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Spin relaxation and linear-in-electric-field frequency
shift in an arbitrary, time-independent magnetic field

Steven M. Clayton
Department of Physics, University of Illinois, Urbana, IL, 61820

Abstract

A method is presented to calculate the spin relaxation times 7, T, due to a non-
uniform magnetic field, and the linear-in-electric-field precession frequency shift
dwg when an electric field is present, in the diffusion approximation for spins
confined to a rectangular cell. It is found that the rectangular cell geometry
admits of a general result for Ty, T3, and dwg in terms of the spatial cosine-
transform components of the magnetic field. The result is applied to the case
of a permanently-magnetized dipole impurity near the cell.

Keywords:

1. Introduction

An experiment to measure the neutron electric dipole moment (nEDM),
to be installed at the FnPB beamline at Oak Ridge National Laboratory, will
utilize a helium-3 comagnetometer in the central, superfluid-helium-filled mea-
surement cell [1][2]. A non-zero EDM would manifest as a difference in the
Larmor precession frequency when electric and magnetic fields are aligned ver-
sus anti-aligned. In the nEDM measurement, the helium-3, which also acts as
neutron spin analyzer, will be used to correct for drifts in the magnetic field.
The helium-3 polarization must remain high over the entire measurement pe-
riod, ~1000 seconds, as the helium atoms precess in the holding field and diffuse
within a rectangular cell. Also, as there is a strong electric field E applied across
the cell, a subtle effect, in which the interplay of the motional 7 x E field with
gradients in the static magnetic field cause the precession frequency to shift
linearly with  [3] and thereby falsely signal an EDM, must be well-understood
or shown to be negligible. Design optimization of the experimental apparatus
includes calculating the helium-3 spin relaxation times 7' (longitudinal), 7% (de-
phasing), and linear-in-electric-field frequency shift dwg due to given magnetic
field non-uniformities.
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In this article, a method is shown to calculate these quantities in the dif-
fusion approximation in a rectangular cell and for an arbitrary magnetic field.
The starting point for the relaxation times is the Redfield theory of spin re-
laxation [4]. In second order perturbation theory these can be written, for a
holding field in the z direction, as [5]

f = '72 (kzz(wo) + kyy(wo)) , (1)
11,
= o kzz 0),
7, = op T k() (2)
where the spectral density is given in terms of magnetic field perturbations h;(t),
1 o0
kij(w) = 5/ (hi(£)hj(t + 7)) coswTdr. 3)

Here, the total field in each direction % is H;(t) = (H;(t)} + hi(¢), such that aver-
age perturbation (h;(t)) = 0, and wp = y(H_(t)) is the average spin precession
frequency.

McGregor [6] calculated the ensemble average correlation of the field pertur-
bations seen by a diffusing particle in the case of a time-independent, uniform
gradient of H, in the z-direction,

(hetohete+ 7 = (52 ) (alo)ato-+ 1) (@

resulting in an analytic expression for 75 in a rectangular cell,

1 1 2L [aHzr

7 = o7, * 120D | 0w (5)

We relax the requirement of uniform gradient and find, in the case of a rect-
angular prism cell, that 77 and 7> can be written in terms of the components
of the 3D cosine transform of h4(7) over the cell volume. The same technique is
applied to dressed spins [7], with uniform holding field and non-uniform dress-
ing field, by mapping non-uniformities in the dressing field to equivalent non-
uniformities in the holding field. In Section 3, a variation of the technique is
used for the linear-in-electric-field frequency shift. Finally, in Section 4, the
method is applied to compute the relaxation times and linear-in-electric-field
frequency shift due to sources of magnetic field non-uniformities near the cell:
magnetic dipole impurities in given orientations and positions, and an infinitely-
long superconducting rod.

2. Correlation functions in the diffusion limit

The correlation function of h; can be expressed as integrals over the cell
volume weighted by the probability density p(7p,t) that the particle is at 7p at



the initial time to, and the joint probability density p(7, |70, to) that a particle
at 7o at time £y will be at 7 at time ¢t. Thus, [6]

(hl (to)hi(to + T)) = /‘; dT_"ohl (Fo)p(f'o, to) /‘; th;('F")p(F, to + T|17"0,t0). (6)

The particle density will be taken as uniform in the cell, p(¥,t) = 1/V. The
joint probability is the solution to the diffusion equation,

R L s
&p(T»”TOatO) = Dv2p(7‘,t|7‘0,t0), (7)
subject to reflecting boundary conditions at the walls,
Vp(7's, t|7o, to) - 2 = 0, (8)

where 7s € § and 7 is normal to the wall. In a rotated coordinate system
(«',y, ') aligned with the cell walls, the solution for a L, x Ly x L, box with
walls at o' = +L, /2,y = +L,/2 and 2’ = £L,/2is

p(7, t|7, to) = p(a’, txg, to; Lz)p(Y', tyo, to; Ly)p(2', tlzg, to; La),  (9)

with the 1D solution dependent on the time difference 7 =t — ¢, [6]

1 2 & 2 2 2 . nmx’ | nwx)
p($,7t|$6,t0§L1) = I + I e~ ™™ P7/Lz gin — sin 0
T T n=1 . Lg; LI
2 A e prjr2 _ nAx nmxp
+—— Z e = cos cos . (10
L, n=24,... Ly Ly

It will be convenient to recognize the following:
(z'—Ly/2,t|zg—Ly/2,t0; L) = - + 2 i e '™ DT/LE cos nrz’ cos n
P T ’ 0 T s L0y r) LI LI LI LI .

(11)
Putting Eq. 9 and p(7,t0) = 1/V into Eq. 6, changing the limits of integra-
tion to 0 < ¢; < L; for each dimension ¢} and using Eq. 11, we have
gi(1) = (hi(to)hi(to + 7))

o0
=Y e DR/ L Ly

Ny Mgy, =0

n=1,2,3,...

1
XV dzg dyy dz hi(zg — Lo /2,6 — Ly/2, 26 — L, /2)
vl

' 7 7

N T T N2,
0 cos HTH0 (g 220

L, L, L,

Cn,Cn,Cn, cos

1
X dz' dy' dz' hi(z' — Ly /2,y — Ly/2,2' — L,/2)
vl

nynx nyTy’ n,mz'
0 cos

Cn,Cn,Cn, cos L. cos I, L.

(12)




in which the factor C,, has been introduced,

1 ifn=0
Cn = { V2 otherwise. (13)

We identify the 3D cosine transform of h;(7) within Eq. 12,

= 1
A*{h;} = % o dr’ dy' dz’ hi(z' — L, /2,y — Ly/2,2" — L,/2)
7 I 7
X €S TLILZI Sny[:;y o nzlzz ) (14)

(where the integral is over the range &’ € [0, L,|, ¥’ € [0, Ly], 2’ € [0, L,]), giving
finally

o -
gi(r)= Y eT/HCEC2 2 (AR, (15)

Mg Ty N, =0

with the characteristic time 7. for a given spatial mode defined by

1 n2 n2 2

— =D = e (16)
T Yy z

Putting this expression into Eq. 3 and performing the integral over 7 gives

0 7l
» _ 2 2 2 Te Arp )2
ka(w) = Y RN T 32 (A™{h:})", (17)
N, Ny, N, =0
Substitution into Egs. 1 and 2 results in complete expressions for the longitu-
dinal and transverse relaxation times.

2.1. Eatension to dressed spins with non-uniform dressing field

An RF magnetic field with amplitude B; applied transverse to the holding
field Bo modifies the effective precession frequency of a particle. In terms of
dimensionless dressing parameters

B
:’7_31’ y:u’ (18)

WRF WRF

X

in the limit Y « 1 the effective gyromagnetic ratio becomes [7]
Yt = ¥Jo(X). (19)

Thus for a dressing field with spatially varying amplitude By (7) = (B1)+6B1(7),
the equivalent variation § By in the holding field By is given by [1]

- o e
~eitdBo = 6ve Bo = Bo ;X“ §X = ByyJi(X)SX, (20)



The expressions from the previous sections can be used to calculate T3 for the
dressed spin with a non-uniform dressing field by setting

Y Yeffy (21)
wo — e B, (22)
ha(F) o Yﬁg%&m+ﬂmm (23)

where any variation 6 By in the holding field itself has been included in h,.

3. Linear electric field frequency shift

A spin moving though an electric field experiences a motional magnetic field
that may, in conjunction with gradients of the magnetic field, produce a shift
in the precession frequency dependent on the electric field direction and mag-
nitude [3]. Of particular concern in searches for electric dipole moments are
effects that are linearly proportional to the electric field E. These may mimic
effects expected for an electric dipole moment, thereby creating a “false EDM.”

As shown by Lamoreaux and Golub [8], the linear-in-electric-field frequency
shift for spins in a confined volume is given by the expression

1t
Swg = —5/ dr coswoT {{we (H)wy(t — 7)) — (we(t — T)wy (B}, (24)
0
where the perturbations can be written more generally as

we () = Yha(t) + 7§uy(t), wy (t) = vhy (£) — 7%)1@). (25)

Expanding the expression for dwg and keeping only terms linear in E results in

2 t
Swg = % /0 dr coswor{{hy (t)vy(t — 7)) + (ha(t)vs(t — 7))
‘(hy(t - T)“y(t» - (h:c(l5 - T)“r(t»}- (26)

The cosine-transform method developed in the present work can be used to
compute Eq. 26 in the diffusion limit for the nEDM cell geometry. While the
expressions,

t—7

y(t) = o0 + /0 uy()dt!, y(t—7) = o + / n()dt,  (27)

were used in Ref. [8] to eliminate y in favor of an expression with vy, here we
remove the velocity components from the correlation functions and use instead
the Fundmental Theorem of Calculus and the above expression for y(t—7). The
correlation functions can then be written

(ry (o, (t — ) = — (Dt~ ), (28)



{hy(t = T)vy (1)) = (hy()vy(t + 7)) = %(hy B)y(t + 7). (29)

In the latter expression, averages are assumed to be independent of the overall
time offset ¢, as appropriate for a stationary problem.

The expressions in Section 2 are modified to give the correlation function
in the diffusion limit in terms of the cosine-transform components of hy(¥) and

y(":')’ _
(hy(O)y(t—m)) = Y e 7/CE CL C2 A hy} Ay}, (30)

Mg, My,

(06 —7)) = 3 e T/ECLCE R AR ANY)  (3D)

Nx,Ny,Nz

Performing the integral in Eq. 26, we have

Oo oW 1 2 2 2 gd 7
/0 dr coswor (hy (£)v,(E—) _n:%:nz T O B, O AN by} A7),

(32)
leading to an expression for the frequency shift,

2
_E 1 2 A2 2 7 7 il i
op = T2 3 Ch CR O (AT () ATl + A1} A7)

(33)
The summation can be reduced by computing the cosine transform components
of () and y(7) analytically,

2L .
= — 5% ifn,=13,.;n,=n,=0
An — nimw 0 Y 4
{z} { 0 otherwise. (34)
The result for the frequency shift in the diffusion approximation is
4 2E L (0,m,,,0) h L (n4,0,0) ha:
Swg = 24 Z y A {hy} Z « A {ha} ;

c nng 1+ (onéo’n”’o))z niwz 1+ (onc(nz,o,o))z

(35)
we are left with 1-dimensional cosine transforms of the field perturbation in z
and y. The false EDM equivalent to this linear-in-electric-field shift is

ny,=1,3,... ny=1,3,...

2k
duxE = E‘SUJE}- (36)

4. Example applications

The bulk of the computational effort required for practical application of the
present technique is in finding the cosine transform amplitudes A™ of the field
non-uniformities. The form of Eq. 14 is amenable to numerical computation
with Fast Fourier Transform software libraries. The examples below use the



multidimensional discrete cosine transform (DCT) feature of the freely-available
software library FFTW3 [9]. Input to the DCT for each field component is an
array of field perturbations hy(7) sampled over the cell volume at NV x Ny, x N,
grid points, and the output is an array of DCT amplitudes which, after scaling
by 1/(8NzNyN,), correspond to the desired amplitudes A?. The summations -
in Eqs. 17 and 35 are truncated according to the amplitudes available from the
DCT. Accuracy of the result can be checked by increasing the number of sample
points and repeating the computation. Note that for the linear-in-electric-field
frequency shift (false-EDM) result, each of the two terms in Eq. 35 requires only
a 1-dimensional cosine transform of the respective field perturbation component
averaged over the other dimensions.

4.1. Dipole source near the cell

We calculate the effect of a magnetic dipole source, here a small, permanently-
magnetized sphere of radius a, placed near the cell in an otherwise uniform field.
The field perturbation at a point ¥ with respect to the center of the sphere is [10]

Bu(®) = B, (g)3 %(373 k- ), 7> a, (37)

where By is the magnitude of the field on the surface of the sphere at its poles,
m is the unit vector in the direction of the magnetization, and © is the unit
vector along 7.

The cell in this study has dimensions L, = 10.2 cm, L, = 50 cm, L, =
7.6 cm and contains a dilute mixture of helium-3 in helium-4 at 450 mK, for
a helium-3 diffusion constant of D = 428 cm?/s [11]. The 10-mG, uniform
holding field is in the z-direction, and four different dipole impurity cases are
considered all with By = 1 Tesla: Dipole Source A, with diameter 150 pm,
location 7y = (0, 0,5.07) cm, orientation 7 along the z-axis; Dipole Source B,
with diameter 150 pm, location 7y = (5.00, 25.00,5.07) c¢m, orientation 7 along
the z-axis; Dipole Source C, with diameter 175 pm, location 73 = (0, 0, 5.07) cm,
orientation  along the z-axis; and Dipole Source D, with diameter 175 pm,
location 7y = (5.00, 25.00,5.07) cm, orientation i along the z-axis. The location
7y given for each dipole is with respect to an origin at the center of the cell
volume and corresponds to an outside face of a 1.27-cm-thick cell wall, either
at the center of the face (Sources A and C) or near the corner (Sources B and
D). The results for relaxation times Ty, T, and false EDM due to the magnetic
field nonuniformity are shown in Table 4.1. The calculation was repeated for
several different numbers of grid points used in the discrete cosine transform
over the cell volume, and stability of the results is evident as the grid is made
increasingly fine.

The prediction for 75 due to each dipole source was checked by a diffusion
Monte Carlo simulation. The simulated particles were treated classically, with
constant velocity consistent with the thermal average kinetic energy of helium-
3 quasiparticles, and with the scattering mean free path set consistent with
the diffusion constant. At a temperature of 450 mK, this gives a mean free



Case | e xNyxN, | Ti(s5] Ta(s)] dvx g |
Dipole source A 64 x 256 x 32 4467.65 830.59 | -5.0622e-27
Dipole source A | 64 x 512 x 32 4467.65 | 830.59 | -5.0622¢-27
Dipole source A | 64 x 512 x 64 4444.89 | 829.15 | -5.0784e-27
Dipole source A | 128 x 512 x 64 444490 | 829.16 | -5.0824e-27
Dipole source A | 128 x 512 x 128 | 4439.24 | 828.80 | -5.0865e-27
Dipole source B 64 x 256 x 32 16967.75 | 3286.58 | -1.5089e-27
Dipole source B 64 x 512 x 32 16987.42 | 3286.95 | -1.4836e-27
Dipole source B 64 x 512 x 64 16864.89 | 3280.61 | -1.5207e-27
Dipole source B | 128 x 512 x 64 | 16878.04 | 3280.85 | -1.5044e-27
Dipole source B | 128 x 512 x 128 | 16847.56 | 3279.27 | -1.5137e-27
Dipole source C 64 x 256 x 32 3487.66 993.46 | -8.8261e-43
Dipole source C 64 x 512 x 32 3487.66 993.46 | -1.1026e-42
Dipole source C | 64 x 512 x 64 3470.03 | 990.81 | -1.0648e-42
Dipole source C | 128 x 512 x 64 3470.09 | 990.85 | -1.3352e-42
Dipole source C | 128 x 512 x 128 3465.71 990.19 | -1.3549e-42
Dipole source D | 64 x 256 x 32 14022.45 | 642.52 | 2.0254e-26
Dipole source D 64 x 512 x 32 14027.46 642.52 | 2.0274e-26
Dipole source D | 64 x 512 x 64 13947.02 | 641.22 | 2.0287e-26
Dipole source D | 128 x 512 x 64 | 13950.38 | 641.69 | 2.0288e-26
Dipole source D | 128 x 512 x 128 | 13930.38 | 641.36 | 2.0292e-26

Table 1: Results of the calculation for the different combinations of dipole source location,
orientation, and strength described in the text, and for several discrete cosine transform grid
sizes. The parameters of each dipole source are given in the text.
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Figure 1: Results for the transverse polarization P(t) versus time from the diffusion Monte
Carlo simulations for T2 due a a dipole source near the cell. The shaded bands indicate
the standard deviation of five curves P(t) for each dipole source found by subdividing the
ensemble of 2000 simulated particles. In order from shortest to longest T3, the curves are for
Dipole Sources D, A, C, and B described in the text. The smooth black lines are the predicted
P(t) = exp(~—t/T$"), where TSP for each dipole source is taken from Table 4.1.

path of 3.54 mm, sufficiently small compared to the cell dimensions that the
diffusion approximation is expected to be valid. Each simulated particle was
started with spin initially aligned with the y-axis (transverse to the 10-mG
holding field), and the spin orientation (S; for particle ) as the particle moved
throughout the cell volume was evolved in the Rotating Frame [5] using a Runge-
Kutta method with adaptive stepsize control [12]. For each dipole source, 2000
helium-3 particles were simulated, and the polarization in the plane transverse
to the holding field was found from the vector sum of spin directions versus
time, P(t) = ‘Zl St (t)/n|, where S¥* is the projection of spin i onto the plane
transverse to the holding field. Simulation results are shown in Fig. 1 along with
predictions from the present technique, demonstrating good agreement between
the simulation and theory calculation.
The cosine-transform technique is also applied in turn to Dipole Sources A
through D repositioned successively further away from the cell in the z-direction.
-Results are shown in Fig. 2 for the dipole source located as close as the outside
of the 1.27-cm-thick cell wall. Dipole sources much closer than the outside of the
cell wall are not considered here because the rapidly-falling field very near the
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Figure 2: Calculated relaxation times and false EDM arising from Dipole Sources A through D
described in the text, as the sources are repositioned further away from the cell in the z-
direction. The number of grid points in the discrete cosine transform over the Lz X Ly X L, =
10.2 X 50 X 7.6 cm® cell is Nz x Ny X Nz =128 x 512 x 128.
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source would not be well-represented by a 3-dimensional DCT over a practical
number of grid points. As long as the average magnetic field perturbation
remains small compared to the holding field, the results may be scaled to other
dipole strengths: T 2 ox (Bsa®)? and d,xg x Bsa3. Dipole Source C, centered
above the cell and oriented in the z-direction, gives zero (within numerical
precision) false EDM because h, is symmetric across z = 0, and hy, is symmetric
across y = 0; i.e., there are no odd components in the cosine transform of these
perturbations in their respective directions.

4.2. Superconducting rod near the cell

As another example, we calculate the effect of a superconducting rod placed
near the cell in an otherwise uniform holding field. For an infinite-length rod
along the y axis and through the origin in a magnetic field By applied along the
z axis, the net field around the rod is [13]

2

B, = (1- Z—Z)Bo cos 6, (38)
a2
B¢ = (1 + p—z)Bo sinqS, (39)

where a is the rod radius and (p, ¢) are polar coordinates in the zz plane. While
the cosine transforms of B,, B, derived from these equations (appropriately
translated to the desired location of the superconducting rod) could perhaps
be calculated analytically, here the equations are used to generate a field map
that is subsequently run through the machinery to produce values for 73, T,
and d,x 5. Results are shown in Figure 3, with physical parameters given in the
caption.

5. Conclusion

A method to calculate spin relaxation times and the linear-in-electric-field
frequency shift in the diffusion approximation was presented. The technique is
based on the observation that, for particles diffusing in a rectangular cell, the
correlation function of position-dependent fields experienced by the particles is
the weighted sum over the product of spatial cosine-transform components of the
fields.3 As the formulation is intended for practical computation in a rectagular
cell, the result is for the complete 3-dimensional geometry. In the linear-in-
electric-field frequency shift calculation, the non-zero terms in the summation
amount to l-dimensional cosine transforms in the directions transverse to the
holding field; this is discussed further in Appendix A, where the dipole impurity

3During preparation of this manuscript, independent work was published based on essen-
tially the same observation for the T4, T3 calculation. These authors point out that their result
may be used as a probe for possible unknown spin interactions and applied it to improve the
limits on axion-like interactions with the cell walls [14].
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distortion from a 3-mm-diameter, infinitely-long superconducting rod parallel to the y-axis
and placed near the cell. The rod is centered over the cell in the z-direction, and the horizontal
axis of the plots is the distance along the z-axis between the inside of the cell wall and the
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cell dimensions Ly = 10.2 ¢cm, Ly =50 ¢cm, L, = 7.6 cm.
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example is extended. Computation of the relaxation times requires in general
the full 3-dimensional cosine transform. Practical computation is done using
fast discrete cosine transforms of the field components.

In addition to evaluating the effect of magnetic impurities near the cell as
in the above examples, this method could be used in magnet coil design op-
timization: given a field map, T1, T3, and dwg can be quickly evalulated and
combined into a figure of merit.
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Appendix A. dwg due to a magnetic dipole impurity

In the expression for the linear-in-electric-field frequency shift, Eq. 35, the
full 3-dimensional cosine transform is not required. Integrating over the zero-
mode directions in A(?=0:0){h} leaves a 1-dimensional cosine transform in the
remaining direction,

1
A(”I’O’O){hx}ZA”I{—/ h, dy dz}, (A.1)
LyL, J4

where A is the cross-sectional area of the cell in the yz-plane, and

L, 7
A {f} = i/ do’ f(a’ — L2) cos X (A.2)
L. Jo L
It remains to calculate h, averaged over yz-plane cross sections and similarly
for hy, i.e., the total magnetic flux through these cross sections divided by area.
The analytic expression developed in this appendix for a dipole impurity near
the cell, illustrated in Fig. A.4, is also applicable to the problem of finding the
magnetic flux due to a dipole through a piecewise linear pickup loop.
The magnetic flux through a surface S due to a dipole m at point 75, is

(7)) = / B(F — 7) - da = / (i x A(F — Fm)) di= ¢ A(FF—Fp)-dl.
s s as
(A.3)
The magnetic vector potential at point 7 due to a dipole 7 at point 75, is

po 1 X (7' — T
A |7 — 73

A(F = F) = (A.4)
In terms of the maximum surface field B; of a spherical, uniformly and perma-
nently magnetized impurity of radius a, the dipole strength is '

_ 2mB,a?

| = : A5
] = —2 (A.5)

13
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Figure A.4: Diagram of the cell configuration, indicating the impurity dipole 7 and one of the
cell cross-sections over which the average field perturbation due to the dipole is calculated.

Consider a closed planar surface S bounded by N connected line segments
which have successive endponts @;, ¢ = 0,..., N and @y = @p. We will explicitly
calculate the contribution A®; to the line integral Eq. A.3 from the boundary
line segment extending from @; to @;;;, then sum over all segments to get the
total flux due to the dipole.

Giyr = Tit1 o7 r—r -
A@i(Fm)=[ A(F-F,,Jdl:%/_ XETm) o (as)

a; |F_ Fm|3

The line from d; to @;4; can be parameterized in terms of a scalar ¢ € [—1,1],

Li = @1 —a (A7)
R = %(d¢+di+1)—Fm (A.8)
[ = R+ gill, (A.9)
dl = %dtfi. (A.10)

Equation A.6 becomes

—

Mo Git1=Tm m X l —

= — - dl All
AD; i J5 s 5 d (A.11)
l 7 _'. _’- . _’.
- f‘—“/ gt > (B 4 tLi/2) - Lif2 (A.12)
dm J_1 (R2+tR;- Li/2 +t2L2/4)3/2
Mo X ﬁq : E‘l

1
_ - / & __(A.13)
87 R; -1 (1 +tR; - L;/(2R?) +t2L?/(4R?))%/?

The solution to the integral ([15], Eq. 2.263.3),
/‘ dt B b+t :
(L +2bt+c22)3/2 (2 — b2 + 2bt + 2R,
—b N A+b o, )
(@ —)WI-2%t (E-_b)/lrabtc

(A.14)
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yields an algebraic expression for A®;, and the flux through the loop is found
by summation over all of its constituent line segments.

The average h; and hy can now be evaluated at discrete points along z and
y, respectively, and fed into 1-dimensional discrete cosine transforms. Results
using this method, rather than the full 3-dimensional cosine transform as re-
quired for T} and T3, are shown in Fig. A.5 for a dipole source scanned over the
outer cell wall.
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