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I. Introduction

SHELL

The experimental accuracy obtained in recent measurements of charge

radii shows clearly that the usual empirical ‘mass-radius formulae [e.g. 1,2]

are only approximate. The variations of actual charge radii are strongly

modified by nuclear shell structure and deformation effects [3,4]). The

deviations of the measured charp: radii from the mass-radius formulae scem

to follow regular trends as indicated by Fig. 1.
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Fig. 1. AN = 2 jsotope shifts from muonic x-ray measurcments

prior to 1974.

The figure rcpresents a compilation of muonic isotope shift data [5] “aken

prior to 1974, It shows AN = 2 charpe radii differences for even nuclei



as a function of the ncutron number. To cmphasize the dcparture of the data
from the mass-radius formulae, the experimental shift values have been divided
by "standard" shift values, calculated with a mass-radius formula. The data
available in 1974 [S] indicate that the isotope shifts are largest at the
beginning of a ncutron shell and become quite small just before the major
shell closures N = 28, 50, 82 and 126. This trend is especially pronounced
in.the 1f7/2 shell (20 < N < 28), where large negative isotope shifts occur

at the end of the shell,

To investigate these trends in detail, muonic x-ray studies of medium-
weight nuclei have teen performed in recent years -by-the 12s Alamos muonic
x-ray group, using the high intensity muon beam available at the LAMPF 800 MeV
proton acceleratcr. Fig. 2 shows the lf”2 shell nuclei investigated [3,6,7].
These studies, which together include all stable lfj)z necutron shell nuclei,
provide information about the proton cnre polarization due to the successive
addition of ncutrons for the proton cores Z = 20(Ca), 22(Ti), 24(Cr), 26(Fe)
and 28(Ni). In addition, these studies, which represent the first systematic
investigations of isotone shifts, provide the opportunity to comparc the core
polarization caused by protons with core polarization caused by ncutrons in

the same (lf7/2) shell,
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11. Nuclecar Charge Distribution Paramcters from Muonic Atoms

Fig. 3 illustrates 2p and 1s muonic energy levels for 40

which has lost nearly all of its kinetic energy is captured in a high'orbital -
The. excited muonic..atom.decays _mzinly.via_ electric

Ca. The muon

and forms a muonic atom..
dipole transitions andmay reach states, where thé overlap between the muon
wave function and the nuclear charge distribution causes a measureable éncrgy
shift AEFS-of the binding energy from the binding energy calculated for a

In the 1if shell nuclei, only in the 1ls state is the

- PN
point nucleus EB . 7/2

2ps/p Fig. 3.
2 L465kov Muonic (2p-1s)’
Pis2 o i
nsitions. For
exact scaling
40
E(2p,y,,-1s,,,) (" "ca) sece

E(2p,,,-15),;) Table I.

AE p = 0.015 keV

.- . FS . .
finite size effect AE = large compared with the experimental crror for decter-

mining muonic binding cnergies (15 eV). Table 1 lists AEFS and EEN for the

ls and 2p states. Note that the finite size effect in the ls state (69.117

keV) is very large compared with the experimental error (135 eV), so the finite

State £ xev 2EFS/xev 2e9E%) ) ov o™ fkev
I'l,‘ 1128.157 -69.117 6.810(20) 0.170(50)
2,,, 22.418 -0.087 0.929 0.001
2,,, 280.504 -0.038 0.904 0.001

—————— e e ———

Table I. Point nucleus bind'ng energy E:N. finite size effect AEFS, quan-

. E . . .
tum electrodynamical corrections AEQ D and nuclear plozarization correction

AENP for the muonic 40Ca ator: in(keV),



size effect can be dctermined with a relative accuracy of about 2 x 10-4. In

the 2p states, which are separated by about 1.5 keV due to the fine-structure
splitting, the finite size effect is about 3 orders of magnitude smaller than
in the 1s state and AE;§ is comparable to the experimental error. Therefore
the cxperimentally observed 2p-ls transitiuns contain only information about.
the finite size effect in the 1s state. To deduce the finite size effect
from the measured transition energies, theoretical corrections have to be in-
cluded. The quantum electrodynamical corrections AEQED (mainly vacuum polar-
ization and lamb-shift) of about 7 keV in the 1ls state of 40Ca are known with
an accuracy of about 20 eV [8]. Nuclear polarization corrections AEN » which
consider the polarizibility of the nucleus in the presence of the muon, are
known much less accuraiely. An uncertainty of 30% is commonly attributed to
these corrections, which results in an uncertainty of about 50 cV (see Table I).
The uncertainty of the derived nuclear charge distribution parameters is
thercfore mainly determined by the uncertainty of the theoretical corrections,
which is about S times larger than the experimental ervors in the case of the
lf7/2 shell nuclei. However in the differences of the nuclear charge distri-
bution paramecters for necighboring isotopes, these uncertuinties cancel to a
high degree.

First order perturbation theory can tell us what information we may
obtain from a muonic atom. In this context the finite size energy shift in

a muonic transition is given by:

AEl:Sf fp (r)[V:(r)—Vu (r)]4ﬂr2dr-Z[V: (0)-Vf(0)] ’ (1)
0

where Vi and V: are the potentials produced by the bound muon in the initial
and final states. As Barrctt [9] has shown, these differences in the poten-
tials can be approximated by an analytical expression of the form A + Brke'“r
In principal all 4 paramecters A, B, k and a depend on p(r), Z, n and 1. The

measured quantity in a muonic atom cxperimer: can thercfore be written as

<rke—ur> = %—f (r,re rzdr , (2)



the Barrett moment of the charge distribution.

In the actual analysis of the muonic data we adjust the parameters of

a Fermi charge distribution

pelr) = pp (1 + exp(r - ¢)/a)”! _ (3)

to the measured transition energies by solving the Direc equation including
all highcr order corrections. In the case of the lf7/2 shell nuclei only

the half density radius ¢ was adusted; the parameter a was fixed at 0.55 fm,
which correspcnds to a surface thi: .ness parameter t = 2.42 fm. From the muon
wave function, dctermined by solving the Direc equation, the potential pro-
duced by the bound muon V (r) can be deduced and the potent1a1 parameters

A, B, X and a can be adJusted to fit the difference V -Vf. For the 1f7/2
shell nuclei (20 < Z < 28) we obtain a range of values of 2.114 <« k <« 2.121
and 0.064fm™) < a < 0.074 fn ! for the 2p-1s transitions. With these values of

k and o, we can calculate the appropriate Barrett moments using cquation 2.

These Barrett moments deduced using Fermi charge distributions are model-
indcpendent (at least to the level of accuracy set by the experimental errors).
That is, a realistic charge distribution (for example, from electron scattering)
with the same Barrett moment <rke %T> as the adjusted Fermi charge distribu-
tion gives a transition energy equal to the observed transition energy with-
in the cxperimental error. From the Barrett moments one can obtain model-

independent equivalent radii Rk defined by:

k o

SR;S f rke_urrzdr = -;—T—T-/.pF(r)rke-urrzdr (4)

0 0

For the comparison of the results from muunic x-.ly'cxpcriments
with those of other experiments and with theory, it is very convenient to have
rms-radii <r2>1/2 instcad of equivalent radii Rk' From muonic data alone
rms-radii cannot be dctermined model-indcpendently, since the radial shape of

the charge distribution is not known. This fact can be easily showr by



changing the surface thickness paramcter of the Fermi charge distribution by
10% and rcadjusting the half decnsity radius to maintain the same transition
cnergy. The resulting Rk changes by only 0.1 x 10_3fm, whereas, the rms-radius

changes by 5 x lofsfm. This change is large compared with the experimental

error of 0.4 x 10 fm.

To obtain mode!-independent rms-radii we performed a combined analysis
of our muonic data and electron scattering data from Stanford [10] (Ca and Ti)
and Mainz [11] (Fe and Ni). The analysis used was based on the Fourier-Bessel
expansion [12] of the charge distribution. With the radial shape of the charge
distribution obtained from electron scattering, an-extrapolafion from the-
precise muonic Barrett moments to the rms-radii can be performed in this com-
bined analysis without substantial loss of accuracy. In the following, I

will present the results of such combined analyses.
11I. Experimental Arrangement and Mcasurements e

Bcfore I present the experimental resuits, let me briefly discuss the
cxperimental arrangement and the analysis of the measured spectra. At the
time of the lf7/2 shell experiment, LAMPF was running at a protgn bcam current
of 150uA; the muon rates used in our mcasurements were about 107 /sec. Fig. 4

shows our experimental target arrangement. The scintillators SI'SZ and S;

calibration

r-rays Fig. 4. Arrangement of
. S, sl scintillation counter tele-
T 1 | scope (S;), muon moderator
z -
T - (M), targets (T'), and Ge(Li)
3 |
T % M e — detector,
-/ 1
i
si’s) \

lyeth
Ge(Li)’H Polyethylene



in anti-coincidence to S: §ignal a stopped muon in one of the three simulta-
ncously mcasyred targets T'. An x-ray event in the Ge(L1) in coincidence
with Sl S2 S; §: is identified as a nmuonic *-ray. Simultaneously with the
x-rays, we measure y-rays from various calibration sources, using a beam gat-
ing technique to insure that the calibration spectra are stored at an average
rate which is proportional to the intensity of the muonic x-rays. A sophis-
ticated interface in connection with an on-line computer insures that the
different events are stored in their respective spectra, and that ambiguous
events are discarded. Eleven calibration lines, krown with an individual
accuracy of 5 eV, covered the cnergy region of interest (650-1600 ikeV) for ‘the
experiment. These lines provided both the energy calibration for the muonic

x-ray lines and spectral line shape paramet=rs used in the fitting of the
muonic lines.

Fig. 5 shows the muonic 2p-1s x-ray doublets for Ti and Cr isotopes.
)
The isotope shifts of the x-ray energies have opposite signs for "Ti-48Ti and

52 . . X
54Cr- Cr. The curves are '"best fits" to the measured spectra considering

the kncwn isotopic impurities,

Fig. 5.
Muonic x-ray
spectra for Ti

and Cr isotopes.
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Iv. Expcrimental Results and Interpretation
A. Discussion of the observed systematics

A graphical summary of our results for the lfj/znshell-nu:lei-is shown ..
in Fig. 6. The display shows rms-charge radii obtained from the combined
analysis of the muonic data [3,6,7]) and ‘ela:tiz electron -scattering data:
[1J,11], as a function of the ncutron and proton number respectively. The Ca
isotopes, which cover the whole lf7/2 neutron shell, show increasing radii in

the first half of the shell from 4oCa to 44Ca and decreasing radii in the

4 .
second half of the shell from 44Ca to 8Ca. The increase in the first half of

Fig. 6.
3.80} 3.80F ./ .
ey Rms-charge radii for
| —2+=20 .
——Ze22 the lf7/2 shell nuclei
370 224 from a combined anal-
= O~ ysis of the muonic
o 3 %
~ - data and (e,e) data.
o~ 3.60 S
~ S
3.50R ¢+
./ \.
1 . N f i J 1 N f 1 J
20 22 24 26 28 20 22 24 26 28
NEUTRONS PROTONS

the shell is totally compensated by the decrcase in the second half of the
shell resulting in a net rms-charge radius change of zero for 40Ca-48Ca

(within the cxperimental error of about 1 x 10'3fm). The Ti and Cr isotopes,
which are situated in the second half of the shell, show decreasing radii with
increasing ncutron number like the heavier Ca's. 1In the right part of Fig. 6
isotone shifts for the different isotone scquences involving the ncutron numbers
24 < N < 32 are displayed. Two features are apparent: 1. The curves for the
various isotones arc parallel. 2, A saturation effect exists; the magnitude
of the incrcase in the rms-radii becomes smaller with increasing proton

numuer,

To cmphasize the observed effects, Fig. 7 displays the changes in the
rms-radii between even neighboring isotones and isotopes. Both the isotone



and isotope c")<r2>]/2 shifts show an almost lincar decrecase in the radii
Both

differences with increasing proton and neutron number, respectively,
the isotone and isotope shifts

E o0 ! ' i ' ' v : ] :are independent .of .the neutron.
? & b ]

o : S :/A_ _or proton configuration of the
~ 80 | - ~ - :

%4, \?t.‘\ ' )/ ‘particular nuclei. That is,_
~ 601 =~ 1 ] the Z = 20 proton core of the
> ° TI—co RN / P

l‘: aol-| « cr—m S~ as/ 4 Ca isotopes shows the same
o o Fe—Cr -

i{‘ 2o- | & NI—Fe | polarizibility as the Z = 22
v A Zn—Nl and Z = 24 proton cores of the
o 2 | I | 1 1 1 L.

20 22 24 26 28 Ti and Cr isotopes. Similar
z results had been obtained
- 60 T T T | T T T T . .
E sa earlier from our studies of
~
‘o 9or o ,/ 1 nuclei in the Ni region [3].
S \ -
g&f 20f- ¢~ /A Thus, the Z = 28 proton core
(-}
f; o . /] of the Ni isotopes shows the
' SN ’ ey
~ ~ same polarizihiiity as the
o~ + 201 +. \\g/ -
2= ¢K ocCr Z = 26 and Z = 30 proton cores
N, _aol] @ Co & ra - .
v . Ti of the Fe and Zn isotopes.
- M | 1 1 1 1 2 1 3
60 —o 25 4 26 28 These experimental results
N suggest that the added neutrons

intecract with the whole proton

Fig. 7. 0AA=2 isotonic and isotopic rms-
core rather then with the

charge radii differences.
valence protons. The dashed
lines in the figures above
indicate that the slopes of the isotone and isotope shifts are almost the same.

Both scts of data show a strong shell structure effect when crossing the shell
closure at Z or N equal 28,
B. Intcrprctation and comparison with theory

In the following, I will try to compare the polarization of the charge
distribution due to the added pretons, which is reflected in the measured
isotone shifts, with the polarization of the charge distribution due to the
added ncutrons, which we obscrve in the mecasured isotope shifts directly.

The charge distribution densities of two nuclei that differ by two neutrons



(neglecting the ncutron form factor) are reclated by:

- core
Pne2 = PN * S0y 5)
Here épgore'describes the chaﬁge of pN die to the interaction with the 2 added
ncutrons. This change of pN.is directly measured as mean-square radius dif-
2_core

ference §<r > The charge distribution densities of two nuclei that

N
differ by two protons are related by:

core '
Pzeg =Pz * Pp * %P ’ (6)
where p_ is the spatial distribution of the added protons and 6p§°re describes

the polarization of the p, core due to the added protons. Including the
normalization we obtain the change of <r2>z that is caused by the interaction

with the two added valence protons:

6<r2>;°rc = _'Z%Z_ [<1‘2>Z+2 - <r2>z]+ —;- [<r2>z - <r2>p] . (7)
2 _core . . 2
é<r > can be deduced from the ecxperimentally determined values <r > 42 and
<r">, by muking a model assumption for <r?>_, the spatial distribution of the
two added valence protons. We determined <r2>p by a shell model calculation,
T I T I r I . using li-‘7/2 harmonic oscil-
i A‘ A |SOTONE SHIFTS 4  lator wave functions for
&E NN\ HARM. OSC. the two added valence pro-
E o6 _
- §s%§\ : tons. The lower shadowed b:nd
N \\
NA i N\\ -
\l/ \\\\\\\.\\
04 — \\\\\ —
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shows the core polarization due to the added protons 6<r2>;°re

The upper shadowed curve shows the result of the shell

calculated

with formula (7).

model calculation. The comparison of the shell model calculation and the
measured isotone shifts indicates the presence of polarization. _6<r2>;°re
is positive.in the first half of.the.shell and negative.in the second half.

of the shell, showing the same trend as the directly measured core polariza-

tion due to the added neutrons 6<r2>;°re It is

interesting to note that the core polarization due to the added protons,
obtained in this way, is about 50% smaller than the core polarization due to

» also displayed in Fig. 8.

added ncutrons.

Note that the isotone core polarization effect shows tne same featurec we
observed for isotopes in the Ca nuclei, namely increase of the rms-radii in
the first half of the shell and decrease of the rms-radii-in-the second half of
the shell.
shell. Quadrupole deformation parameters Bz deduced from measured B(E2)-
values [13], displayed in Fig. 9, show a systecmatic behavior that is remi-

Again increase and decrease cancel almost totally over the whole

niscent of that obscrved in the isotope shifts and in the core polarization
The deformation for both the isotopes and isotrnes
shell and decreases in the second

due to the protons.
incrcases in the first half of the 1f7/2

half of the lf”2 shell. The increase and decrease cancel almost totally
| L | =T . T N T T
ask - 120 Cs - os}- -==-N=24 _
---Zs22TI . --=-=N=26
-—=2 224 Cr ——N-28
o4 -
’\
w 03 DT N -
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Fig. 9. CQuadrupole deformation paramecters B, for the lf7/z shell

nuclei, deduced from mcasured B(E2)-values.



over the whole shell, The curves for the different eclements and isotones

are almost parallel. Qualitatively this is in agrcement vwith the observed
behavior of the rms-charge radii, suggesting that the observed increase in
the rms-radii in the first half of thé shell is due to an increase in deforma-
tion and the obseived decrease in the second half.of the shell is caused by,

a decrease in deformation. At the end of my talk I will come back to this,

investigating this point quantitatively.

Fig. 10 displays some of our rcsults for charge distribution differences
from our combined aralyses of the present muonic data and electron scattering
data from Stanford [10]. These figures illustrate the results for the changes
in the rms-charge radii differences. The charge distribution difference
44Ca - 4OCa shows fhat by adding the first four neutrons in the lf7,2 shell,
the Z=20 proton core is polarized in such a way that charge from the inner
part of the nuclcus is transferred to the outer part of the nucleus. The
opposite cffect is observed when the last four ncutirons are added into the

%, ., e, ?f7/2 orbital, as c:: be s::n
02 02 — in the cxamples of Ca - Ca
— ﬂ and °%r3 - “7i. The charge
i ? P distribution differcnce 48Ca -
0 1 '"ullg_ o 1 40
— ", " et I ﬂﬁh Ca illustrates that the
] [ ]
£ H"( "" observed ¢5<r2>l/z = £ is the
o -o02 A.J -0.2 result of a rather complicated
< polarization effect. By add-
- flf *°ca-%s ! Ori-*“n ing 8 ncutrons to 40ca to form
1} —1
o2 y o2 v 48Ca, charge {rom both the
17 4 l inner and the outer part of the
0 11 °L' ! Z = 20 proton core is trans-
" ' [ I' ' .-.ll.' ! ] 3
AN | 1 i ferred into the surface region
'ﬂ' | of ‘8ca.
-02!- — -02

Fig. 11 shows result of

[ T O T O O O Lt 1 3 111y
ot 4 ¢ o o & 4 & 3 density dependent Hartree-Fock
. " {im) (DDHF) calculations of Ncgele
Fig. 10. Charge distribution differences [14] for the 40Ca charge
from the combined snalyses of distribution and for the charge

the muonic data and (e,e) data.
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Fig. 11. Comparison of experiment ((e,e) + muonic atom) and theory.

. . . ‘e 48 10 . .
distribution differenca Ca - Ca. Also shown in Fig. 11 are the results
of “*2 combined analysis of the present muonic data and electron scattering

data. The calculations are in satisfactory agrecment with the experiment.

The rms-radii and their differences are also in good agrecment.

40 . e 2,1/2 : 2.1/2_
Ca P<r Ly 3.481 £ 0.0C5 fm T oy 3.502 fm
“®ca - %a: ser>M2 2 (072 0.9)x10% £ s<rBM2 a3 x 100 fm

The success of these calculations in the double closed shell nuclei
40Ca and 48Ca, however, does not necessarily imply that the other 1f7,2 shell
nuclei can be cqually well doscribed by DDHF. This is illustrated in Fig. 12,
where our AN=2 experimental isotope shifts for the Ca nuclel are comparcd with
spherical Hartrece-Fock calculations [15]. The calculation does not reproduce
the observed nlmost lincar decrcase in the shifts for the Ca nuclei. Even
Hartrec-Fock calculations including nuclear dcformation [15] are not in satis-

factory agrccement with experiment.



Reinhard and Drechsel [15] have shown recently that ground state cor-
relations, neglected in H. F. calculations, are important in isotope shifts.

In their calculations the bulk properties of nuclei, varying smoothly and
slowly with the nucleon

aol- + ! ' l N number A, are obtained
- from spherical Hartree-
A? - 7 Fock calculations. In
E; 20 - addition they consider not
gz )  Ne — —— - a only the influence of
< Am T 7 -?. static deformations but
\:v ° I also the contribution due
gi ~ o EXPERIMENT - to zero-point oscillations
E; ~20[- A HF (SK IID + _ of the nuclear excitation
* HFE+GS.C. modes. These contribu-
L n L . tions come mainly from the
20 22 24 26 28 isoscalar 2° giant res-
NEUTRCNS

onance, which varies slowly
with A, and from the low

Fig. 12. Experimental and calculated AN=2 lying collective 2* states,

isotope shifts for the Ca isotopes. which vary characteris-
tically over the 1f7/2
shell (see Fig. 9). Both the contribution of the zecro point oscillations

and the influence of the static deformation are related to experimental B(E2)-
values. Including the experimental B(E2)-values [13, see Fig. 9] in their
calcuiations, Reinhard and Drechsel calculated AN=2 isotope shifts for the Ca
isotopes which are in satisfactory agreement with experiment (see Fig., 12
(H.F+G.S8.C.)). This indicates that changes in deformation and zero-point
oscillations are important in the Ca isotope shifts. Calculations for other
lf7/2 shell nuclei have not yet been performed. From the systematics of *he
Bz quadrupole deformation parameters shown in Fig. 9, it secms very probable
that this kind of calculations, which were very successfull for the Fe, Ni

and Zn isotope shiftsalso, can give satisfactory agrecment with experiment

for the other lf7,2 shell nuclei.
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