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The simulta]]eous rcqui rcmcnts of power IXIl:lncc and pressure baluncc have been con-
Sidcrf:d. The treatment gcncml izcs the Pease-llraginskii pinch current limit by
including toroidal mngnctic field, anomalous rcsistivlty, nonradiative 10S.CS, mnd
time-dcpcndcnt fields. The rise of the temperature to a state of power balance
proves to he :lmennble to n very simple and unified description. Finally, the prac -
tic~l parmnctcr windows Impllcd by the joint nction of puwer balance and pressure
I,alancc arc displ:jyed.

ohmic hcuting, reversed-field pincj, power balance

1,N-rRnl)lJcr roN—.—

[ntcrtst in the stabili:cd ~-p]nch (toroiclal ~icld within the pinch, poloidal field
outsiJu the pinch) was originally motivnccd by its ldcnl MID stability properties
In a 5hurp Imundnry model , only the kink mode 1s susceptible to growth, provided
betu i~ less tlmn unity. It’ the cylindrical pinch is SUrTOlinLICd by :1 nc:lrhy con-
centric ronductin+ shell, then even the kink mudc ctin bc ~tnbili:ciJ. l

Bccausc of the usc of wall stahili:mtton of the kink mode as opposed to the q > 1
stabili :ut ion condition cmployd by tokam:lhs, the important potrnti:ll adv:mtugc rIF
the st:lhilizcd Z-pinch nppcars, nnmely, that It muy hc rcsi~tlvclY heated to igni-
tion, hy its own Internal curr,~nr:. mow eosil~, than toknmahs, which are thought to
require auxiliary hm-stin~:.

Diffuse []rofilc cunsidcrationr show tts:lt a monotone-dccrc;tstng pitch profile c:m
Supp?css current-clrivcn modes. l’hc nssncintcd mn~nctlc shcur nlso has a stabiliz-
ing effect on the prcs, surc-drl},cn mudcs (Suydam modes) . !Ioreovcr, this shear prob-
ably stubili:cs many micro instnbil itics that might utherwisc bc worrisome.

A rcvcrsn] in thu torold~ll Field pro fllc nc~r the eJsu of the pinch helps tn prc -
scrvc the monotone huh:lvlor of the pitch profile and the concomitant desirable
mn~!netic ‘jhunr; hcnct the nnm~, 17cvurscd-Firld Pinch, or Rl:l’, arose.

—. ——. - .— -
●lhrk pc.rformcd IIlldcr :IIIJ ~,I:lIjc(.s of the U.S. Ilep;lrtmdnt of Fncrgy,
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- arises in aq:afurnl way, porh~ps through resistive !IIHI inst~bil itics, or hy !UiD
t’J15::!:W:.-’ ‘

!n this paper. wc do not dwell on questions of !IIIIJ stability, or detnils of the
profiles. Instead, wc assumu that rcfisonable diffusa profiles of the stdsili:ed
Z-pinch type nre somchcw nhtnincd, and we then inquire into the resulting global
propurtics to hc oxpccted under the conditions of ohr~ic heating and power Lislancc.
A smnll amount of reversal in the toroiclal field is not expected to alter our gen-
eral conclusions, nor arc other dct~i!s such as :1 moderutcly hollow pressure pro-
file.

Only subignition conditions (’f S keV) nre considered here, so that alpha-particle
hmsting is largely i~norct.t. A 5ubiRnit ion st~te of potior balance must bo att~incd,
maintained, and finally augmented hy alphu-pnrticle hc:ltin)l, in a prngrcssion of
cxpcrimcnts leading to a reactor. Thus, the ?c!:ic. cment b:z ohmic henting of a
suhignltion state of power h:l lance in the RFP consticutcs ~n importarit r.lilcstonc
whose pro]jertics need to bc displuyed and understood, Thz.t is the motivfltion of
this pnpcr.

Provinus work on prw r bvlw)ce in pure :-pinches has hecn referenced in a Z-pinch
‘?

paper ~y J. Shvarcr.’ llgtcnsi~ns to the RFI’ conf.gurztion were made by Butt and
Pcllsc, und hy Robinson.

I“his cnrlicr work USUJ1l. Y inv(jlvcd cx:lctly st~’i.!~-st~tc assumptions (vnnishing
azimuth~l cluctric field, uniform axi:ll electric field) as WOI1 as the assljmption
thfit the rcsistivitifis are :Iassicai. In the ;lrcs,:n! puncr, these restrictions
arC liftLd. It is importunt to do so not only hccuuse un~mnlous resist lvitics may
trisu in the pinch, duc to miuroturhulrncc, but :I~so becwsc the desird toroidul
field rcvcrs~l cannot bc m:lint~inctl in :1 cylindrically s)-nvnctric chic stc:dy stista

In Jddition, the tcmpcracurc rise to the st:ltu of gloh:]l power billancc is oxamincd,
and th~, practic~l p:lrtamc, tcr windows allowed by tk. c fin,ll sub ignition state ,arc. dis -
pla::wl,

.s si:nplifying dssurnptiun thot nllows tllc gloh:ll results to be wtsily ohttiind is

thdt thu tempcrnturu profile is uniform. Iic shall discuss this in more detail
later.

,Inothcr asslml)tion CKIdC here is that the RFP pinch IS llcatcd up dt conqtiint r,ncl ius,
which 1S rnnintaincd hy minor ncljustmcnt of the toroitl:ll current. In justificistion,
the pinch must be “Fnt” (near to the wall) to maintain n scmhlancc of stability to
global ld~ill anJ resistive modes, so it probubly won it have much roum to t.xpnnd,

Till! Wl!ll FOR A “LfJli-Hl;T.\” RI:P—.—

The idc:!l Mllll st:lhility ]f diffuse Iincar pinches has hucn considered by D. C.
Robir15011,6 WIIO rounJ th;l,( I(I:P prolTilcs can hc Sta!)lc tO l)~t:l VJIUIJ!i Up tO 0.5.

The idcnl !IIID s$ability uf alit” Fllsu toroidul RIP collfigur:ltiuns h:ls been studiwl by
ihkcr ilnd !kmn,’ with ~hollt thu silmc upl~cr Iimil on hctil,

Since hetn is proportional to tcmljeraturc (nL fixed ratliuq), wc conclude tlut
a a 1).5 at :1 rmctor tcmpcrdturc of ;S kcV, .+iIy, corrcsponJs to s = 0. {)1 at n
post fcrnutlon tcmpcr~turL* of “J I(N) cV. “rhus, for idc:ii WliI st:lhlllty rcasnns, wc
need to Iuurn how to form very luw-l)ctn RFP con~lgurution:;, In order that they bc
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heatnblc. (Noreovcr, impurities should not be relied upon to achievothu low-beta).

Another reason to form low-betti confi~uratiuns comes from a comp~riso:, of time
scales for ohmic heating, and resistive evolution :Jncl diffusion of the profiles.
The former is r~u%hly ‘oct~ times ch? latter, so th~lc if 6 “. 1, the profiles will
change drastically (and the plilsm will diffuse nw’ay across tho fields) during the
tine required to heat the plasma. Conversely, if B ~<1, the plasma can be heated
by a large factor hlth ,carcely 311Y change in the field or pressure pr files. The
Iattcr possibility hns indeed been vcrifiud by a large transpurt code. i Thus, 10w-

beta allows the plasma to be heated without resistive loss of profiles.

Final I}’, r~sistit’c )o{[~ Stability Cons]dcrutions may restrict the maximum heta-
values even more than is mentionwl. [n the following, we assllme that the low-btica
configuration has been formed, dnd inquire into its ohmic hcatii]~ properties.

.

(1)

where “a” is the pinch rdius, and D,, : [cL/47)n
II .

In ihc folluwing we suppose

thlt g is so sm:lll th~t 3 nL/rll+~ 1. (This dors not require n~ to be classical,)

Iltrc the s>ahols 1 and II :Irc with rcfercncc to the Iocnl magnetic field direction.

Under these conditions, the ohmi( hcatinu will be duc primrily to n J, 2,
II II

and we

‘0.11, %6 “ml . (2)

‘1’hc U.;C ot’ rlhrn’~ I,nw and pressure h:ll:ln,:r ;. iulds a ch:lractcristic timv for plasma
to diif~su ucro~s the m:lgn,,tic ricld. This 1s

‘1) “ s-1 AI)L

IJthvr times of int L,rcst :Iru rhv ul(wtrm7- 11~11C(lllii!:lrt it ion Llmu, tell,, :Ind the
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- classical cross-field ion thcrm;ll conducrlon time, tLi. A simple estiaarc pro-
vides

k%~a -1 c’
‘0.11.

‘ ~~

‘pi

()

where w :.s
pl

that t <<
Cq .

temperatures

the ion plasma frequency. For most conditions of interest, we find

‘0.11,
even for very low beta. Thus, it is appropriate to take equal

during the heuting phase, Te * T..
1

Another simplo estimate provldcs

‘1 i

4

Y
x

%— e

‘0.1[. B* F“i
(5)

For 9<. (mr/mi) ’/4, the temperature dots not remain uniform during the heating,

nrwl the uniform T of our model must he regarded as some average value over the pro-
file. (lVe assume thut the plasma does not contact the wall. ) This situot ion can
bc mitigated if the postfnrmntion tcmpcratllrc profile is uniform, .AIso, for
B ?, 20%, the ratio Fq. (5) bccomcs n value th~t favors unlf~rmity.

Kc conclude thnt the low-hcta pinch retains its postfnrmatiun profiles durinh ti:c
heating phasu. The stcwly stfltc profllcs used in c~rlicr work we believe to be
lrrelcvimt,

SIMPI,E S(:,\LISG I{MIJLTS..— ---

~
n2 T

1/2
’11 ’11 = ‘r

+ .3 nT/t[ ,

at some rcprcscnt;ltl.,, c point in the pro filu,
Clddc all nunr:ldiotivu losses, iwd b

‘n “’ic” ‘“c ‘1!
is the l]rrmsstr:lh lung (:on.+cdnt ~,ith T in ergs

r

“ define a char:lctcristic time for energy 10SS LIULItn
lfwcsct 71-’ ‘?1 T3°

brcmsstrahlun}: by tb : (3 T 1’2)/1) n), and usc Ampere’s low in the crude form
r

41 “’
(C/~fl) (B/ti)s I;q. (.6) U:ln Ua6ilY bC rL)l!u~l’d to

J-:1 n T

d

‘h—.——

+

D
l+..–,

II r
‘E

(-l
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and bring in the RFP field profiles with chc observation that B, the field mzgni -
tudc, is not very nonuniform, so thoc Jnall N 4~1/c, with I being the total current,
then Eq. (7) call immediately be written as

‘:=+

(8)

where A is a univcrsul constant given by C/%J~. (We are in e.g. s. units and c

is the speed of light.)

Except for a numerical factor, Eq. (S) is the Pcose-current result generalized to
include axizl magnetic fields and nonradiacive losses. ,Notc that the perpendicular
rosistivity dots not enter the picture for 5 <~ 1, and it may therefore be anoma-

lous without consequence.

The importance of Eq, (S) is th,lc ic determines the ch~racter OF the RFIJ device,

namely, that it probably needs to bc a high-current machine.

It is possible to write t!q. [7) or IZq. [8) in several other useful ways. If we
squ~rc Eq. (7) and define the line density N ‘. m.ti~ n ( to within numerical
factor), then we itmnediritely find

EST = f\2/[1 + tb/tE). (9)

Moruover, we c~n solve for S and :;ritc, to within a numerical factor,

( ‘hBl+—
%

c’ 1—.— .
r S,l I-Jr ~a2nT

c’ )( )~T1/2 ,
—.

- ‘rn 2;?a

.
c-

‘:1 Cb ‘U.— . a-t
37! ‘ ‘b’or

a“ a-

‘1)/:7g . ,.——~+ tb/tF ‘

:.. . ;.,,,:~ Mal,, ,:(..,,. .. ,

I-=;+;’c
(111

spcc i fiud.

rc:ltmmt , in which.



- for exemple, for example, tb is

We qhall later nrcscnt nlots of

RICIIARD A. GERWIN

a well-defined profile. indcpcndcnt constant.

the rcuuired features of a Dower-balunced RFP con-
figuration for & vaiuos of !beta and temperature, becaus; these are the quan-
tities of primary interest from tho standpoints of stabiiity, reactor economics,
and approach to ignition.

To see how the magnetic field scrcngth behuves under such conditions, we use Eqs.
(8) and (9) to write

b++.
nl/? #~

‘w+=”’~’r’
which also follms tlircctly f:r,n the definition of 3. These de?cndcnccs arc all
verified by the numerical results.

More interesting is the scaling of thu characteristic ohmic IIeating time. As dis-
cussed later, thi~ time 1s found to be given hv 9 a2/D ,, ( to ~itllin u fixed numeri-
cal factor), practlcully re~ardlcss of the ratio t#t~, -Id in accordance with the
simple discussion in the TIM SC.\LW section. TIJ see how it scales, we use Eq. (9)
and write

2
% 6;% B az T5/2 #/2 ~ , T1/:

‘0.}1. k [flNT] ;
II

n(l + tb/tE) “

These dependenccs arc also all vcrlfiecl with the morr :csrcful theory. We note thaL
perh:qxi contrary to of f-hana intuition, the highur densities imply shorter he:lting
times to reach a gimll power balance tempernturc. Still more sur]]rising, the
shorttr the t .-loss time is

L
, the $hortcr the ohmic hci.ting time to rc.lc}, a given

tmnpernturc. These results tire all verified 5}’ the mr,rc rignrous theory, and con
bc made polatahlc with thvhclpof Eq. (11).

Olnl.[:;E OF MORE RI CKH{O)JSDER[l’,\TION

Wc start with “rensonablc” post formation pro filus, n:lmcly par:lbulic density,

n=no(l- r2/~12), And parabolic axi:ll field, Bz=Bo (l- r2/:12J, with vacuum for

r>a, Then d~(r] can be computed from pressure balance. WC emph:lsi=c that thusc
st~hili:cd Z-pinch prnfilcs :irc not steady-state prrsfilcs since LIZ has a rcv.~rs~l
atr=a. From tk.u flclds, tht current Jcnsitics ~rc nhtislncd. Tlmn the ohmic
hc:lting can be cnlculatccl, and used in the power h~l;lnce rcl:lt ion.

Pressure balance nt r = a proves

If onc defines t6c pololdn] butu
uxtcrnal polo idal field pressure
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then

Thus

F6 = 8moT/B~ (a) = 4.W/(1/cj2 ,

Eq. (12) provides a relation to the local beta on

1/~e = 1 + 2/(3Bo).

Fe = 1 for a pure :-pinch.

Another useful form of Eq. (12) is

‘m= ‘“a) ‘@:’”)
whercQz is the turoidul flux trapped within the pinch

Thus us ~. incrpss.cs durin!: th,e heating, the taroid:ll

so th~t the pinch radius, a, stays fixed.

Finally, Eq. (12) can also be written as

(1:)

axis, s = 16nnoT/B~, namely
o

(14)

which is USCI.I l:ltcr on. The ohzic heating rate pcr unit

gratin~ ?1 “1
L over t!~v profile. It is found to ijc

~

““” = g ~so’ “il ‘o ‘

[15)

during the heating phase.

current should be increased

(16)

ength is found from inte -

(1:)

where g (io~ is I very compl icatud function of s which is, however, very C1OSC to
o .

unity for 30 % 3UZ. Fur compnriwn, the pure ~-pinch result is(0.11.1:=OL9J [:,).

In :q. [IT), wc h:lvu used some zvcr~gc or bulk ~,:lluc of ,]l,.

with J slmplc nunrmli~tivc cncrqy loss term, with T

-1 =2s ~T 5/2
71

, :mi m:ihc use ot’ ,Mperc’s :Jw, ELI.

hith

th : (9/2) T1’:/br no , [:01
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The function g(C)/(1 + 1.S g) is very close to 1 for 5 ~ 3n%. I!erc, we also used
I ilmns -101

Cgsic”
The factor in bracrs is ahuut 2 x 106 amps. If chc average

pnrallei resistivity is anomalous, - 1/2say 0,, one has to rcplacc SL by n.
~/~ ~3/4

Equation (19] is the Pease current result we seek.

Ccsmhining Eqs. (13) and (19), one Finds

F9 Y (clll-l) T (kcVJ = 6.3 X 1018/(1 + tb/tE). (21)

Combining Eqs. (19) imd (21) yiuids

= N (CM-l) T (keV)
r

-13
l*t/tE (3.1X1O ).

1 (amps) (22j

As Iiq. (19) determines, in large part, the character of the machine, it is impr]r.
tnnt to underst~nd the foundations upon lwhich it rests. Ilcre, ‘..e did not ~sslrm
stcndy state conditions, includm! nonradiative energy lCSSCS) and nuLec! tl;~t an

large value of perpendicular resistivity need not affect tne results
~%~;~s~$ ni c. ~1 and B nl << ~,.

NIJMERIC.\L RESULTS AT POWER B,IL,I?:CE COYDITIOYS

Given \’alues ci beta and temperature, and tb/t E, Eq. (14) dcte~lnes pol Oidul bc:a,

and Lq. (21) tictcrmincs the line density :;. Then the rodius. U, is Jetermi,lcd Is
a function of peak densitY no. From the radius, and the curr~nt as fixed by
Eq. (19J, nnc finds Be(a). Then 9 , the pcnk axinl m~gnetic ficltl is JC:cr.

mined by i7q. (16). AS wc shall LI1?CUSS l~tcr, the ohmic Ilcating time, to.H , is

given co good approxim:lt ion hy (3/52)S a-/Dl , which is now completely deter.nincd.
Thus all globul quantities of intcrest(’arc nk;f known and can hc graph ic~liy d:s -
playclt.

At this point, two remarks mrc needed about the ohmic heating. First!y, a stntc
of power balance really 1s Jsymproric. The t given here is the tine required
to reach 95% of the final tcmpcraturc. Secon91~~l 2 careful examination of
Poynting’s theorem shows th:lt the ohmic heating is taking place, in a lo~-bctx
RFP pinch, by depletion of the ma.gnctic uncr:y in and oround the pinch, This
would occur even ir tllc surrounding disch:lr~.~ tuhc were fully crowharrcd, The
po!nt is that tile instantaneous power input from the circuit will generally bc
much lCSS than the ohmic heatil~g power. The point 1s that wc IJO not hare n true
stculy state with 7x~ ❑ O. The pinch is slowly resistively cvol~’ing during its
heating phase.

We now display the power-b:]lnnuc relations betxccn density, radius, and field
strength, with given hcta ~nd tcmpcruturc, and ohnlc hunting rime listed olonq the
curves. The figures arc self-cxplanutory. The following q:l:llitativc points are
crnphusized here,

Firstly, with no 10sSCS, tF = -, it is difficult to envisfi~c ~n cxperi;; cntal LJc-
14 -5

vice with densities Icss th:ln 10 cm hcc~use the rcquirccl minor Jinmctcr:: hcvo:r
impructlcally large (scvcrul mctcrs)m This difficulty is UX:lCerh:lt Cd by :llph:l-
particlc energy deposition, see Fig. 6 for tF ncgotlvc. On the other hdnJ, it is

difficult to envisage running thu deviuc with n - 1,) ’(’ cm-3 bcc:ulsu the rcquird
o
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,

.Fi.q. 1. I_lensi:y vs railius and ficl.!
with tsutis as the purunctcr
and no nunradiatire losses.

1

I

1

,

Fig. 2. CJensity vs radius and field-.
with beta as the pnrmetcr
and nonradiative losses.

Fig. .I.
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Fig. 5. Llunsity vs. radius md fiel~
with ncn. radiative loss as
the pnramctcr.

Fig. 6. Density vs. radius and fielc!
with nonracliative loss as
tht mr:mctm. ~Otl: the

maqnetic Field strengths f~ta fixed rc:l.;on~ll~l,. hctn) become impractically largu
[5(1 to lUIJ K).

TIIL NISE OF “VM’EILIM?~ TO POM:ll B,\L’’Xl:
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(24)

which is equivalent to Eqs. (19] and [?1), arrt.is 3 more p..ccise reprcsentar ion of
Eq. (10).

dT T1/2
~-3/z ‘b’tE ~

K’
. —. - —_

I + [b/tE
1 + ‘b’tE

ccl:;l:l.lis I!)’l—-—

,. ,,.. . . .-
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Moreovcr, nonrtidiativc cnerp

to h wcurate t[, within “.20.
the net power flow is sill a

RIULUU) A, GER::I:I

losses have been incluclcd. Eq. (1’3) hns bcfin found
in comparison to a large transpo-t code, ti~un though
significant fr~ct inn of thu he:tcing poker.

Finally wc showed that the tcmpcraturc rise duc to ohmic huating, properly ncrnnl -
i:cd constitutes nn almost unlv(cr sol cllrvc prxt. ical l;/ independent of loss rates
anti inltlul conuitlons, The final temperature is ootaincd (i. e., 95!; j in J char-
acteristic time that is (3/32) 2of t and is inscnsltivc to the parnn,etcrs
charactcrizin~ nonradi:itivc losses o ~F~nitiaI crmdi.tions, thus varif::ing the
scaling given hy ELI. (2).
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