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NUCLEAR CILARGERADII “OF IIIE 1F
7/2

SHELL

NUCLEI FROM MUONIC ATOMS

H. D. Wohlfahrt

Los AIamos Scientific Laboratory

Los Alamos, New Mexico 87545

I. introduction

The experimental accuracy obtained in recent measurements of charge

radii shows clearly that the usual empirical “mass-radius formulae [e.g. 1,2]

are only approximate. The variations of actual charge radii arc strongly

modified by nuclear shell structure and deformation effects [3,4]. The

deviations of the measured char~: radii from the mass-radius formulae seem

to follow regular trends as indi(
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Fig. 1. 4N = 2 isotope shifts from muonic x-rzy mcasurcmcnts

prior to )974.

The figure rcprcscnts a compilation of muonic isotope shift data [s] taken

prior to 1974. It shows hN = 2 charge radii differences for even nuclei



as a

from

function of the

the mass-raciius

neutron number. To emphasize the departure of the data

formulae, the cxpcrimcntal shift values have been divided

by ‘-standard” shift values, calculated with a mass-radius fozmula. The data

available in 1974 [S] indicate that the isotope shifts are largest at the

beginning of a neutron shell”and.become quite small just before the major

shell closures N = 28, 50, 82 and 126. This trend is especially pronounced

in” the lf7,2 shell (20 < N< 28), where large negative isotope shifts occur

at the end of the shell.

To investigate these trends in detail, muonic x-ray studies of medium-

wcight nuclei have hecn pcrfozmcd in recent years-by-the l~s Alamos muonic

x-ray group, using the high intensity muon beam available at the ~lpF 800 ~fev

proton accelerat~r. Fig. 2 shows the lf7,2 shell nuclei investigated [3,6,7].

These studies, which together include all stable lf7,2 neutron shell nuclei,

provide information about the Froton cclrepolarization due to the successive

addition of neutrons for the proton cores Z s 20(Ca), 22(Ti), 24(Cr), 26(Fe)

and 28(Ni). In addition, these studies, which represent the first systematic

investigations of isotonc shifts, provide the opportunity to compare the core

polarization caused by protons with core polarization caused by neutrons in

the same (If7,2) shell.
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II. Nuclear Charge Distribution Parameters from Muonic Atoms

4oca -
Fig. 3 illustrates 2p and ‘1smuonic energy levels for .

which has lost nearly all of its kinetic energy is captured in a

The muon

high’orbital

and forms a muonic atom.. The.excited miuonic..atom.decays.minly, via.electric

dipole transitions andmay reach states, where the overlap between the muon

wave function and the nuclear charge distribution causes a measurable energy
FS

shift AE of the binding energy from the binding energy calculated for a
PN

point nucleus EB . In the If
7/2

shell nuclei, only in the 1s state is the

---- --
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AE

AE ~xp= 0.015 keV

Fig. 3.

Nu”onic (2p-is)

transitions. For

exact scaling

(40Ca) see

Table I.

AE
+= 2X I0-’
AE

finite size effect hE
FS

large compared with the cxpcrimcntal error for deter-

mining muonic binding energies (15 cV). Table 1 lists AEFS and ET for the

1s ;lnd2p states. Note that the finite size effect in the 1s state (69.117

kcV) is very large compared with the experimental error (]S cV), so the finite

TiIblcI. Point

stats ~PN,kcv ~EFs,k,v
s

hEQ[D/k@/ AENp/keV

-—-. ——— — —.-—— —

“1/2 1178.1s7 -69.117 6.010(20) 0.170(s0)

2%
ZI?.41B -0,087 0.929 0.001

ah
200.904 .0.033 0.904 0.001

———— .—.—-.—. .— -—.-. .-..— —. .-—-—

nucleus bind~ng
.PN

energy tB ,
FS

finite size effect AE , quan-

and nuclear plozarization correctionturnclcctrodynamical corrections AEQED-
*ENP

for the muonic
40
Ca aton in(keV).

.
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size effect can be determined with a relative accuracy of about 2 x 10 . In

the 2p states, which are separated by about 1.5 keV due to the fine-structure

splitting the finite size effect is about 3 orders of.magnitude smaller than
Fs

in the 1s state and AE2p
is comparable to the experimental error. Therefore

the experimentally observed 2p-is transitions contain only information about!

the finite size effect in the IS state. To deduce the finite size effect

from the measured transition energies,theoretical corrections have to be in-

‘ED (mainly vacuum polar-eluded. The quantum clectrodynamical corrections AE
4oca are knom with

ization and lamb-shift) of about 7 keV in the 1s state of

an accuracy of about 20 CV [8].
NP

Nuclear polarization corrections AE ,which

consider the polarizibility of the nucleus in the presence of the muon, are

known much less accurately. An uncertainty of 30% is commonly attributed to

these corrections,which results in an uncertainty of about SO CV (see Table I).

The uncertainty of the derived nuclear charge distribution parameters is

therefore mainly determined by the uncertainty of the thcorct~cal corrcctio.ns,

which is about 5 times larger than the experimental errors in the case of the

‘‘7/2
shell nuclei. IIowevcrin the differences of the nuclear charge distri-

bution parameters for neighboring isotopes, these uncerttiinties cancel to a

high degree.

First order perturbation theory can tell us what information we may

obta?n from a muonic atom. In this context the finite sizr energy sb.lftin

a muonic transition is given by:

(1)

m

~EFS .
i,f f[ 1p(r)v~(r)-v~(r) 4nr2dr-Z~~ (0)-V~(0)] ,

0

i
where V and V: are the potentials produced by the bound muon in the initial

P
and final states. As Barrett [9] has shown, these differences in the potcn-

k -ar
tials can bc approximated by an analytical expression of the form A + Br e

In principal all 4 parameters A, B, k and a depend on P(r), Z, n and 1. The

mrusured quantity in a muonic atom cxpcrimcr: can thcrcforc bc written as

a

<rke-ar 4n>
f

k -arr2dr
‘Z- p(r,r e # (2)

o



the Barrett moment of the charge distribution.

In the actual analysis of the muonic data we adjust the parameters of

a Fermi charge distribution

pF(r) = p. (1 + exp(r - c)/a)-l (3)

to the measured transition energies by solving the Direc equation including

all higher order corrections. ln ‘he case ‘f ‘he 1f7/2 ‘hell ‘uclei Only
the ha~f density radius c was adusted; th~ parameter a was fixed at 0.SS fm,

which corresponds to a surface thi~..nessparameter t = 2.42 fm. From the muon

wave function, determined by solving the Direc equation, the potential pro-

duced by the bound muon VP(r) can be deduced and the potential parameters

A, B, k and a can be adjusted to fit the difference Vi-Vf. For the lf7,2

shell nuclei (20 ~ Z < 28) we obtain a range of value: o; 2.114 < k C 2.121

and 0.064fm‘1 <a < 0.074 fm-1 for the 2p-is transitions. With these values of

k and a, we can calculate the appropriate Barrett moments using equation 2.

These Barrett moments dcduccd using Fermi charge distrib~ltionsare model-

indcpcndcnt (at least to the level of accuracy set by the experimental errors).

That is, a realistic charge distribution (for example, from electron scattering)
k -ar

with the same Barrett moment <r e > as the adjusted Fermi charge distribu-

tion gives a transition energy equal to the observed transition energy with-

in the experimental error. From the Barrett moments onc can obtain model-
1

indcpcndcnt equivalent radii Rk defined by:

‘k w

3R~3
/

rke-arr2dr . &

I

k -arr2dr
z pF(r)r e (4)

o 0

For the comparison of the results from muunic x-. ly cxpcrimcnts

with those of other CX~JC1’ilTICntSand with theory, it is very convenient to have
2 1/2

rms-radii <r z lnstcad of equivalent radii .
\

From muonic data alone

rms-radii cannot be determined model-indcpcndcntly, since the ra~ial shape of

the charge distribution is not known. This fact can be easily shown by
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changing the surfac,cthickness parameter of the Fermi charge distribution by

10% and readjusting the half density radius to maintain the same trarlsition

energy. The resulting Rk changes by only 0.1 x 10-3fm, whereas, the rms-radius

changes by 5 x 10-3fm. This change is large compared with the experimental

error of 0.4 x 10-3fm.

To obtain mode?-indcpcndcnt rms-radii we performed a combined analysis

of our muonic data and electron scattering data from Stanford [10] (Ca and Ti)

and Mainz [11] (Fe and Ni). The analysis used was based on the Fourier-Bessel

expansion [12] of the charge distribution. With the radial shape of the charge

distribution obtained from electron scattering, an extrapolation from the

precise muonic Barrett moments to the rms-radii can be performed in this com-

bined analysis without substantial 10SS of accuracy. In the following, I

will present the results of such combined analyses.

III. Experimental Arrangement and Measurements ,,c

Before I present the experimental resu~ts, let me briefly discuss the

cxpcrimcntal arrangement a:~dthe analysis of the measured spectra. At the

‘imc ‘f ‘he 1f7/2 ‘hell ‘Xpcrimcnt’
LANPF was running at a proton beam current

of lSOPA; the muon rates used in our measurements were about 105/sec. Fig. 4.
shows our experimental target ~rrangcment. The scintillat,ors S1,S2 and S;

calibration
y-rays II

S* s,

Ge(Li)‘El
Polyethylene

Fig. 4. Arrangement of

scintillation counter tele-

scope (Si), muon moderator

(M], targets (Ti), and Ge(Li)

detector.



in anti-coincidence to S~ signal a stopped muon in onc of the three simulta-.
ncously measured targets T1. An x-ray event in the Ge(Li) in coincidence

“ -i
with S S S1 S is identified as a muonic x-ray.

1234
Simultaneously with the

x-rays, we measure y-rays from various calibration sources, using a beam gat-

ing technique to insure that the calibration spectra are stored at an average

rate which is proportional to the intensity of the muonic x-rays. A sophis-

ticated interface in connection With an on-line computer” insures that the

different events are stored in their respective spectra, and thatmambiguous

events are discarded. Eleven calibration lines, known with an individual

accuracy of 5 eV, covered the energy region of interest (650-”1600keV) for the

experiment. These lines provided both the energy calibration for the muonic

x-ray lines and spectral line shape parameters used in the fitting of the

muonic lines.

Fig. 5 shows the muonic 2p-is x-ray doublets for Ti and Cr isotopes.

The isotope shifts of the x-ray energies have opposite signs for
SflTi-48Ti and

54Cr-52Cr
. The curves are “best fits” to the measured spectra considering

the kncwn isotopic impurities.

Fig. S.

Muonic x-ray

spectra for Ti

and Cr isotopes.

‘b .
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Iv. Experimental Results and Interpretation

A. Discussion of the observed systematic

A graphical summary of our Tesults for the If’7/2..
shell .n~:lei.is shown..

in Fig. 6. The display shows-rms-charge radii obtained from the combined

analysis of the muonic data [3;6,7] and “ela:;ti=electron scattering data :

[1J,11], as a function of the neutron

isotopes, which cover the whole If

tht first half of the shell from
4;;:

44
second half of the shell from Ca to

I

—Z=20
---~.zz
-.-2.24

3.80

3.70
1

and proton number respectively. The Ca

neutron shell; show increasing radii in

to
44

Ca and decreasing radii in the
48Ca

. The increase in the first half of

Fig. 6.

/“- /+ Rms-charge radii for

0“”
the lf

712
shell nuclei

$’”}
from a combined anal-

ysis of the muonic

data and (e,e) data.

3“50tc2Y0KQx5
20 22 24 26 28 20 22 24 26 20

NEUTRONS PROTONS
.

the shell is totally compensated by the decrcasc in the second half of the
40ca-48Ca

shell resulting in a net rms-charge radius change of zero for

(within the cxpcrimcntal error of about 1 x 10‘3fm). The TI. and Cr isotopes,

which are situated in the second half of the shell, show decreasing radii with

increasing neutron number like the heavier Ca’s. In the right part of Fig. 6

isotonc shifts for the different isotone scquenccs involving the neutron numbers

24 < N < 32 are displayed. Two features arc apparent: 1. The curves for the

various isotones arc parallel. 2. A saturation effect exists; the magnitude

of the increase in the

num~cr.

To emphasize the

rms-radii between even

rms-radii becomes smaller with increasing proton

observed effects, Fig. 7 displays the changes in the

neighboring isotones and isotopes. Both the isotone



2 1/2
and isotope 6<r > shifts show an almost linear dccrcase in the radii

diffcrcnccs with increasing proton and neutron number, respectively, Both

the isotone and isotope shifts

[

100 “

80

60

40

20

02

-60 L
N

Fig. 7. AA=2 isotonic and isotopic

charge radii differences.

rms-

—

‘1
:are independent.of.the.neutron

A
A “or proton configuration of the. .

i’ ‘particular ~uclei. That is,r

“1
the Z = 20 proton

Ca isotopes shows
m

polarizibility as

and Z = 24 proton

core of the

the same

the Z = 22

cores of the
n J

Ti and Cr isotopes. Similar

results had been obtained

1

,+
earlier from our studies of

/
nuclei in the Ni region [3].

f Thus, the Z = 28 proton core

of the Ni isotopes shows the

same po]arizibii:ty as the

z= 26 and Z = 30 proton cores

of the Fe and Zn isotopes.

These experimental results

suggest that the added neutrons

interact with the whole proton

core rather then with the

valence protons. ThC dashed

lines in the figures above

indicate that the slopes of the isotone and isotope shifts are almost the same.

Both sets of data show a strong shell structure effect when crossing the shell

closure at Z or N equal 28.

B. Interpretation and comparison with theory

In the following, I will try to compare the polarization of the charge

distribution duc to the added protons, which is rcflectcd in the measured

isotonc shifts, with the polarization of the charge distribution due to the

added neutrons, which we observe in the measured isotope shifts directly.

The charge distribution densities of two nuclei that differ by two neutrons



e

(neglecting the neutron form factor) are related by:

core
‘N+2 = PN + 6PN

Here 6p~re’ describes the

neutrons. This change of

(5)

change of PN dtieto the interaction with-the 2 added

PM is directly measured as mean-square “radius dif-
2 core

..
ference 6<r >N . The charge distribution densities of two nuclei that

differ by two protons are related by:

core
f’z+2‘ Pz + 2PP + ~Pz ? (6)

where P core describes
P

is the spatial distribution of the added protons and dpz

the polarization of the Pz core due to the added protons. Including the
2

normalization we obtain the change of <r >~ that is caused by the interaction

with the two added valence protons:

*<r2>corc 2+2

[

2 2 1[22 2<r > - <r > +—
z ‘-T Z+2 1z Z<r’z-<r>p” (7)

~<r2>,core 2

z
can be dcduccd from the experimentally determined values <r >7+2 and

<r2>z by making a model assumption for <r2>
..

the spatial distribution of the
P;

two added valence protons. We determined <r >P by a shell model calculation,

.
N

A
N

G
INo
+
N

A
N

G
a o
0

-a

~~

k A ISOTC)NE SHIFTS

h\\\’ HARM. OSC.

\\\\\-i
\\\.\\\\\ . ...\\..\ \.

++

4
. ISOTOPE SHIFTS.

\
“,..,

““”.....,,,4,I

“’”*>

.
I I I 1 1 I

) 22 24 . 26 20

using lf z harmonic oscil-
7/

later wave functions for

the two added valcncc pro-

tons. The lower shadowed b-~wl

Fig. 8.

Proton core polarization

due to protol,s
~<r2>core

and neutrons *<r2>co$e
N-

NORZ



2 coreshows the core polarization duc to the added protons 6cr >
z

calculated

with formula (7). Thc upper shadowed curve shows the result of the shell

model calculation. The comparison of the shell model calculation and the
~<r2>core

measured isotone shifts indicates the presence of polarization.
z

is Positive.in the first.half of-the. shell” .and’ negative. in .tlie second-half.

of the shells showing the same trend “as the directly measured “core polariza-
2 core

tion due to the added neutrons 6<r >N
, also displayed in Fig. 8. It is

interesting to note that the core polarization due to the added protons,

obtained in this ways is about WZ smaller than the core polarization due to

added neutrons.

Note that the isotone core polarization effect shows the same feature we

observed for isotopes in the Ca nuclei, :~amely increase of the rms-radii in

the first half of the shell and decrease ok the rms-radii-in-thes econdhalf of

the shell. Again increase and decrease,cancel almost totally Over tho whole

shell. Quadruple deformation parameters P2 deduced from measured B[E2J-

valucs [13], displayed in Fig. 9, show a systematic behavior that is remi-

niscent Oi- that observed in the Isotope shifts and in the core polarization

due to the protons. The deformation for both the isotopes and isotrnes

increases in the first half of the lf
7/2

shell and decreases in the second

half of the If 7/2
shell. The increase and decrease cancel almost totally

[1 I I I I

m

t

—Z=20Cm
---Z=Z2TI

-.-- Z=24Ct
0.4

t

t

0-.

G“

i /–0-%
0,5

t

---N.24

-.-.-N=2G
—N=2S

0.4

Lll

— —N=20
—.-N,*

G

II F“

c- TI cl F9 ml
o

20 22 24 26 20
PROTONS

Fig. 9. ouadrupole deformation parameters p2 for the lf7,2 shell

nuclei, deduced from measured B(E2)-values.

.
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over the whole shell. T%c curves for the different clcmcnts and isotancs

are almost parallel. Qualitatively this is in agrccmcnt with the observed

behavior of the rms-charge radii, suggesting that the observed increase in

the rms-radii in the first half of the shell”is due to an increase in deforma-

tion and the obsezved decrease in.the second half.of the shell is caused by.

a decrease in deformation. At the end of my talk I will come back to this,

investigating this point quantitatively.

Fig. 10 displays some of our results for charge distribution differences

from our combined a~alyscs of the present muonic data md electron scattering

data from Stanford [1O]. These figures illustrate the results for the changes

in the rms-charge radii differences. The charge distribution difference

44Ca - 40 Ca shows that by adding the filst four neutrons in the lf7,2 shell,

the 2=20 proton core is polarized in such a way that charge from the inner

part of the nucleus is transferred to’the outer part of the nucleus. The

opposite effect is observed when the last four neutrons arc added into the

= ca- %a
0.2 ‘-

Ill,

1’
a

‘$
0 -m,

1 11111,.
-- m I

m I

‘g d _I-- -

‘11’
~ -~.~

r ffml

Fig. 10. Charge distribution differences

from the combincd”analyses of

the muonic data and (e,c) data.

1f7/2
orbital, as can be seen

in the examples of Ca - Ca

and 5oTi - 46Ti. T;: ch.~:

distribution difference 48Ca -
40

Ca illustrates that the
2 1/2

observed ~<r > = (! is the

result of a rather complicated

polarization effect. By add-
4oca to ~orm

ing 8 neutrons to
48

Ca, charge from both the

inner and the outer part of the

z= 20 proton core is trans-

farrcd into the surface region

of 48ca.

Fig. 11 shows result of

density dcpcndcr~t tlartrce-Fock

(DDHF) calculations of Ncgele “

[14] for the 40Ca charge

distribution and for the charge
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Fig. 11. Comparison of experiment ((e, e] + muonic atom) and thcor~.

mca 4oca
distribution diffcrcnca - . Also shown in Fig. 11 are the results

of ‘k? combined unalysis of the present muonic data and electron scattering

data. The calculations are in satisfactory agrccmcnt with the cxpcrimcnt.

The rms-radii and thmir diffcrcnccz are also in good agrccmcnt.

4oca . .=2>1/2 2 1/2
. ~Xp = 3.481 t 0.0C5 fm

‘r ‘1’H
= 3.502 fm

48Ca - 40Ca: 6<r2>1/2 = (-0.7 i 0.9) x10-3 fUl 6<r2>l/2
EXP TH” =3X1O ‘3 fm

The succcss of these calculations in the double closed shell nuclei
40Ca and 48

Ca, however, dots not necessarily imply that the other lf7,2 shell

nuclei can bc equally WC1l doscrihcd by DDliF. This is illustrated in Fig. 12, -

where our AbI=2 cxpcrimcntal isotopo shifts for the Ca nuclei are cnmparcd with

The calculation dots not reproducespherical llartrcc-Fock calculations [15]. .

the observed almost linear dccrcasc in the shifts for tho Ca nuclei. Even

llartrcc-Fock cnlculntions including nuclear deformation [1S] nrc not in satis-

factory agrccmcnt with cxpcrimcnt.
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Rcinhard and Drcchscl [15] have shown rcccntly that ground state cor-

relations, ncglectcd in H. F. calculations, are important in isotope shifts.

In their calculations t’.~ebulk properties of nuclei, varying smoothly and

I I I

40 - t

20

-. 4
A- -- -

0

0 EXPERIMENT

A H.F. (SK Illj
-20 -

* H.F.* G.S.C. 1

I 1 1 1
20 22 24 26 20

NEUTRCNS

Fig. 12. Experimental and calculated AN=2

isotope shifts for the Ca isotopes.

shell [see Fig. 9). Both the contribution of the

slowly with the nucleon

number A; are obtained

from spherical Hartree-

Fock calculations. In

addition they consider not

only the influence of

static deformations but

also the contribution due

to zero-point oscillations

of the nuclear excitation

modes. These contribu-

tions come mainly from the

isoscalar 2+ giant res-

onance, which varies slowly

with A, and from the low

lying collective 2+ states,

which vary characteris-

tically over the lf7,2

zero point oscillations

and the influence of the static deformation arc related to cxpcrimcntal B(E2)-

values. Including the cxpcrimcntal B(E2)-values [13, scc Fig. 9] in their

calculations, Rcinhard and Drcchscl calculated hN=2 isotope shifts for the Ca

isotopes which are in siitisfactoryagreement with experiment (see Fig, 12

(11.F+G.S.C.)). This indicates that changes in deformation and zero-point

oscillations arc important in the Ca isotope shifts. Calculations for other

)‘7/2
shcl) nuc]ci have not yet been performed. From the systcmatjcs of ‘he

t32 quadruple deformation parameters shown in Fig. 9, it seems very probable

that this kind of calculations,which were very Successful for the Fc, Ni

and Zn isotope shifts also, can give satisfactory agrccmcnt with cxpcrimcnt

‘or the other lf7/2 ‘hell ‘L’c]ci”
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