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Abstract

We use the r-matrix formulation to show the integrability of geodesic
flow on an N-dimensional space with coordinates gi, with k =1,..., N,
equipped with the co-metric g% = e~1%~%l(2 — ¢~19-%!), This flow is
generated by a symmetry of the integrable partial differential equation
(pde) m; + umz + 3muz = 0, m = u — a®ug, (o is a constant), which
‘was recently proven to be completely integrable and possess peakon
solutions by Degasperis, Holm and Hone. The i_sospecfral eigenvalue
problem associated with this integrable pde is used to find a new Lax
representation for its N-peakon solution dynamics. By employing this

Lax matrix we obtain the r-matrix for the integrable geodesic flow.
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1 Introduction

The b = 3 peakon equation and its isospectral problem

We begin with the case b = 3 of the b—weighted peakon equation. This is the
evolutionary equation defined on the real line as,
my +umg +bmu, =0, m=u—a’u,, Lm m=0, (1.1)
|z}—o00
in which the subscripts denote partial derivatives with respect to the indepen-
dent variables z and t. For any values of the dimensionless constant b and

constant lengthscale a, this equation admits exact N-peakon solutions
N
u(z,t) = Zp,-(t) e~le—a®)l/e (1.2)
=1

in which the 2N time-dependent functions p;(¢) and ¢;{t), i = 1,2,...,N,
satisfy a system of ordinary differential equations whose character depends on
the value of the bifurcation parameter b. The case b = 2 is the dispersionless
limit of the integrable Camassa-Holm (CH) equation that was discovered for
shallow water waves in [2]. As shown in [3], the CH equation with dispersion is
one full order more accurate in asymptotic approximation beyond Korteweg-
de Vries (KdV) for shallow water waves, yet it still preserves KdV’s soliton
properties such as complete integrability via the inverse scattering transform
(IST) method.



An equation equivalent to the case b = 3 of the peakon equation (1.1)
was singled out for special attention among a family of related equations by
Degasperis and Procesi in [1]. The peakon equation (1.1) was shown to be
completely integrable for the case b = 3 by Degasperis, Holm and Hone [4],
who found the following Lax pair consisting of a third order eigenvalue problem

and a second-order evolutionary equation for the eigenfunction,

1

Voe = —3ve = Amp, Cw3)
1 2
Yy = _md]zz - u"/}m + (uz + a)dj ) (1‘4)

Compatibility ¥zzs1 = Yiea, implies Eq. (1.1) with b = 3 provided d\/dt = 0. -

- Thus, Eq. (1.1) with b = 3 is integrable by the inverse spectral transform for -
the isospectral eigenvalue problem (1.3).
Equation (1.1) with b = 3,

my+umg +3mu, =0, m=u-—auy,, (1.5)

was shown to be integrable by the inverse spectral transform and to possess
an infinite sequence of conservation laws in Degasperis et al. [4]. The first few

of these are, in the notation of [4],

H., = ;[ddz, Hy = [mdz,

1.6
H = 5[0, +5+4%)dz, HY = [m'Pdzx. (16)

We shall pay special attention to the quadratic congervation law Hj, in which

the quantity v is defined as

vi=(4-0%) u= (4- 82711 - 82)! (1.7)



Lax matrix for N-peakon dynamics

Substituting the N-peakon solution,
N N _
u(z,t) = Zp,-(t)e“'"qf'(t)'/“, m(z,t) = 2ij (t)o(z —g;(t)),  (1.8)
j=1 j=1

into the isospectral eigenvalue problem (1.3) yields [4]
1 . :
T,t) = 3 Z [1+ sgn(z — ¢;(t)) (1 - e"”"’f(t)'/"‘)] pv(g;(t)). (19)

Jj=1

Setting ¥(gi(t),t) = 1:(t) then gives the following matrix eigenvalue problem,

2 N
Y = Z Ly, (1.10)
j=1
where
[.’ij = [1 + sgn(qi — Qj) (1 — e"l%‘—fhl/a)] D; - (1_11)

Let L denote the N x N matrix Eij. In Ref. [4], the authors used the two
conserved quantities trl and trZ? to solve the 2-peakon subdynamics of the
the N-peakon dynamics g, px, with £ = 1,..., N, a = 1, satisfying

p; = 2 Zi\’:l PPk Sgn(g; — qi)e 1%l '1 12
= N ~lgj—gx! (1.12)
q] - Zk:l pke 7 .

Amongst other results, the authors in [4] discovered the two-peakon collision
rules for N = 2 and gave explicit formulas for its phase shifts as functions of

the asymptotic speeds of the two peakons.



2 A geodesic flow associated b =3 peakdns

The quantity used for determining the two-peakon N = 2 collision laws in [4],

H = —tI‘L2 Z pipje” 15Ul (2 — e~loimal) | (2.1)
t,j=1
is also the quadratic conservation law H, in (1.6) for the b = 3 peakon equation
(1.5), when H; is evaluated on the N—peakon solution (1.8) with oo = 1.

The canonical Hamiltonian dynamics generated by H, is geodesic motion on
an N-dimensional space with co-metric g7 = e™1%-%/(2—¢~19%-%41), As we shall
show by finding its r—matrix structure in the remainder of the present paper,
the geodesic motion canonically generated by the conservation law H; = Tri?

in (2.1) provides a new 2N-dimensional integrable system,

- OHy _ N~ lou-as Cweal)
g = = pje EL (2 — e 7Y ), (22)
Opr o1
OH al
P = —W: = —2p 3 _pjsgn(g; — ax)e 17U (1 - e7leeal) | (2.3)

J=1

These geodesic Hi-dynamics for py,qx, are not the same as the N—peakon
dynamics in (1.12). Rather, we are studying the restriction to the peakon
sector of the Hy-flow in the hierarchy of integrable equations associated with

the isospectral problem for equation (1.5).

R-matrix results for the geodesic H;-dynamics

To find the r-matrix structure for these H;-dynamics for pg, gy, we now intro-

duce an alternative Lax matrix for the peakon dynamics of Eqn. (1.5),

Z Li;E;j, (2.4)

1,7=1
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where

L = /pip;Ay, (2.5)
A = A(g; — Qj) = \/(2 - e—|Qi—q,'|)e—lqs—q]'|, (2.6)

The Lax matrix (2.4) also satisfies,

N
1 1 s —a g
H1 = 5t1‘L2 = -2' . E pipje l9:—g;1 (2 —e lgi ‘7]|) , (27)

1,j=1
which is the Hamiltonian for the canonical dynamics in Egs. (2.2) and (2.3).
In Eq. (2.6), we have '

A(z) = /(2 - elel)ela, (2.8)
and the function A(z) satisfies the following relations, '
1—elal
Az) = —sgn(x)mA(x), (2.9)
Ay = Aj, Aa=1, (2.10)
Ay=Algi-q) = -Alg—q)=-4; A;=0, (211

(5 + FADAW) = A@AG) +ADAW)

1-— e_lzl 1-— e_lyl
3= TSI T

= —A(z)A(y) |sgn(z) el |’
A A(-z) = o (2.13)

(_3_+£
Oxr Oy

We shall work in the canonical matrix basis Ei;,

(2.12)

(E.,")k[ = ik5j17 ’i,j,k,l = 1, ,N

To find the r-matrix structure for the H;-dynamics in Egs. (2.2) and (2.3), we
consider the so-called fundamental Poisson bracket [6]:

{Ll,Lz} = [r2, L] — [ra1, La), (2.14)
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where

N
Li = L®l= ZL,’_,’E,‘;‘@L

4,5=1

N
Ly, = 1®L= Z Lyl ® Ey,
kd=1
N
T2 = Z TijistEij @ Eg,
1,7,8,t
N
Tor = Z TijistEst ® Eij,
i’j,‘g’t
N
{Ll: L2} = Z {L,‘j, Lkl}E,'j ® Ekl-

B4,k l=1

Here {L;;, Ly} is the standard Poisson bracket of two functions, 1 is the N x N

unit matrix, and the quantities r;;,;; are to be determined. In Eq. (2.14), [, ]

denotes the usual commutator of matrices.
After a lengthy calculation for both sides of Eq. (2.14), we obtain the
following key equalities (whose detailed verification is given in the Appendix):

[ru, L],
[, Ly
[rj1, L], i
[ru, L},
[rij» Ly
[ru, L};
[rit, Ll

[7"]'1, L]k,

0,
= [rw L, j#1
= [rlj’L]lj =0,
= [ru, L] = —/PipiAy,
= [ry, L}, = —\/TTJEA;%
= [rj, LIy, =0, 5 # Lkk#1,
= [r L], = %\/M(AﬂAlk)’, JE LRk #L,

. 1 .
= [leaL][k = §Vpkpj(Alelk) v J # l7k7k 7& l7
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[rst,L]ﬂ = 0, for different s,t, 7, 1.

where r;; = Zk,m TemjtEkm, T = Zk’m TkmEkm, are two N x N matrices
whose entries are to be determined, L is the Lax matrix, and [+, L],, stands for
the k-th row and the [-th colum element of [, L].

In matrix notation, all the above equalities can be rewritten as

Il = B j#L (2.15)
[ru, L} = B, (2.16)
where B!, B" are the following two N x N matrices:
0 o YmmiAsAp) . A/PB (Andn) 0
LB AGARY . —JEEAL, 0 . LBy AN)
Bl = : : : : : :
L pmi(Apdn) - 0 o —yEmA, . LB (Andin)
0 o L/BNBAGANY . LPRB(AnAINY . 0
and
[ o0 v —PIBAY . 0 \

B" = | —/mmAy, .. 0 . —vPNDIiAY,

\ 0 o —PNPIAN, .. 0 )

By solving Egs. (2.15) and (2.16), we have the following r-matrix structure:

N
Al Al
T2 = Z (A,j E; ® (Ej + Ey) + A_;E” ® E'j]-)
Iy

A A -y
\ / ( kg kl (AjkAy) ) Eu ® Ej. (2.17)
J,kz 1 A"JA’J Ayj




Perhaps not unexpectedy, this non-contant r-matrix for the geodesic H;-
dynamics differs from the constant r-matrix associated with the CH equation

(b = 2) discovered by Ragnisco and Bruschi in [5].

Concluding remarks

In this paper, we found the r-matrix formulation for the integrable geodesic
motion generated canonically by the quadratic quantity H; in (2.1). This
. quantity arises by restriction to the peakon sector of a quadratic conservation
law in the hierarchy of integrable equations associated with the isospectral
problem for equation (1.5). The quadratic quantity H; is also conserved for
the 2-peakon dynamics of the 1+1 integrable partial differential equation (1.5)
that was singled‘ out in [1] and was proven to be completely integrable by
the isospectral transform in [4]. We also introduced a new Lax matrix L for
the N-peakon flows of the integrable equation (1.5) that facilitated the r-
matrix calculations and for which H; = %trL"’. In later work, we shall discuss
additional flows in the hierarchy of integrable equations associated with the
isospectral problem for equation (1.5) and study their relationships to classical

finite-dimensional integrable systems {7].
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Appendix

The following computations are needed in verifying Eq. (2.14).
First, we calculate the left hand side of Eq. (2.14).

o VDDA (8im — Gjm),
OLy A

= ) m + 61n y
OPm 2 pkpz(p' em + Pilim)

N
) BL, BLk, 3Lk, 8L,
Li } L = 2 - J
e Lu) Zl (aqm OPm  Om apm>
1 A
= = z [ pz 7 Uﬁ(&im - 6jm)(p15km + pkalm)

— VDrPl A
ki ’——p 5
1

= 5 [VPPi(—AAk + Al Ai)oq + VP (Ayj Au — Al Aij) O
) Pz‘Pz(AijAjz)'5kj + /PeP; (Aij Aki) 6]
= ; [\/M(Aka i) Jl + \/ITPJ(Ah w)

+ Voini(AijAji) Sk + /PrD; (AkiAij)' 8]

where the superscript / means Eq. (2.12) with the argument.

(6km - 5lm)(p351m + pz(s]m):l

Thus, we obtain the following formula,

‘ N
{Li, Ly} = Z {Lij, L} Ei; ® Ent
i ed=1
LN
= 3 Z VPP (AuAy) Eji @ En + /Pkp;(An ) Eij @ Eik

Jki=1
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+ PeDi (AciAi) Ejt ® By + /Dipj (A Alj) Eiy ® Ei)

N
1 !
= 3 Z VPxD;i (A Ay) (Bt ® B + Eiy @ Eig + E;j ® Ei + Ei; @ Ep
k=1

N
1 .
3 Z VPP (AuAi;) (Ej + Eij) @ (En + Ew)

Jikd=1,j#k k#l

N
+ > /Dby (Ey ® (Eu + Ey) — (Ew + Ey) ® Eu). (2.18)

k=1

Next, we compute the right hand side of Eq. (2.14),

[7‘12, Ll] - [7‘21, L2]

N .
= Y tywLlul(By; ® Ew)(Eu®1) - (Ey ® 1)(E; ® Ey)
1,5,8,t,k =1
—(Ex ® Ei;)(1Q En) + (1 ® E)(Eq ® Eij)]
N

= Z [rij;sk (Ljt(Ea ® Eq) — Lii(Elj ® Eqk)) — Tijiss Lit ((Ess ® EijErt) — (Ess ® EqEij))]

ivjvsykylzl
N

= Y [rge (La(Ba ® Ey) — Lu(Ei; ® Ew))]

ivjys)k)l—_‘l

N
+ Z [_rji;ssLil(Eas ® Ejl) + rij;ssLli(Ess ® Elj)] :
i,7,8,l=1
= Z [rjist La(Eji ® Egt) — Tijit Lii( Bty ® Eat)]
1,7,8,t,,57#¢,5#£1 .
+ Z [rjise Lit(Eji ® Ess — Eos ® Ejt) — 7Tij;0s Lis(Eiy ® E,y — Eoq ® Eyj)
i’j’s’l’s¢j’l7j¢l
+ (TsigiLis — TisyjLsi) Ess @ Eyj))
+ Z [(risas Lat = ragi Lus + rijuLi — ranLi; ) Ey ® By
3,5,0.3#1
(Lt — ragji L — rjiuLla + rauLi) Ey @ Ejy
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+ (rjiuLla — rauLi)(EBju ® Ey — Eu ® Ey) — (rijuLu — ruulLi;)(Ey; ® Ey — Ey ® Eyj)]
+ Z [(r;jjLa — rag; L + rijuLji — rizuliy) By ® Ejj

i,5,0,5#l
+ (riig5 La — rag; L) (Bu ® Ej; — Ej; @ Ey)]

+ Z 4(ruLla — rauLu) Eu ® Ey (2.19)

il

The first term of Eq. (2.19) is:

Z (rjisse Ly — TitgseLji) Eji @ Egy

1,7,9,8,1,87%8, 5 #L

= Z (rjiseLit — TaseLji) Bt @ Eg
(NRRNH IR RATINN P
+ Z  [(rugLij — rijLi) By ® Ew + (Tkigj Ly — Ty L) B ® Ey
i.g.k, b3 2k kAL '

+ (rjikaLit — ragLis) Ej ® Ex + (riigeLij — Tijue L) Eij ® Ey)

+2 Y [(riaLy = riggtlu) Bi; ® By + (rigi Ly — rijas Las) By ® Eig]
L,5,0Lj#l

Therefore, we have

[7”12> Ll] - [T21, L2]
= Z (riieeLit = Titzee Lji) Ejt ® Egy

i’j,s,t,l;s#t,j,l;t#j,l;j#l

+ Z (P Lij — rijraLu) Eiy ® En + (rjige Lt — TigeLji) B ® Eik
i b sk |

+ (rjimLa — T Lis) Bt ® By + (TiakLij — rijue L) Eij @ Bl

+ Z [(—=7jimnLit + rierLji + TrizjiLie — TikgjiLri) Exe © Eji
1,5,k k#3515 #l '

+ (PjikkLit — riekLii) Ejt © Erx)

+ Z (4Lt — rag; Lis + 2 (riju L — misuli;)) Eu @ Eyj
1,5,L7#l
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+ (riipLa — rauLi + 2(—rjuLa + rauLs)) Bu ® Ey
+ (riuLij — rijuLu) By ® En + 2 (riijiLi; — rij5Li) Eiy ® Ej
+ (rjiuLa — rauLyi) Eu ® By + 2 (i Li; — rijaiLu) Eiy @ Eij)

+2 Z (riijiLa — riajj L — mjiuLli; + rijuLii) By ® Ejj
1,5,0,3#l
+4 ) “(riuLa — rauLi) By ® By
il

= {L,,L,} by Egs. (2.18) and (2.19). This finishes the proof of Eq. (2.14).
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