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1 Introduction 

Muons are highly energetic charged particles produced by decaying pions in the upper atmosphere. 
They travel at near relativistic speed and have the ability 10 traverse significant amount of matter. The 
induced scattering from the Coulomb interaction of matter and muons has been exploited in passive 
imaging of high-Z materials. But not all muons scatter. Lower energetic particles can be stopped. 
These stopped particles provide information about the lower Z materials. 

This report investigates the feasibi lity of doing image reconstruction, and the ability to distinguish 
among low and medium Z-density materials using the information about stopped particles. We de
velop an algorithm using maximum likelihood to esti mate the stopping density of different materials, 
and test it on Geant 4 simulations and some simpli fied versions thereof. This research is motivated 
by the ullimale goal of developing the capabi lity of detecting explosives in light rail mass trans it. 

The material is organized as follows: Section 2 describes the problem and uses maximum like
lihood to solve it. Sections 3 presents results of simulations performed assumi ng the particles have 
exponential energy distribution, section 4 investigates the particles energy distribution used in Geant 
4, section 5 shows results of simulations using th is energy distribution, and section 6 does tomo
graphic image reconstruction for Geant 4 simulations. We conclude in section 7. 

2 Soft Cosmic Tomographic Image Reconstruction using Maximum 
Likelihood 

We investigate the feasibility of doing tomographic image reconstru tion using soft cosmic rays. 
Section 2.1 describes the preliminaries of the probelm, ection 2.2 computes the likelihood function, 
sec tions 2.3 explores the feasibility of using the Expection-Maximization algorithm (EM) used suc
cessfully in [6] and [7], section 2.4 presents the direct optimization of the likelihood function and we 
conclude discussing some implementation detai ls. 



2.1 Preliminaries 

A muon with nergy E enters a volume of interest along a path y. It is stopped in the volume if the 
resistance alo ng the path y exceeds the energy, that is 

Ry = 1 p(y(s))ds > E, 

where pC) is the stopping density. Define the indicator variable 

Z _ {O muon is stopped in the volume 
- I muon passes through the volume 

and assume that the energy E of the muon, that is unobserved, has cummulative probability distribu 
tion H . It follows that the probabi li ty that a randomly chosen muon traverses the volume along the 
path y is 

[p'[Z = Ilyj 1 lP'[Z = I ly,EjH( IE ) 

.I li {E > .I p(y(s))ds} H(dE ) 

I- H (1 P(Y(S))dS). (I) 

2.2 Likelihood 

For ease of exposition, let us cons ider a layered two-d imensional volume shown in figure I. The 
stopping density in each of the m layers is constant. Let £kj denote the length of the path of the klh 

muon in the /h layer (with the convention that we index from top to bottom), and collect all these 
lengths into the vector 

Lk = (fk I, f k2 , ... '£k".). 

We can then rewrite the probability of stopping (1) as 

[p'[Z= lly] = IH ( L~p), 

where p = (Pl, .··,Pm) is the true vector of stopping densities in 
each layer. G iven data (YI ,Zr), ... , (Yll' Zn), we can calculate the 
li kelihood to be 

1/ 

2'(p) = n(l-H(L~p))ZkH (L~p)I-Zk, (2) 
k= 1 

and a statistical tomographic reconstruction can be obtained 
by maximizing (he likelihood wi th respect to the parameter p . 
There are many numerical approaches to operate this optization. 
The challenge is to device algorithms that suitably scale with the 
number of layers l . 
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Figure 1: Layered volume. 

By analogy with the tomographic image reconstruction from scattered muons, we consider an 
application of the Expectation-Maximization (E-M) algorithm. In later sections, we shall discuss 
other numerical algori thms for maxi mizing the likelihood. 

lIn real appl ications, we will voxilize the volume into N voxels. Let L;,} be the length of the path partilcle i traverses 
through voxel j. Within each voxel j, we assume the stopping density p} to be constant, Then for P = (PI, ... ,PlY ) E ]RN, 
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2.3 The E-M algorithm 

Several people have suggested the Expectation-Maximization (E-M) framework to optimize the like
lihood (2). To do lhis, let us introduce the (unobserved) auxilliary variables ~ I ,~2, ... , ~m that describe 
the events that a particular muon traverses each of the m layers, that is 

{

I muon traverses /h layer 
~j = 0 m uon is stopped in /h layer 

- 1 muon does not enter the f h layer 

Remark that the value - 1 is introduced to ensure that these random variables are well defined. Next , 
observe that the indicator Zk that the klh muon traverses the volume can be written in terms of lhese 

unobserved random variables (~k 1 , ••• , ~km) as 

m 

Zk = IT ~kj. 
j = 1 

The E-M algorithm starts with an inital guess p (O) for the stopping density and iteratively computes 

the conditionally expected loglikelihood of the full data given the observed data 

Q(pJJp(r)) = ±Ep(r) [ log (lP'p(rd~kl"" '~kl/l , Zkl) I Zk] 
k= l 

and iteratively find its max imizer 

2.3.1 The expectation step 

Let us focus on evaluating the conditional expectation 

For Zk = I , it follows that ~k I = ~k2 = ... = ~k/ll = I, and hence 

we can write the resistance along the path of the i1h particle Yi as 

RYij = L~p 

to conclude that the probability that it traverse the volume is 

P(2i = I ) = I - H (L~ p). 

The loglikelihood function of the data is 

M 
:e'(p) = L Zi log( 1- H (L; p)) + (1-2i) 10gH(L; p), (3) 

i = l 

where M is the number of incident particles. The problem then is to find p that maximizes .i;'. 
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Hence 

log (I - H (L~p)) IfDp(')[~kl = ... = ~km = liZ" = I] 

log(I- H (L~p)). 

When Zk = 0, either one of the following m disjoint events occur: 

A I ~kl = 0, ~k2 = ... = ~kJll = -I, 

A2 ~kl = l'~k2 = O,So = ... = ~km = - I , 

A3 Skl = ~k2 = I, S + k3 = 0, ~k4 = ... ~km = -I, 

Am ~kl = "'~k,m-I :.= l,~lun = O. 

It follows by defi nition that 

lEp(r) [log (rP' [~kl "" ,Skm,Zk])I Z" = 0] = f, log (JlDp(') [Akj]) . IfDpVJ [AkjIZ" = 0]. 
J= I 

To evaluate the probabiljty IF' pI') [Akj], note that A"j happens if and only if 

j-I } 

1: t'iP, < Ek ~ 1: t'iPi, 
i= 1 i= 1 

from which it fo llows that 

where we use the convention that I?= I eiPi = O. Since Ij~ IIF'[Ad = I -IF'[Z = I] = I - H (L~p ), we 
deduce that 

H (~J tP(r)) _ H (~j-I t' p(r)) 
LJ,= I I , LJ,= 1 I , 

IF'p(') [A"jIZk = 0] = ( I ()) . 
1- H L"p r 

This leads us to write 

2.3.2 The maximization step 

Some notational simplifications is possible if we define 

j 

Skj = 'L t'kiPi, Sw = 0, 
j=1 
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and 

It then follows that 

In 

L log(l- H (Skm))+ L Llog (H(Skj)- H(Sk,j-l))wt)· 
k: Zk =l k:Zk=Oj=l 

The reason why people like the E-M algorithm, is that maximization of the original likelihood is 
hard but sometimes, maximizing Q(p llp(r)) is easier. Unfortunately, this appears not to be the case in 
the considered problem2 . Hence there are no advantages to consider the E-M algorithm in the current 
setting and one is iikely to be better served to consider direct ma1limization of the likelihood function . 

2.4 Direct Optimization 

The E-M algorithm often reduces to making adjustements of one parameter at the time. While such 
"coordinate descent" is somewhat slower at reaching the minimum, it has the advantage of requiring 
less storage than other Iypes of optimization methods. Managing storage requiremen of the optimiza
tion algorithm is important to enable scaling its appl icability to millions of voxels. Here we discuss 
strategies for direct optimization of the likelihood fu nction. 

2.4.1 Newton Rapbson 

Newton Raphson maximizes a twice differenciable function ! by iteratively calculating 

This procedure is both computationaJly expensive - it requires solving a N x N li near system - and 
requires large storage O(N 2). That is , this procedure does not scale to the size of the problem we are 
interested in. 

2.4.2 Coordinate descent Newton-Raphson 

The numerical difficulties are lessened if the Hessian VV t !(x(r)) is sparse. For example, if the Hessian 
is diagonal, then the Newton-Raphson algorithm becomes equivalent to a Newton-Raphson coordi
nate descent method, that is one iteratively cycle th rough the parameter space, making each time just 
one NR adjustment. Find x = (Xl,··· XN E R N that maximizes the fu nction !(x), by iterating over all 
j, and by updating each X j at a time as 

Using the loglikelihood function defi ned in (3), the fi rst derivate of the loglikelihood is given by, 

2Becausc we do not get a simple and easy algorithm, we sy by abuse of language, that the E-M algorithm does not work 
for our problem at hand. 
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We calcu latc 

where h is the density function of the particles' energy, that is H'(X) = h(x). Hence, 

(4) 

The second derivate of the loglikelihood is, 

(5) 

where hi (.) is the derivate of the density fu nction. Finall y, the resistance p jH j) in the k + 1 iteration 
will be calculated as, 

r3:£'(Qp(k» 

(H I) (k) JPY) 
Pj = Pj - r3 2:£,(L:p lk» . (6) 

J(plk»2 
} 

2.5 Implementation 

The Newton-Raphson update ru le (6) fai ls to be well defined in three instances. The fi rst case is when 
L~ p = O. In that case, both the fi rst and second derivatives, see expressions (4) and (5) , are dividided 
by 0 = H (0) . Since Li ~ 0, th is situation arises if the stopping density is zero along the entire path of 
the particle. Similarly, the second instance is when L:p is so large that 1- H(L~p) = 0, and thus also 
the fi rst and second derivatives are divided by zero. This happens for high energy particles that don't 
stop even though they may go through voxels with high stopping density. To resolve this problem. we 
propose the following minor modifications of the fi rst and second derivatives: fi x E > 0 small , C I > 0 
and C2 > 0 large. then the first derivative can be expressed as 

(7) 
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Similarly, the second derivative can be written as 

(8) 

which is approximately 

(9) 

The th ird case is when the second derivate is zero. In that case, the log-likelihood is linear, and 
we propose to update the estimate using the rule 

a.:C(L'pk) 

k ~ 
Pj - a2Y(L(pk) • 

a(PJ)2 

pJ(l- ~) 

pJ(l +~) 

a2;£(qpk) 

a(pJ)2 

a2 Cf'(qpk) 
a(pj)2 

where the gradient and the second partial derivative are defined as in (7) and (9). 
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3 Simulations and Image Reconstruction assuming Exponential 
Energy Distribution 

To apply this methodology we need to know the distribution of the rays' incident energy. To test 
the methodology, for now, we assume that the energy distribution i exponential, and we produc 
simulations where the rays' energy are also exponential as described in section 3.1 . A more reaJistic 
distribution will be studied in section 4. The exponential distribmion fu nction, density and its derivate 
are defi ned for all x> 0 to be 

H(x) P(X ::; x) = 1 - e-AX , (I I ) 

h(x) A -Ax e , (12) 

dh(x) -A 2e-Ax = -Ah(x), (1 3) 
dx 

respectively. SLlbstiruting in equation (7), [he first derivate of the the log-likel ihood fu nction becomes. 

(14) 

Direct calculations of the second derivative reveals that the sum over all rays that go through (Z , = I) 
vanishes in the exponential case, because h'(x) = -Ah(x), and ther fo re 

Thus the second derivative only depends on the stopped rays, 

L 
{i:Zj=O} 

_ ~ A R?jh(L~ p) 
L.J 112(V, p ) , 

{i:Zj=O} 

(15) 
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3.1 Simulations 

We produced simulations of about 1 cubic meter volu me, containing three lOem3 objects of different 
density: aluminum (AI ), iron (F ), and tungsten (W). The energy distribution of the incident particles 
was assumed to be exponential wi th mean 3GeV (i.e. P(E < x) = 1 - e-xl3 ). The energy loss 
in this simulations is assumed to be 2 Me V/g/cm. Each simulation had about 170,000 rays. To 
have a clean stopping signal we produced simulations without any scattering of the particle. Tn 
later numerical experiments, we also produced more realistic simulations, that included scattering of 
charged particles. 

The image reconstruction of both simulations was done using a coordinate descent Newton
Raphson method to maxi mize the log-likelihood fu nction as descri bed in the previous section. We 
voxelized the volume in lOcm3 voxels, namely I I x I I x 9 = 1089 voxels, and calculated the path of 
each particle through the volume. For the simulation with scattering the pam of each ray is calculated 
as me path going through the line defined by me incident point and angle up to the intersection with 
me line defined by the outgoing point and angle. 

The initial reconstructions took abou t an hour, so we were concerned that long c mpuling time 
would prevent us from making numerous reconstructions as needed for ROC curves based perfor
man e analysis. We optimized out MatLab code with a goal to make the single scene recon' truction 
in less than a minute. The optimized code runs in 48 seconds; this includes reading the files, cleaning 
and formalti ng the data appropriately, running the reconstmction and producing the plots. While in 
the near future we are going to switch to more complicated and larger scenes, we expe t computing 
time not to be a large: hindrance at that point. We will however conti nue to monitor it for make sure 
that our abi lity to make serial simulations is not impeded . 

3.2 Results 

Scene: "Aluminum, Iron, Thngsten". For th is simulations, the actual resistance in each voxeJ is 
given by the element's volume density times the energy loss per traversed centimeter, in this ease 2 
MeV/glcm, 

2 MeV x 1 9.3~ = 3S.60 MeV 

g/cm em3 em 
MeV g MeV 2-/- x 7.87-3 = 15.80--
g em em em 

2 MeV x 2.68~ = 5.3S MeV 

g/em em3 em 

PAir = 
MeV g MeV 

2-/- x 0.00 12-3 = 0.0024-
g em em em 

Note that according to the particle data book, the energy loss per centimeter is not 2 MeV I(g/cm), 
but varies for these three materials, namely Tungsten 1.1 45 MeV/g/em, Iron 1.451 MeV/g/cm, and 
Aluminum 1.615 MeV/gicm. 3 

Our current reconstruction methods are optimized for nuclear materials detection. Por that task, 
an overestjrnation of the signal is not a problem, because the threatening material is sti ll detected . 

Jlf GEANT4 uses these numbers, then contrast between these three materials would be reduced and the " true" values 
would be different. We should check to see what results we get with GEANT4 simulations. 
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The situation is different for explosives detection, because both underestimation of the signal (e.g., 
misidentification of a TNT block as a round of cheese), and overestimation of the signal (misiden
tification of TNT block as a car battery) both lead to a decrease of detection efficiency. For this 
project, we need to understand, how closely our estimated values are to the true material parameters. 
We need to evaJuate our current methods and decide which one has the optimal performance for our 
application. Figure 2 shows the stopping image reconstruction of three blocks of different materials 
for both models: excluding and including scattering. Reconstructed vaJues (energy loss, proportional 
to the material density) are close to the simulated ones, confirming the validity of our reconstruction 
methods. Large signaJ spread is noticeable when adding scattering to the simulation. Reconstructed 
values for centraJ voxels show some leakage of the signal to the neighboring voxels. 

No Scattering 

Reconstructio n tidcliry; 0 w.O , 11~ --_. 

1 __ / __ :~-.~ .... 

. ,~ 
...... /."-

_,, ;-r 

AI Fa W 

ActuLlJ 5AO 15.75 38.60 
Estimated 5.40 18.79 40.64 

Estimated p: 5.396 
18.793 

" , 40.645 

Scattering 

Reconstruction fideliry: 0 ~.45.a ...... "" '-

--.~ 

AI Fe: W 
Acrua15.40 15.75 38.60 

Estimated 4.81 9.54 25.69 

E:lti:nvuod f.l: 4.806 
2.682 
9.540 
3.072 

25.6&6 

-----
'1 1.059 

Figure 2: Stopping Reconstruction of three materials: aluminium, iron, and tungsten . 
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4 Soft Cosmic Particles' Energy Distribution 

Given that the reconstruction algorithm based on maximum likelihood seems reasonable assuming 
the cosmi rays' energy distribution is exponential, we will now try to investigate if we can find a 
parametric distribution that fits better the actual rays' energy distribution. 

The soft particles we deal with are typically a combination of electrons and muons. Their pro
portions on any given location and point in time, seem to depend on many factors , particularly, they 
depend on the altinlde, and the weather conditions, e.g. if it is cloudy, rainy or if the ir is a fair sky. 
At sea level typically ther are about 70% electrons and 30% muons, while at higher altitudes, e.g. 
in Los Alamos, NM, which is located at 7,200 ft, the muons and electrons ' proportion seems to be 
equal. 

We generated 10 million electrons and 10 million muons from tables produced using empirical 
observations, and anlayze first electrons and muons separately by drawing the corresponding his
tograms. We considered various well known densities, and plotted the ones that seem closer to the 
observed energy histogram, namely, the Gamma, Inverse Gamma, Pareto and Log-Nonna! densitites, 
as seen in figure (3). 

Muon.'. Energy Density 

- ~ocI 

- LOIl-NarrreJ 
- n ... -.e Gr6tJwnp 

- GlfTl'f'a 
Po,.., 

- ('A)S6lVed 

- Log- NorrTll l 
- 1~Q;,-fTl'T\8. 

- GnrrrnII 
P ttJ"8l0 

" 
0.3 0.' 

(b) Muons 
(a) Electrons 

Figure 3: Energy Density 

The log-nonnal density is the closest to the electrons energy density, and it particularly fits the 
muons' energy density rather well. Although we are mainly interested in lower energy particles, thal 
are more likely to stop, figures (4) and (5) provide a closer look at the tails . Recall that a log-nonnal 
random variable, is such that its logarithm has nonnal or gaussian distribution, namely for x > 0, 

1 (/n(,, )_ ), )2 

f(x ;JJ. , CJ ) = e- --:;;;r-
XCJ .J2ii 

(16) 
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F igure 4: A closer look to the Electrons ' Energy Density 
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Figure 5: A closer look to the Muons ' Energy Density 

20 

100 

Next, we pull all the particles together, with an equal proportions of electrons and muons, and 
plot a mixtu re of the log-normals that fi tted the electrons and muons' density, this is, 

( 17) 

where the maximum likelihood estimates are 'i1e1w = - 3,27 , (Jelw = 1. \8, 'i1m,,"ns = 0,76, am"OffS = t .33, 
and a = ~. 
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Figures (6) and (7) show that this mixture of log-normals is a fairly good approximation to the 
soft cosmic particles' energy_ 

I 

Electrons and Muon.' En.rg; o.nalty 

- oa--1 
- Etocfooo' loQ- Jl()(rTR/ M\Jo,..'. Log- notme l 
- LOO- NcHfMf Mia1tJro 

~fId'd"WOI'\II' E"''V1 
n..,.".Ze4 nt ....... 1l 

Figure 6: Soft Cosmic Particles Energy Density 

I-c--~'~~ 
"--'.~ 

- Lcq-1'bmII "" "~\'~ 

a.c.cw.oII'Id~ E. 1"1IIi1 1])' 
~ 2, e.4 _~ .. 8 62 

EIKtrorM .nd Muon.' Energy O.~lty 

- oe.- r.wJ 
- a.c.:w.. ~1"Ct1'NI 

MIoICIt'*'a UI!J- 1'IDI'mIII 
- l...oJg~t.&J:tu"" 

EIec1ron. end Muon.' Enerw Oenalty 

- CWo ..... 
-BkICIIW ' ~1mIII 

MI~I.". L..Og~ 

- l¢G-MDm:.! ""$0111 

- "'-'-' 
- IEloKIIN' Log~ 

1r.4uot'Ie'.~J 
- log~Mo.".;ILJ nt 

10 

20 30 ",,0 

a.c.w.. ana M""'" &IIIIIW 
"-"" 2.a.. _~.'.n 

~erod J.iworw' EIw0 
"...... 2 5 4 11:',0 ..... . 6. 12 

Figure 7: A closer look to the Soft Cosmic Particles Energy Density 
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5 Simulations and Image Reconstruction using a Mixture of Log-normals 

To max imixe the log-likelihood fu nction defined in (3), we need the 10gnormaJ distribution, density 
and its fi rst derivate. The distribu tion fu nction is given by 

r 1 I . ( In (x)-,U) 
F(x ,a,,U,a ) = Jo f(y,,U,a)dY=2:+2: erf a V2 

where erf is the error fu nction defined as erf(x) = fir It e-{2 dt, and f is the density, 

I (In(f )1 d 
f(x;,u ,a ) = /21/ - 20 

xa 2n 

Finally the first derivate of the density is, 

df(x;fl,a) = -~f( . ) ( I In(x) -,U) 
d x,,U ,a + 2 . 

X X (J 

(18) 

( 19) 

(20) 

The corresponding distribution, density and first derivate of the mixture of log-normals, is just the 
convex combination of the corresponding fu nctjons given in (18) to (20) 

fl(x) Ct., J.ldN1 ) CTdf'(11 JJuHI(m s ) crml~OflS ,) 

h(Xl a) J.ldt'rt 1 0decr I }JmuOf',~) amllnfl!; ,) 

dh (x. Ct. , j.1"/H1 I a .. , .. ,., ! J.lmllmu ' a...,. .... UI'l.J ) 

dx 

aF(x, a., }.I,'m ' (J"," ) + (I - o.)F (x, a, )J." "", ,. , O'm,"" .) , 

af(x, a., )J."m' (Jd,'O) + (l- a.)f(x, a, ~I, .. "o"., ' (J""WHJ, 

a df(x, a. , ~(" m' (In''''' ) + (I _ a.) df(x , a.. )J.,"w~ ' IJm."",) . 
dx dx 

We implement exactly formulas (4) and (5) since when substituting H ,h and ~~ nothing simplifies . 

5.1 Simulations and Results 

We simulated the same scene as described in section 3.1, this is about a one cubic meter volume 
containing thrce 10 em3 objects: aluminium, iron and tungsten. The energy loss distribution was 
assumed to be an a-mix ture of lognormals as described in the previous sec tion, where a is the 

proportion of muons. We varied the proportions of muons and electrons: i) 100% muons (with 
a = I), ii) 100 % electrons (a = 0), iii) the same proportions of muons and electrons (a = 50%), a nd 
iv) 70% muons and 30% electrons. The energy loss in the simulation is assumed to be 2 MeVIgicm. 
We produced simulations wi th about l6 1K rays and with about twice as many rays 322K, and again 
we produced simualtions without and wi th scattering. For each of the scenarios we perfoffiled 10 
simulations. The results are summarized in figures 9 to 12. The simulation code was written in 
Matlab. 

The stopping reconstructions fo r the simulat ions using only muons (figu re 9) look very reason
able, with obvious improvements by doubli ng the exposure times, and smaller standard devi ations for 
the simulations don with no scattering. Similar resu lts are obtained when only using elec trons (1 0) , 
wi th two main differences : fi rst note that when assuming no scattering, the electrons seem to be more 
useful for iden ti fy ing lower density materials like iron and aluminium, then higher density materials 
li ke tungsten, where the stopping density is somewhat underesti mated; and second, adding scattering 

14 



Scattering Mean p (BOOK rays, 1 00% Muons) 

Mean Reconstruction fidelity: 

41 = 0.166 

. ~ ... 

AI 

Actual 5.40 
Estimated 3.16 

Fe 

15.75 
13.71 

W 

38.60 
35.78 

Estimated p : 

1 Osimulations. 20 Iterations 

3. 155 
13.715 
1.76 1 

35.780 

28·Mar-2009 

Figure 8: [mage reconstruction. Scene: Tu ngsten, iron, and aluminium 

makes the previous situation much worse. Electrons may scatter more when hitting higher density 
material, and thus our estimation of the rays' paths needs to be significantly improved. These effects 
get carried over when mixing electrons and muons (1 1 and 12). 
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To verify if the position of the objects matters or not, we run the set of simulations Wilh the twist 
th t aluminium and tungsten switched places (see figures 14). Again, we find that electrons do a better 
job at identifying lower dens ity materials like alu minium and iron, than higher density materials like 
tungsten . Interestingly, when includ ing scattering in the simulation, even though the stopping density 
of tungsten is sti ll underestimated, it improved considerably (compare figures I l and 14). 
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Figure 13: Image reconstruction. Scene: Tungsten, iron, and aluminium 
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6 Geant Simulations 

Having tested the methodology to identify lower Z-material using the more simple Matlab simula
tions, we created simulations with Geant 4 that uses more realistic particles ' behavior. that include 
the incident energy, the energy loss, and the scattering. The landscape was kept si mple with four 
IOem3 cubes of low-medium Z density material. namely iron, aluminium, TNT and water. In each 
experiment we used an exposure time of one minute, with a mixture of particles of 50% muons and 
50% electrons, and the experiment was repeated 100 times. 

We apply our algorithm as described in section 5 assuming the particles' inc ident energy is a 
mixture of log-nonnals. Figure 15 shows the mean image reconstruction over all 100 simulations that 
lIses the mean estimated stopping density in each voxel. It is surprising how well the algorithm can 
identify the presence of objects in the different voxels. and on average it also does a very good job at 
distingu ishing among the di fferent materials. Unfortunately. when taking a closer look at individual 
simulations (see figu re 16), it is obvious that it is not always clear that one can distinguish among the 
different mate rials. This is confirmed by I oking at the boxplots in figure 17 that show the overlap of 
the emoirical estjmated stoooing densities distribution of the di fferent materials. 
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Boxplots illustrate differences between empirical distributions without making assumlions on the 
underlying statistical distribution. A boxplot is construted using the lower and upper quartiles (end of 
the box), the median (the line inside the box) and the samples minimum and maxi mum (whiskers). 
Thus the lenght of the box is the interquartile range (IQR). Any point that lies 1.5 limes the IQR from 
aboxe the third quarti le or below the fi rst quartile is considered an outlier and is individually displayed 
with a point. 

o 
U) 

H2D 

Boxplots for Slopping Densities 

. . __ .~9_ ... -_ .... --L- ... .. 

TNT AI Fa 

Figure 17: Boxplots of estimated stopping densities of water, TNT, aluminium, and iron with 1 minute 
exposure time 

The inabi)jty of the algorithm to clearly disti nguish between di fferent materia ls is resol ved by 
doubling the exposure time_ The stopping reconstruction was performed using 50 si mulations of the 
same scene (four 10em3 of water, TNT, al umi nium, and iron) with an exposure time of 2 minutes 
each . Figures 18 and 19 compare the slopping reconstruction scattering plOlS and boxplots with one 
and two minutes exposures. The two mi nute exposure plots clearly show the material separation . 
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Figure 18: Estimated stopping densities of water, TNT, aluminium, and iron. 50 simu lations. 
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Figure 19: Estimtaed stopping densities of water, aluminium, TNT and iron. 50 simulations. 

Finally, figure 20 shows the mean image reconstruction using the fifty 2 minutes simulations. 
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Figure 20: Image stopping reconstruction of water, TNT, aluminium, and iron with 2 minutes expo
sure time 
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7 Conclusion 

Analysis of stopped charged panicles provide a complimentary view to scattering tomography and 
helps resolve medium and low Z materials. Combining scattered and stopped partic les has the po
tential of increasing tbe dynamic range in the reconstruction at liule or no costs in terms of exposure 
ti mes and complexity of the measurement apparatus. This opens the door fo r a broader range of ap
pli ation for passive tomography, with possible applications ranging from the detection of explosives 
to passive imaging of build ings and dams. 
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