8617

.

● 795

.. .....
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Table 11. Neutron Denslty~

Y~-approxi-
matton

P $’!O(r)
O*O 1.0000
.2 ● 9900
.4 ● 9605
.6 ~9;24
.8 .8475

1.0 .7681
1.2 .6769
104 .5772
1.5 .5251
1.5327 .50’79
1.6 ● 4741
1.7 .4292
2.9 “3554
2.1 .2976
2.3 .2535
2.5 .2142

$?+.gs.gin”

r qo(r)

0.0 laOWO
.9859

:: ,9442
.6 .,8768
.8 .7867

1.0 .6779
3.2 d5553.
1.3 ~*gg
1.3426 ..4616
3.4 ~432A
1*5 (m386d
3.7 ,3X46
1*9 .2598
2*1 .2172
2.3 .1834
2,5 .3562

!! a roxlnmtion,3- PP
end-uolnt method

0.0 1c0000
.2 .9859
.4 ● 94&2
.6 ● 8768
.8 .?867

1*O .67’70
1.2 .5548
1.3 .4896
1.3422 .4609
104 .4312
1.5 .3861
1,’7 ● 3139
1*9 ● Z593
2.1 ● 2168
2.3 .1831
2.5 .3559 ‘
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Table of the T~(x$yj-lJatrices.

mom paragraph (3.2) we obtain readily the

following formulas for the Tn-~tl’ices:

and

●

Tn(x) = Tn(x,W)G;?

~~(X) ~ GnTn(*,x) ,

Tn(x,y) ~ Tn(x)Tn(Y) - Tn(x~*)Tn”(@~y)~

Tn(%Y)Tn(YSX) = I (the unit matrix),

‘lo
T2(x,y) =

()
, where c u (l/y)-(l/x),

-c 1

(
W4/5)(c/Y) .(4/5)~ o c)

T3(X,Y) =
-c+(4\5)(c/xy) 1-(4/5)(c/x) o

I

[)T4(X,Y) * 1/% 1 00
e

o 3/% 1 0

0 31X2 6/% 1

/1 -(11/7)c -(99/4w)(c@ o

i

01 -(ti/7)c o
e
00 1 0

\o o 0 1 [

1 u 00

-l/y 1 00

3!72 -3/y 1 0

-15/y3 lL/y~ -6/y 1
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I&o??) =

u 3/x2 6/% 1 u

10 Cl lt/x~ Lo/x 1

0

I1 -2.3333333c [ [
“4.94708W(c/x) - .70546’74C
+1.0158730( C/’y) -?.794W6(c/x~) o \

I● 00 1 “10’777’77’78c

\

00 0 1

00 0 0

“1
1 0 0 0 0

“l/y 1 0 0 0

●

\

3~y~ -3/y 3. 0 0

I

)

-15/y3 ~5/Y2 -6/y 1 0

lo5/y4 -lo5/y~ 45/y2 “WY 1 ~

Tfj(x9y) =

10 L) u u

I\x 1 0 0 0

0 3/x 1 0 0

u 3/X2 6/x 1 0

00 15/x2 lo/x 1

00 16/x3 45/xQ 15/x

o

0

0

0

I
‘11.2644628c/x
r [

-.8264463c
01 -3.81U18NC +2.G727273c/y 25.6020518c\x2 0

● 000 1 -3.54b4545c -tio0578532c/x O

\

o -&<%?2*t273c o
: 0 ‘“ : ; 1
00 (J (J Q ;

B
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1 0 0 0 0 0

I/y 1 o 0 c) o

3& -3/y 1 0 0 0

‘15/y3 WY2 “6/y a o 0

lo5/y4 -lo5/y3 4a/y~ “lo/y 1 c)

945& 945/y4 -420/y3 105/yE -15\y 1 .
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Table of’the Sin$@ar Zeroes of Gn(f$p)~ - vi>-

●

●

-05 ● 81650 .90609 l.olleil 1.0288’/ 1.030G2 1.04439
-94 .912M7 1.04@l 1.08385 ioO~5~~ 1.09942 1.10210
-.3 1.05410 1.17379 1.19831 1.20447 L.2061o 1.20681
-.2 1.29099 1.3904b 1.40473 1.4U7W 1*4u754 1.4@7~
-.2 1.62575 1.99735 1.90273 1.90317 1090320 1.90320

.1 -l.82575i-l.75ll9i-l.757O4i-l~75Q64i-Zo75667l-l.75667l

.2 -l.29O99t-l.lu32li-l.2OOl6l-l.l98Oli-l.l9@29l-l.l9826i

.3 -1.0541ut -.918941 -c49b05bi.-.94b13i -.9462Qi -.946002

.4 -.91287!L-.75277% -.80178i -.791783. -.7’d4d2i-.75a77i
●b -*81650i -.632461 -.701135.-.685491 -.@Olli -.6W13i

i?

-1.0
-*9
-08

-* 7
-a6

-m b
-8
-*;
-*2
‘m1

0

:;
.3
.4
.s

.6

.7

.8
“ ●9
1.0

1.73205 1.29100 l.ltilzb 1.10a54 1.07242 1.00000
1.64517 lo2b290 1.13917 1.08889 1.06192 1.O(JUOO
1.s4919 1.20971 1.11259 1.07034 1.04801 ● 99991
1.44914 1.16024 1.08012 1004637 1.02909 ● 99741
1.34164 1.10282 1.03980 1.01469 1.00260 .98562

1.22474 1.03510 ●%875 ● 97194 ● 96%67 ● 95750
1,09545 ● 95340 .92264 ● 91s02 ● 91)9a7 ● 90733
.94868 .86194 e83451 .ua024 .82908 .82863
.77460 ,71919 ● 71208 6710t)7 ● 71046 .71042
.54772 .52705 .52556 .52544 .52543 .5~543

.00000 .0(.mlo .Uoooo ● 00000 ● 00000” . OWX)O
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‘o ..$?71.7.23372.gCKKl1.00CGCl1.336’65
-.9s 1.7L4642.94oooI.OCCCG 1.33566
-.97 3.705s7 2.91000l.CCOXl 1.3326?
-.96 1.697062.t%Kco 3.GGCCO 1.32966

..95 I_6&19 2.g5~ l.- L.32(~
-e$% 1.67929 2.820CU I.CXCOO1.323~3
“.93 1.67033.2.79m l.tcm 1.32061
-.92 ~.661~22.76w0 1.GOCOG1.31’?57
--.93.X.652272.730C01.000CO 3..31454

-.9C 1.64317 2.TOCGO 1.000GO3.31L49
-.89 1.634ci12.67CCCL.00GGO1.3W%3
=-.8$1.62423.2.64CC0l.GOCCQ 1.30537
-.87 1.615552.61. 1.CGQCO1.3G231
-J% 1.6G6242.5- lpCOCCO1.29923

-.85 L596m 2.550%) 1.COOCO 3.2963S
-.$4 1.5S7L52.52WJ 1.CCOCO 1.293C6
-.8> .,l.y7’?972.490c0l.txcoo1.2G996
-.S2 1.568442.46(3%1.CCGOO1.28686
-.e~ 1.558852.430G01.0000Q1.=375

-.S0 1.549192.400001.COOGO 1.2@63
-e79 L.539~G2.370u2 l.COcCO 1.277@
-.78 3.529712.3&ffi 1.CGCCO 1.27437

● “.i7 1.5?-9s7 2.31CQG 1.a2000 1.27=
-.76 1,5’0997 2.28COCI.ccc!oo1*2W7

-.75 1.5CCO02.25@0 I.00GCO1.26.492
-l% 1.M997 s.~~~ l.ma 1.26175
-.73 1.479s62.19Go0 1.COOOO ~.25QY7
-.72 L4C09692.16CCD 1.GOOGC 1.25538
-.~l 1.459452e130co l.cccoo1.25220

-e7ti 1.44914 2.lCcOO1.CCOOO 1.249C0
.*C9 1.438752.{2CG01.CC!GOO1.24579
-.6$ 1.42829 2.04GG01.OCOOO 1.2&59
-.67 1.4L7742.CICGO 1.cXKX331.23935
-.66 134G7u 1.9$oGQ1.COCCQz.23632

-.65 1.396421.950001.COOCO 1.232W
W% 1.38%4 1.92CC01.= 1.22964
-.63 1.37477 I.tm 1.GOOCO 1*22636
-.62 1.36382l.ticOOl.OGCCOM?2311
-.61 1.35277 1.630001.OCCGO 1.239G3

-*6O 1.34.164 Lalooo l.cfxlGo 1.21655
-.59 1.3304191.770C0l.G@CO 1.21326
-.5$ L.3L7G9L.%$m 3.C’OCCO102c996
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