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COMPARISON OF FHRESNEL ZONE PLATES AND UNIFORMLY REDUNDANT ARRAYS

E. E. Fenimore, T. M. Cannon, and E. L. Miller
Unlve..zity of California, Loa Alamos Scinnilific Laboratory
Los Alamos, New Mexico 874545

Abatract

Several imaging syst,oms in laser fusiorn, o-hoam fusion, and aastronomy employ a Fresnel zone pliate (F2P) as
a coded apartur-:. Tho recent developm:nt of uniformmly =:dindant arraya (URAs) promineos savermal [sjmov-m-nts
in theae aystems. The flrst advantag: of tha URA 1= the fact “hat its modulatlon Lransfor function (MTF) ir
the same as the MTF of a alngle pinhole, wharean the MIF of an FZP iz an »=ratie func*ina ineluding tom: small
values. This means that if {nverse filtorsiag 15 uged, Lhe UKA will ba lesa sunesptib. e to nelse. If 4 commo-
lation analysis iz used, the FZP will producw artifactn whareas the URA has no artifacts (assuming planar
sources). both the FZP and URA criginat»d f=om funcLions which had flat MTEs. Howaver, practicial consfldera-
tioena in tha implam:ntallon of “ha: FZP dotract.4 from its good cnaricleristies wher:as ths URA was only nll4ly
affected. The cocond advantaps: of the UHA is that it bettor utilizea Lhe availabls arstector area.  wWith 5
FZP, thc apnrturse snould b zmailsas thuan Lhe dotector in order to maintaln the full angilur recol 1100 corre-
sponding to the thinnast zonu. The cyelic nature of the URA allows onn to mosalec it in sSuch a way th.. Lhe
entire dstactor arwva coll::ts photons from all of the sources within tha flald of view wille muintaining <h-
full angular =a2solution. If the FZP Is as lurgn (or larger) than ihe dotector, all pac~ils of the soure: wiil
not be resolved with Lhe same resolition. The FZP dons have tome advantaga., in particular its radial symn-
metry eases the alignaenl prorlem; it has a cenvenient optical ducoding m-thoad; and higher diffraction orcur
reconstruction aighl provide betine spatial rasolution.

Antrodyction

For many situations in which an x-ray image is cought, one is faced with the problem that the x-=ays
neither refract nor reflueht. Thus, normal optics can not be used. Two systems which zan be rewd are Lae
single pinholan camigr~a and Lhe raable~ing collimator. hoth of theun systems uas ily megilrz very long oxpos 1mno
times due to the inhe=ently weak naturn of rany x-ray moume=s. Givea Lhe same rosourc-:g of time and av.a:il ibi-
detactor area, both the pinhole and Lhe rastering col'imators produce imag:s with approximit :ly :he rame qda-
icy, thal i3, tha same si1tnal to noice ratio (SHY). Codud aperturs imaging i3 a Lechnigie which Seeks Lo
ovarcomnoe Lhs no=~mally poo= ZHR in x-may imazing.

In coded aperLar: imaging, the pinhoi: of the rimpls pinholw camera is mupla-~d by many pinholen urrang-d
in some pattern. The recorded imaps: consials or many overlupping images off the x-ray soures, ono imaye I'mom
each pinhols. The ovarlapping is g0 severe thal tan recorded pletu=: usailly bearss no ses.ablance Lo the
x-ray objeel. This necossilatuan some form of proceasing of the plcture in order Lo =uconstiruct tn: x-—.y
objuct.

A main goal of coded aparture imaging ia to improve th: image by incrmaring 4~ collecting area with the
use of many pinholes, but muintain the aame anzilar reaolution as a riagle pinholu.  Ia ordar to accomplish
this goal, 8 nmuilable choice for the pinhole patt-rn and decoding *w;ﬁod misi ba made.

If 8(x,y) iz ths x-may source and A(x,y) ia the aperture, Lhun **

P(x,y) = S(x,y)¥A(x,y) 1)

is the recorded plcture whera ® (8 the corralation opurator. In order Lo obtain the reconatructed object,
R(x,7), on: "decodus™ by correlating with the decoding function, G, thal ia,

R(x,y) = P(x,y)®(x,y) = S(x.y)*(A(x,y)®%(x,y))} ()
In order for R(x,y) to b: Lhe original sourcs, A®G should be a dell.a Tunction.

Savaral pa*rn o A3 and Ga have bu-n suggested. une of the earlest suggustions wac bas «d on the i'reanel
sine function. The Fresnol aine funclion {FF) ia dufined an

FF ¢ ain{2 (zz + yz)/RIZl (3)
[
Fig. 1. Thia nhows how the Froan.l function was mod.fimd I, )
by practical considerations to furm the Freanel zone plate |i )
aporture. These modifications adversnely affectad the MTF. q i

n'-|
ulull !

FF FzpP
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where R, ,, 18 som: convanlenily chnacsn conntant. The Freeansl alan .r-mcr.lon was choasn bacause, 1f both A and G
are Froanel functiona, %4 13 tha zoughl attar delia functlon. How:ver, thufe ars two fuatures of tha
Frosnel fanctaicn which liait one's apability Lo ieplement it in a practical coded apoertuy=e nyzi m: it has
infinita axtent ann 1L mequisen apertare Lparsminsion val i which vary con®inigously between -1.0 and 1.0,
Flgure 1 demonntrales how the Frocnel funetion (on jefl) Is modifind during imploem:ntation. Tha Freansl zona
plate (FZF) apurture is a bliary function bas-:d on the Fresnnl function sccormding Lo tha mslationship

ACx,y) = 1 1f sin{2W(x’ « yz)/nf} >0

2

0 ir alnl?ﬂxz +y I/H12) <0 (%)

or lz * 12 > R,‘?'

whore the FZP has bepn resatricted to the finite diastance n". The properties of FZPa have beun reviewed by
Barrett and Norrigan.’

Thg sams motivition involved with the FZP prompt:d ths asggpostion of uaing .niformly redundant a=rays
(URA3)". Name:ly, the UHA 1n a pa'.-=n whozn autocorr:lation 18 like a delta function. As with tan FZP, there
are practical details of iapl-m:nlation whicn will affret how well %he URA can produce a delta function
respons: and therafor: how well the rmecoasiructad object (R) ~ecembles the orizinal objuct (S). The pirposu
of Lthis papar 15 0 compare Lhe FIP witn a2 UHA in order to avaliite which providaa the batte= 1pug::.

It ia very nati=al to compar: a FZF witm o UliA tocausa both would b likely canildatas for many x-~ay
imaging sltuatior Eolh fnava Lrancmicsions of -~ 1/2, that 1z, 1/2 of Lha available arua Iz open. - Codrd
apertures with tLrancmiaaions of 1/2 are ligaly candidatns in such Fieldg as x-ray astroaoamy or the imaging of
laser fusion %targ:is. Indsed, FZPR Mave: hewn used for lase= faalon,  o-beoam fizina  and wers originally
suggested for x-r=ay asironumy.  JhiAs were only ruceally suggested and izplumentation in lasur fusion imaging
i3 curreatly unaerway.

Tho conditions for thin comparinon will be =nimila~ to those found ‘n x-ray astrmonomy and laser fusion.
Thn sourcen ara astumsd to be tar #nourh away Lhal thay are affeetively planar .';ou.-'.tmr Thus, the tomograph-
local capabili- l:s will not b+ conzid-:~:d although thez. a~: iaveatiga%ed neparately. ' This coaparison will
concentrat. only o1 the firsr diffraction omd-r» of the FZP bec:iise the higher ordurs contain severs artife2ta
which makes Lheir usmufulness qu-:stiondbis. In additien, greomet=ic optiecs will hu assumed, that L3, no dif=-
fraction. If diffraclion is allowed, tho FZP would 4ci. as a lens for the x-rays and not as a oo04-.d aperture.

The modulation iranafsr fanction (MTF) of g System charactarizea how wesll objects will be imugad. The
soughl arfter delta function ~esponse implies a p-fectly flat MIF which means that all fruquencica are paan:i:-»l
equally. However, the MTF will not b: flal nut to infinite frequencies in a practical aparture. Figi~r 2!
shows a one-dim-mnsional slice through a practical UKA apurture. 1t can be considered to have buen forned from

| *_H_:;

Udl.J) H(X,Y) A(X.Y)

Fig. 2. This shows how a function with the separationa of the uniformly redundant array is sodifind to form a
practical aperture. Thia has little effect on the MIF.

the convolution of a squars pinhol: with a function [U(1,])] which is a sst of delta function3 whose supara-
tions foliow the URA patte=n. Although the Fouriar transform of U(i,J) can be shown to ba flat, the practical
apurture will not have a flat Fourier t=anaform.

A N1 by 43 URA apirture w2, sampled at 512 by 512 locations ind then Fourler transformed. Figure 3 shows
a one-diaonsional S8lice thmogh the resulting MTF. Except for che DC torm, the ocurve has tha samo expectud
(ain x)/x shape as for an indivlidual pinhole of thu sara 8lzsn usud in the apnrture. This lead:s to the impor-
tant conclualon that the URA apertura han the same spatial frequency response as a aingle pinhole. Although
the soatial resolutlon is the samu, Lhua SNR can be much better dus to the largar collacting arua.

The 7(A) can bu uged to determine the aystem MIF incliding the effucts of the decoder, G. In codud aper-
ture imuging thoro a. e two gunural classes of G, Lhous for corralation and those for invurau rélt.ering. How-
ever, in thu case of tha URA, thu correlation typo decoder ias identical to thu inverse filter. Tho original
basis for the statoment is thu fact that balance corrolation” with the URA (i.e. O(x,y) = 2 A(x,y) - 1) givua
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MF for EIF

In-+ Fourlsr t=snzform of =¢is FoF wis foung -—gp-—-m=ntally by =zamzline 5 10 rmimg FOF 51 717 ry ©17 1co7a-
tions and tnn Foar:i-= ~=anzfo"mung. F.gu=- & pr--:nl- 3 61_=-110:-n,.5%1 Tlic-- r'..—n,'. Frh) To= . SOl
Basically. t7a proc=d.™- wi™ L7 a0~ AT w3iT 1 =0 " 1= URA 14 Fas. 3. T-n rinE2 = T 297 % L- Taat— T

thinne=t .'rtg 5 3 10 =iny FIr 37T Epp=cXimatsly *5i- Zat- widtn &3z 3 18- |:-_--..1- 1% 3 41 ¢y a- 121 A
larger niusb:m of ring= wlll rana 5 amprove -m- MBIk for "o FOP. bat 1t 3573 10U aFp-ar that o wlll =v- = p-
as gxd as t'i-' MIF f5- = UFA.

Based on Fig. &, un -_.l-_-_h: thst 1nv-—:a faltering 12 ngt p=astical wirn tas FIF.  If on ware to uz--
inverss filia2m11g, 1t wJ4ld D-: A=CuZIsCy T o Alead- the- EOurLl- = Teanz oM oI Th ensT1-1 Fali.Ts Ty o4t oo
vhose wrplis a1~ 1= liF: Thit 1n P12 4. 717215 wsula £1v- TI- -5 LI T -
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low w5ild wave a v--=y¢ ST "L COALTIGULISN To. 15 SeCORTUTuclldn © [OW-" _ 7 0. il =gl ooz
i3 belng multipli-=d ©§ "7 ==Clr=5731 of a =m3ll amber. In 13CT. 4<% N9.I= u3ually Soopl .t 1y aominss -r 15

reconst-uct-a 1mseE-.

Fatnes than invers- filt—=12, *1: F7P =r~53123 [lcta== 1% arually m=Cconstracted 4ting o 96-7--1latlsa ath 1.
ysis. On= of twd LjF~= Gl d=Toging fi5771371 iT ws-d. 9Nz TYP- 15 Lo uS- 3 SCadad v===uen of Lh_ 2L ~_.7
tnat 1is, 2 AF"H 1. hjw-e==, Lh=N A= Zyst-m polit-spr=ad fanction (3FSF) 1s not 3 J-lta func.lon and 37La-
facts ar- prodJac+a.

AnoLn=r typ= ~f a-_+1-r for tme FOF 131 "1 : Frasnel function {(=. Eq. 31. Us= of t1» Frasazl functicn . 3
coapromi-= p--twprn L2 tAv==<e F1lltar 3ang th .4 2<or-=lation g=zc03-r. It %as 1=s3 ariif-.:s tian Ui
correlaticn analy=.s, bLut 1T Ko=: Tatc- BLible T a2,

NG Batter wWM12h AaSod2r 19 2hos M, 7 FoP will alway2 nave tnes pamir provl-m that the Fourlios toas l"am
of its aparta~—- 13 nor flat. 1hiz ™7 -nLs 1nvor3-e ! li-=ing whon-_e== 2317 1S prei-nt and fo- -3 Ttz az- of
8 decodur wM1Ch 1AL=GIuc- -~ 3-Lif3.tr 16LS Lhe: amuy -, Tne UKA funcLlon do== nave a flat Fourl = t-anatomm
whizh 1= not aavars.ly aff ct<d by =h- d-=tail: of 1pel-m--ntatiom.  1nes, aav-e=zz {1lt-=ng 'wn1n IGINZ.l- tly
is slxc a corrvlatlon analy31%) can © 1320 W1LhOu- 1lNLT-:1.CINng any artif3ii3 O7 cAC<SSLIVE nOlx- .
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Mosalqking

Figure &% shawa “%: anual way of imal.-menting the FZP., The x-ray sourcn cant a nhadow of the FZP nn L.
detacton which (for wne Lime Loany) we Mave asnagmed Lo be about ther nan alze as the ape=tiae:, If the 30irce:
happuns Lo be nn Lhe zysbtem's optical axis, v entire FZP palil-ron ia eecorded and aqilynia will provi! ‘-
resolution “ha'. "m0 FZP im o capable of. A Hffeaxis soure-: wiil prodiuce a shadow whish is not comple.:ly
reco=d:-1. Thls han bwo of " ny g onmalle= poarting Hf the detecto™ corlmibules to ther aignual and not all af Lhe
outermos'. ~ing: are record-wl, The Tirsl effect would =end to glve a smali-s~ CNR wund the 3scond «ffect pro-
duces poor«.m raonolulaon,

A solution Lo the poor ~ezolution would bee Lo mike Lhe FZP nmalle= “han the detecto= sach that the outer-
mont ring In always obsoervewl.  Howsver Lha'. wnild mean that the whole detactor coiuld never contribute .o %
signal. To improv. L% niznal, a FZP 11320 than tha dotecl.om coiuld be usaed, byt tLhen the complets oul-:mmoat
ring wnild never be obnecved. iher baxic probl-:a !a Lvat the complst-: FZP can not (for off 1xi: sourecsa)
aizmultancoialy fill Lne de:Lerier area and have Lhe couaplete eesolution Lypical of the outermori. =ing.

The URA i3 by natare u periadiz fiastion which caq maxe batter yso of %ha avallablese deteetor arqa. Figure
6 1s analogous to Fig. & exeept a mosaleked (ficlilinii) URA pattern g iid. Thae off=axis 4o~ casts a
shadow whi~h {5 a4 eyelie verslon of Lhe basie UHA pattera.  (The banlc UHA pati--=n 13 one cycl: av1 is what is
obsn=v-x] Yor on-axir ncimaon.)  Tne eyclie version nol. only allows 't entire detector Lo contribute, bl n-:
obamyed palbera alwir 3 conlainn Lne samo disbribution of hol-n and thus has the sams angilar resolutinn
regardloess of Lo position of Lhe narze,

Although nol. aum™ailly don-, Lhe £ii° ~o1ld also b+ mosaicked to improve its pa=formance. Howsve= ‘hare is
a problem Lhat Lhe mosalckinTg woild be done 1n a 5qia=: lattiee whereas Lun FZP 1s a round paci-:~n. In ordur
to fill vh:: ar:a Lhe Y0P wolid Yave Yo be completod in“o Lhe zquare corn-:sd,  In that caas, th-: Lhinnest rings
would be in the cor:rn and only a feaclion of then will O p-wesenl in Lhe pattesn.  Thus, the resol .o o F
the thinnest =ing pesedt. wodald not be ackniovel. Tne UKA gan mei. i'.s smallest oloment {(1,2., a plnhole) =gl
to the reaoliton of thse detec' s ynd have all of thouss (smallest) elemenls recordsd for all off-uxis sourcus.

Summaty

fhe URA func.ion has a Fouriwr Lrancform which ia flat thurefore giving excellent fregiiicy response.  In
practies, when it is implemeniod with finite size pitaoles and decodd with a amcoder repr:s-mil.ing finitse siz
pinholes, the soavial f~cpaency respons: 18 modified trom beinz *'al Lo being like Lh4l. of Lwo convolv-:t in-
holes. The Frun ol function also wan o “lat Fouapder trancfo-a,  However, when 1% in implemented the function
musl b trualcated and fo=ced Lo Le binary (zee Fir. 1), The penult is Shal tho MTF of the FZP iz notu Flab
and can conlain small temmn whih precluda using inve-se flltering (500 Filg. 8). Wilthout Inv-i~ge filtering,
the roconstrusted obj-wl from a FZl) will coatain arcifacts whieh ar unually the dominant souras of wr=u=,
The URA removen Lher Luzic linitation involver with the FZP boeaane Sha URA doee nob have amtifacts. The new
basic limita'.ion depends on how weil the URA pasaes Lhe noiss, An investization shows that the: UHA haz axee -
lent nolz» rardling charact-misLicx, being vl to Lwo convolved pl-iioles.

The fac. Lhat the UHA iz a porlodle funation leads natarally to implementing a mosaic of UliAn. The mosa-
icked UHA cun better utilize L4he veilable detector .~ea becauns tae ont [ JRA pallern 13 dide4 recorand.
In conlras., it is Ji'fleult Lo always m::ord the complete oul-rmoat ring of a FZP from which itz resol &t irn
is obtain:d.

The EP du:a have zom: advantages over the URA.  Th: =adial aymm:tr=y of 'h: ¥ZP eliminat«s an alignment
preblem.  Ilse, the FAP has opLical prupertina which can be uned to obtain real time images. (It shoald also
be poaslbl: to do spatlail Filtering with Lhe URA although this han an' yoet baen accomplishvd.) In additinn,
thoe FZP («when analyzed with cotirrent light) prediuc: 5 Lhe reconstruc'.-«d lmage in several diffraction ord-ms,
Each orce" in a% a higher resolulion although these oriury apparently have low SNR and very Savere artifacts. ’
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Filg. 5. On-axis and off-axis case= for- Jm.qiﬂg with the FZP. I' is hard for the FZP Lo is+ all of Lthe
availuble arza whii:: racording She complote gutarmost r=ing, which i “25poanible for Lhae rasolanion.
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Fig. 6. On-axis and off-axis cases for imaging with th: UHA. Since the URA is a pariodic function. it can be
moralcked nuch thal all of the dalactor area is always usad while recording a compluta (alih=o gh a
cyolic varsion) UHA patt-im,



