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_ GLOBAL PROPERTIES OF OIMICALLY HEATED REVERSED-FILLD PINCIHES®
Richard A. Gerwin

Los Alamos Scientific Lnborntory-
Los Alamos, New Mexico 87544 USA

ABSTRACT

The simultaneous reguirements of power balince and pressure balance have been con-
sidered. The treatment gencralizes the Pease-Braginskil pinch current limit by
including toroidal magnetic field, anomalous resistivity, nonradiative los.es, and
time-dependent fields. The rise of the temperature to a state of power balance
proves to he amenable to a very simple and unified description. Finally, the prac-
tical parameter windows impIled by the joint action of power balance and pressure
Lalance arc displayed.

ohmic heating, reversed-ficld pinch, power balance
INTRODUCT ION

Interest in the stakilized Z-pinch (toroidal field within the pinch, poloidal field
outside the pinch) was origlnally motivated by its ldeal MHD stability properties
In a sharp boundary model, only tha kink mode {s susceptible to growth, provided
beta is less than unity. If the cvlindrical pinch is surrounded by a nearby con-
centric ronducting shell, then even the kink mode cuan be stabilized.l

Because of the use of wall stabilization of the kink mode as opposed to the q > |
stabilization condition cmployed by tokamaks, the important potential advantage of
the stahilized Z-«pinch appears, namely, that it may he resistively heated to igni-
tion, hy its own internal curronts. moce euasily than tokamaks, which are thought to
require auxiliary heating.

Diffuse profile considerations show that a monotone-decreasing pitch profile can
suppress current-driven modes. The associated magnetic shear also has a stabiliz-
ing cffect on the pressure-driven modes (Suydam modes). Moreover, this shear prob-
ably stabilizes many microinstabilities that might vtherwise be worrisome.

A reversal in the toroldal field proflle near the edge of the pinch helps to pre-
serve the monotone hehavler of the pitch profile and the concomitant desirable
magnetic shear; hence the name, Reversed-Field Pinch, or RFP, arose.

More recently, there has been speculation  tnat this reversed fleld config ration

*Work performed under the accpices of the U.S. Depiartment of Fnergy.
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~ arises in ﬂjnn;urﬂl way, perhaps through resistive MID instabilities, or by !HD
a,u

turhulane .=

Tn this paper, we do not dwell on questions of Ml stability, or detajls of the
profiles. Instead, we assume that reasonable diffuse profiles of the stuabilized
Z-pinch type are somchew ohtained, and we then lnquire into the resulting global
properties to he oxpected under the conditions of ohmic heating and power Lalance.
A small amount of reversal in the toroidal field is not expected to alter our gen-
eral conclusions, nor are other details such as a moderately hollow pressure pro-
file.

Only subignition conditions (¥ 5 keV) are considered here, so that alpha-particle
heating is largely ignored. A subignition state of power halance must be attained,
maintained, and finally augmented by alphu-particle heating, in a progression of
experiments leading to a reactor. Thus, the ichicvaenent by ohmic heatinz of a
subignlition state of power balance in the RFP constitutes an important njlestone
whosc properties need to be displaysd and understood, That is the motivation of
this paper.

Previous work on pnw%r balance in pure Z-pinches has been refercnced in a Z-pinch
paper by J. Shearer.” Extens:ons to the RFP conf.guration were made by Butt and
Pcase,” and by Robinson.*

This earlicer work usually involved exactly steily-state assumptions (vanishing
azimuthal electric field, uniform axial electric field) as well as the assumption
that the resistivities are classicail. In the present paper, these restrictions
arc lifted. It is important to do so not only hecause anomalous resistivities may
arise in the pinch, duc to microturhulence, but also beciuse the desired toroidal
ficeld reversal cammot be maintained in a cylindrically symmetric ohmic steady state

In addition, the temperature tise to the state of global power balance i3 oxamined,
and the practical parameter windows allowed by the final subignition state are dis-
played,

o simplifying assumptioun that allows tae glohial results to be casily obtained is
that the remperature profile Ls uniform. We shall discuss this in more detail
later.

Another assumption made here is that the RFP pinch 's heated up at constant radius,
which is maintained by minor adjustment of the toroidal current. In justification,
the pinch must be "fat'" (necar to the wall) to maintain a semblance of stabillity to
global fdeal and resistive modes, so It probably won't have much roum to expand.

Th:_NEED FOR_A "LOW-BETA' REP

The ideal MUD stability >f diffuse llnear pinches has been considered by D. C.
Robinson,® who found thaiv REP profiles can be stable to beta values up to 0.5.

The ideal MUD sgability of diffuse toroidul RFP c¢onfigurations has been studied Ly
Baker und Mann,’ with about the same upper limit on beta.

Since beta s proportional to temperaturc (at fixed radius), we conclude that

B % 1.5 at a4 reactor temperature of S keV, say, corresponds to 3 ® 0.0 at a
postformation temperature of = 100 eV. Thus, for ldeal MHD stabillty reasons, we
need to learn how to form very low-beta RFP configurations, In order that they be
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-heatable. (Moreover, impurities should not be relicd upon to achieve the low-beta).

Another reason to form low-bets configurations comes from a compariso:, of time
scales for ohmic heating, and resistive evolution and diffusion of the profiles.
The former is roughly beta times the latter, so that if B ~ 1, the profiles will
change drastically (and the plasna will diffuse away across the fields) during the
tine required to heat the plasma. Conversely, if B << 1, the plasma can be heated
by a large factor wlth scarcely any change in the ficld or pressure prgfiles. The
latter possibility has indeed he2nr verificd by a large transourt code. Thus, low
beta allows the plasma to be heated without resistive loss of profiles.

Finally, resistive MHD stability considerations may restrict the maximum heta-
values cven more than is mentioned. In the foliowing, we assume that the low-beta
configuration has been formed, and inquire Into its chmic heating properties.

TIME SCALES

If we cumbine Okm's law (in the movina frame) in the form

B'oan S e 3

it 1

with Ampere's law and Faraday's law, and note that J ~ £ .J,, then simple arguments
can he used to obtain a time for resistive evolution of the perofiles. The result
is, for cach field component, B_ and Be,

z

t, n3/~:n" (L 0ezn/nslt 1)

where "a” is the pinch radius, and ql 3 (cz/4n)n". In ihe folluwing we suppose

that 2 is so small that 3 nl/r“'< I. (This does not reyuire n to be c¢lassical.)

liere the symbols L and | are with reference to the local nagnetic field direction.
k]

Under these conditions, the ohmic heating will be due primarily to n"JH', and we

shall suppose that n,is classical. Then, simple arguments based on the energy

equation and Ampere's law yield the characteristic ohmic heating time as

toa, v B ATy (2)

The use of Ohm's law and pressure balanse s ields a characteristic time for plasma
to dit'fuse across the magnetic field. This Ls

-1 2 -
t, £ " a /DL (3

where Iy : (czll'llu.

Thus, if 2~ 1, all three times are comparable (even if o is classicall, so that
ohaic heating is tapossible without loss of the proriles amd ot the plassa. Con-
verszely, if » << ], ohmic heatin: becomes possible even with maderately anomalous
values of perpendicular reslhstivity.

Other times of interest are the electron-ton equipartition time, teg., and the
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- ¢lassical cross-ficld ion thermal conductlion time, Y A simple estimate pro-

vides t
t, 2 -1 cZ
—J—' AN =3 -3 5 ()
Yoa. 7 w2’
pi
where upi :s the ion plasma frequency. For most conditions of interest, we find
that teq <<ty even for very low bheta. Thus, it is appropriate to take equal

temperatures during the heating phasc, Te - Ti'

Another simple estimatc provides

t . e fm_
tl1 "'iz m_e ' (5)
0.11. B i

1/4

For 8 << (mc/mi) , the temperature doecs not remain uniform during the heating,

and the uniform T of our model must be regarded as some average value over the pro-
file. (We assume that the plasma does not contact the wall.) This situation can
be mitigated if the postformation temperature profile is uniform. Also, for

B8 & 20%, the ratio Eyq. (5) becomes a value that favors unifarmity.

We conclude that the low-beta pinch retains its postformation profiles during the
heating phaso. The steady state profiles used in earlier work we beliceve to be
Irrelevant.

SIMPLE SCALING RESULTS

’
Relations that dsScrlbe a state of power balance may be obtained for the RFP ia u
very simple way except for numerical factors, Consider local pover balarce (not
used in our Final treatment) in the form where ohmic heating is balunced by brems-
striahlung and other losses,

J 2 h 2 172 .
oy = b T + 3 nT/tE . (6)

at some representatlve peint in the profile, in which the t,, term is meant to in-
clude all nonradiative losses, and br is the bremsstrahlung conscant with T in cres

- 9
If we sct L l z %l Ts/"' dcfine a characteristic time for cnergy loss due to

,
bremsstrahlung by e, z (3 TI/')

J

/br n), and use Ampere's law in the crude form

™ {(¢/47) (B/a), Eq. (6) can casily be reduced to

If we ignore the distinction between local beti, 2 = 1o 7 n T/B™ and poloidal beta,
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- and bring in the RFP field profiles with the observation that B, the field magni-
tude, is not very nonuniform, 30 that 2naB ~ 4zI/c, with I being the total current,
then Eq. (7) can immediately be written as

3 % - 2A (8)
‘ll + tb/tE
where A is a universal constant given by C/"SH .. (We are in c.g.s. units and ¢

is the speed of light.) r

Except for a numerical factor, FEq. (8) is the Pease-current result generalized to
include axial magnetic fields and nonradiacive losses. Note that the permendicular
resistivity does not enter the picture for 3 << l, and it may therefore be anoma-
lous without consecquence.

The importcnce of Eq. (8) is that it determines the character of the RFP device,
namely, that it probably needs to be a high-current machine,

It is possible to write Eq. (7) or Eq. (8) in sevegnl other useful ways. If we
square Eq. (7) and define the linc density N~ ma- n ( to within . numerical
factor), then we immediately find

ENT = AZ/(l + tb/tE). (9)

Morcover, we cian solve for 2 and write, to within a numerical factor,

”
ef1+ ih . 2 1 . 2 STI/' 1
3 370 3
tc SH br ma~nT S" Ta/‘ brn 3ra”
cTn t D
b [}
= ™ 2 ==-—J-tb » or
a a
| A
o b/mn )
S iv e (10)

up to a numerical factur. Thus, the power-balance 3-value is directly related to
the ratios of the various fundiamental time-scales.

Finally, {f we multiply the numerator and denominator of the right side of Eq. (7
by 2=a, and usc Ampere's law and N = n-a-, then we find for the total axlal current

Lo et nulane s,
. t
Lo o b
CT R 1\ HC 6 (11

up to a numerical factor. llere, unlike Fg. (8), the 3 is not specified.

All of thesc relations have been veritied by a more rigorous treatment, in which,
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~ Tor example, for example, T, is a well-defined profile-independent constant.

SOME CONSEQUENCES

We shall later present plots of the required features of a power-balunced RFP con-
figuration for given valuos of beta and temperaturc, because thesc are the quan-
tities of primary interest from the standpoints of stability, reactor economics,
and approach to ignition.

To see how the magnetic field strcngth behaves under such conditions, we use Egs.
(8) and (9) to write

aB _ gl 1 _nl/? g1/l
a Ba ga ,——l - tb/tE Bl/z »

which also follaows directly £roa the definition of 2. These depuendences are all
verified by the numerical results.

More interesting is the scaling of the characteristic ohmic heating time. As dis-
cussed later, this time is found to be given by 38 a2/D. (to within a fixed numeri-
cal factor), practically regzardless of the ratio tp/tg, wad in accordance with the
simple discussion in the TIME SCALES section. To see how it scales, we use Eq. (Y)
and write

2 3/2 1/2 Tl/:

”

to_H"\'BST'\‘Ba"T G

bk

These dependences are also all verified with the more -arcful theory. We notce that,
perhaps coatrary to off-hand intuition, the higher densities imply shorter heatinyg
times to reach a gisen power balance temperature. Still more surprising, the
shorter the t;.-loss time is, the shorter the ohmic heoting time to reach a given
temperaturc. These results are all verified by the more rigorous theory, and can
be made palatahle with the help of Eq. (l11).

OUTLINE OF MORE RIGOROUS DERIVATION

We start wlth "reasonable™ postformation profiles, namely parabolic density,
n=n, a - r'/uz), and parabolic axial field, Bl = B0 (1 - r:/n:), with vacuum for

r > a. Then 8,(r) can be computed from pressure balance. We emphasize that these
stabilized Z-pinch profiles are not steady-state profiles since By has a reversal
at r a a. From the flclds, the current densities are obtalned. Then the ohmic
heating can he calculated, and used in the power halance relation.

Pressure balance nt r = a proves uscful. It can be written as

-

Bg- (a) = BnnoT + By /3 . (12}

If one defines the pololdal beta to be the average plasma pressure divided by the
external poloidal field pressure
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8, = annor/sg (a) = ANT/(1/¢)2 . (13

then Eq. (12) provides a relation to the local beta on axls, So = 16nn°T/B§, namely

18, = 1+ 2/(38). (14)
Thus E} = 1 for a pure I-pinch.

Another useful form of Eq. (12) is

1,51 - Ee = (c//3) ®@,/7a) (13)

where ¢, is the toroidal flux trapped within the pinch during the heating phase.
Thus us E; inereases during the heating, the toroidal current should be increased

so that. the pinch radius, a, stays fixed.

Finally, Eq. (12) can also be written as

B,/8, (a) = \l-’- 3.3/80 ' (16}

which is used later on. The ohmic heating rate per unit length is found from inte-
grating ) J“‘ over the profile. It is found to Le
1 M

. 2 -
0. =g (&) n“ B, o (v

where g (301 is a very complicated function of 30 which is, however, very close to
unity for 30 %t 50%. For compariscn, the pure Z-pinch result is (0.H.Y_ = 0L Q: {ad.

In Zq. (17), we have used some average or bulk value of y -
Now we assume flobal power balance,

a
gy B2 =h T1/2 J- n? 2-rdr + T/t (s
o

with a simple nonradiative cnergy loss term, with T everywhere in ergs, write

nﬁl a2 Sl TJ/', and make use of Ampere's iaw, [y. (14), and Lg. (lo), to obtain
. 1/2
l_"- I . [ __uh()) 1 60 o 1 _ (1
o Tamps I+ 1.5 8 3 q o 7 )
° NI U SN ey
with

tb T (9/2) Tl/"/br L (201
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The function g(R)/(l ¢+ 1.5 8) is very close to 1 for 3 < 30%. Here, we also used
Ions = 10 Icgs/c. The factor in braces is about 2 x 10% amps. If the average

amn
parailei resistivity is anomalous, say n,, 9ne has to replace Sl'l/2 by n,l/2 T3/4

Eqyuation (19) is the Peasc current result we seek.
Combining Eqs. (13) and (19), one finds

By N (en ™) T (keV) = 6.3 x 1080701 ¢ /). (1

Combining Eqs. (19) and (21) yicids

-1 ! -13 o
I(Bmps) =N (em ") T (keV) 41 s tp/tp (3.1 x 107°7°). 2

As rq. (19) determines, in large part, the character of the machine, it is impor-
tant to understand the foundations upon which it rests. Here, '.¢ did not assume
stendy state conditions, included nonradiative energy losses, and noted thuat an
anomulouslg large value of perpendicular resistivity need not affect tne results
provided 2¢ n << ™ and g n) <=« my -

NUMERTCAL RESULTS AT POWER BALANCE COMDITIONS

Given values ct beta and tempecrature, and tb/tu, Eq. (14) determines poloidal beza,

and Eq. (21) determines the linc densicy N. Then the radius. a, is deteramined as
a function of peak density ng. From the radius, and the current as fixed by
Ey. (19), one finds B (a). Then B8 _, the peak axial magnetic ficld is deter-
mined by Fy. (16). As we shall discuss later, the ohmic heating time, tO .
given vo good approximation by (3/32)2 a”/D,, which is now vompletely deternined.
Thus all glebal quantities of interestarc now known and can be yraphically d:s-
played.

is

At this noint, two remarks are needed about the ohmic heating. Firstly, a state
of power balance recally ls asymproric. The t T given here is the time required
to reach 95% of the final temperature. SeconBly: a careful examination of
Poynting's theorcem shows thiat the ohmic heating is taking place, in a low-beta
RFP pinch, by depletion of the magnetic cener:y in and around the pinch. This
would occur even il the surrounding dischargs tube were fully crowbarred. The
point is that the instantaneous power input from the circuit will generally be
much less than the ohmic heating power. The point is that we do not have a truc
steady state with 7xE = 0. The pinch is slowly resistively evolving during its
heating phose.

We now display the power-balunce relations between density, radius, and field
strength, with given beta and temperature, and ohmic heating rtime listed along the
curves. The figures are self-explanatory. The following quilitative points are
emphasized here.

Firstly, with no losses, tF =@, it Is difficult to envisage an experimental de-

vice with densities less than 1014 em™? because the required minor Jdiameters hecore
impractically large (several meters). This Jifflculty is exacerbated by alpha-
particle energy deposition, sce Fig. 6 for T negatlve. On the other hand, it is

. . .k -3 .
difflcult to envisage running the device with n, * 1010 em 7 beciuse the required
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magnetic ficld strengths (at a fixed reasonabl. beta) become impractically large
(50 to 100 KG).

Secordly, the addition of nonradiative encrgy losses mitizates the above-mentionad
effects. [If cne is wble to observe a st.ig of global power balaice with moderate
becas, moderate diameter dischorge tuben, woderate field strengths, and moderate
toroidial currents, then onr can suspect that the nonradiative energy losses are
exceeding the bremsstrahlung loss,

THL RISE OF TEMPERATURE TO POWER BALMCE

We write down the equation for epergy balince per unit lenyth, where ohmic heating,
radiation, and other losses appear on the right,

AT >4 2 .1/2  3NT as
N ye = 8 (B By - s b NTT R 231
Ira o

and in which the line density and radius remain fixed, but ﬁo ard T are time-
dependent.  There is no adiabatic compression term in a censtant- radius condition.
If we set dT/dt = 0 at T = T., the final powcr-halance temperature, then we can

show from Fy. (23), with the help of the various power balance and pressure bal-
“nce relations, that
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5232, TALY:
3 ofE7 1+ tbf/tE

(L)}

of
which is equivalent to Eqs. (19) and (21}, an. is a more procise representation of
Eq. (10).

Now if we normalize the temperature T to Tf, and normalize the time t to
T, = (3/32) Eof tqf' set g(&) = 1, and use Eq. (24}, then the equation for the

temperature rise can ve reduced to

5
dT | .-3/2 Tl/2 Yoty .
a7 T T Te e (23)

b TE b E

Numerically ohtained solutions to this cquation are plotted in Fig. 7. Thev have

been cheched analvtically in the Limits tp = 0 and tE ==, It is to be noted that

the solutions are insensitive to the ratic tb/tE and to the initial condition
Ti/TE' The time required to heat to 95% Tf 1s alwygys very closc to the time unit

t, as defined above.

CONCILUSTION

The foundations of the Pease current relation for the RFP have heen clarified. an
absolute steady state is not required, nor is classical cross field resistiviery.

— _
3
lusl—zﬁ"m / l
H
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Fig, 7. Normalized time vs. normalized
temperature with th/t and 1i/T-

E t
as parameters.
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Moreover, nonradiative cnerg - losses have been included. Eq, (19) has been found
to be¢ accurate to within ~20. In comparison to a large transpo-t code, even thougzh
the net power flow is s i1l a significant fraction of the heating power.

Flnally we showed that the temperature rise due to ohmic heating, properly nermal-
ized constitutes an almost unlversal curve practically independent of loss rates
and initlal conditlons. The final temperature is ootained (i.e., 95%) in a char-
acteristle time that is (3/32) 2t £ and is insensitive to the parameters
characterizing nonradiative losses of initial conditions, thus verifving the
scaling given hy Eq. (2).
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