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Application of the Adjoint Method

in Atmospheric Radiative Transfer Calculations

S. A. W. Gerstl

University of California
Los Alamos Scientific Laboratory

Theoretical Division
Los Alamos, New Mexico 8“)545, USA

ABSTRACT

The transfer ~f solar radiation through a standard mid-
latitude summer atmosphere including different amounts of
aerosols (from clea: to hazy) has been computed. The discreLe-
ordinates (S ) method, which has been developed to a high degree
of computati%al efficiency and accuracy primarily for nuclear
radiation shielding applications, is employed in a forward as
well as adjoint mode. In the adjoint mode the result of a
transfer calculation is an importance function (adjoint
intensity) which allows the calculation of Transmitted fluxes,
or other radiaLive responses, for any arbitrary source distri-
bution. The theory of the adjoint method is outlined in
detail and physical interpretations are developed for the
adjoint intensity. If, for example, the duwnward directed
solar flux at ground level, FA(z=C), is desired for N
different solar zenith angles, a regular (forward) radiative
transfer calculation must be repeated for each solar zenith
angle. In contrast, only 1 adjoint triinsfer calculation
gives FA(z=O) for all solar zenith anglps in a hazy aerosol
atmosphere, for 1 wavelength interval, in 2.2 seconds on o
CDC-7600 computor. A total of 155 altitlldr zonrs wrrr employrd
between O and 70 km, and thr cot]vergrn[r criterion for th::l
r,ltio of fluxe[, from successive it(’ral ions was srl at 2xlo .
Chr ?esu]Ls demonstrate not only thr applicahi lily of thr
highly efficient modern SN codvH, hut indirat(’ also conct*ntunl
and comp(ltationn] advantages when thr adjoinl fornullat:oll O!
thr radi~tivr transfer rquaLion is Il:;rd.



I. ~nt,roduction

The transfer of both solar and terrestrial infrared radiation

through the atmosphere c?n be described ❑athematically by the well-known

radiative transfer equation (1)
which is a special form of the linear

Boltzmann equation (2)
governing the t.r,lnsport of any neutral particles

through a given medium. Particularly in nuclear technology, the

linear Boltzmann equation+ is the basis for the calculation of neutron

and gamma radiation fields due to nuclear radiation sourcrs such as

radioactive materials or reactor cores. Due to the importance of an

accurate prediction of neutron and gamma ray distributions around nuclear

reactors for radiation shielding purposes, a large amount of r~sraruh

and development has been invested during the last 35 yenrs to snlvc thr

linear Boltzmann equation efficiently for almost any prrsprrifje(+ degrrr

of accuracy. These R & D investmcnt~ have resulted in many divrrsilie(l

computational methods sJch as semj-empirical , spl~~ricitl harmonics,

discrete ordinatt=s, and Monte Carlo methods. Advantiigrs a~rl (lisi~[iv;]ll[.il:t~s

(2)of thcsr different calculitliollal tools art” discussrd elf;rwh(’rr .

III conLfiist, mcthodfi riPvrlopLId to SOIV(’ Solill” :111(Iinir;lr~’(1 riididt ivc

trtinsfrt- ~Loblems ill thr atmosphrrr f’or mclcorulogy or r]imiltOlOK~ apl)lil.a-

tions hovr crntcrrd mostly arounil Xwui-rmj)irica] methods lor hrod(l-l}ilS~(l

(3,4)
ovrrvirw calculations and tlIr sphoricol hnt-monies mrtho~l !“(Ir hiRh-

(r),tl)
resolution drtni I OflillyS(’S Ottlrr mrthuds Iikr thr dolll~lillg m~’thl,,l

(/)

(8]rsI-1 t.hr mrthod oj fiucrrssivr ordrrs 0!” s[-nltrrin~ Ilrr also df’vt ’lopr(l

to n hi~ll drgIr(* of sol)tlistil.iltioll ntl~l romputrr c!!~*~tiv(*l]~’:;:;. Sint.f’

Lh(’ linrur 14ultzmnrln C({lliitioll :11:;(} drscrihf’s prol~lfvns ill atnlt~~pllf’ril’

rftdinlivr translrr, it is rvidf’ilt thf’r?’lt)rt’ thdlt tlll~ t’oml~lll:ll ioilo]
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methods developed primarily for nuclear radiation transport calculations,

alEo must be applicable to solar and infared radxative transier problems.

We attempt to demonstr~ in this paper that the highly-develop:d discrete-

ordina’sr (SN) method ❑ay be used advantageo’Jsly for ❑eteorology or

climatology applications. III additian, since most SN codes are capable

of solving the linear Boltzmann equatioa both in a fo:ward as well as

a~ adjoint mode, we shall also demonstrate how an adjoint solution may

offer additional benefits in certain cases.

The discrete ordinates method, as developed by Chanilrasekhar, has

been successfully applied before to atmospheric radiative transfer

problems by Lion (Y)m However, Lieu develop~d his own special-pl’rpose

code to solve the S equations in which he could not take full advantage
N

of macy recently developed numerical techniques R.lch as special

differencing methods or iterative acc~lerotion ❑~thods. Hence, although

Li~u could demonstrate the principle applicubiljty and accuracy of SN

methods, a comparison with other mcthl,ds ‘n[lot yield any gen~ral

conclusion shout the computational ●fi(’ctivmess of SN meLk,ods, In

contrast, we are applying an off-th~-sh{lve S
N

code whirh incorpnrutes

today’s t:tate-of-thr-art numericsl techniques so that F computer time

‘ !OW a more gfnek=nl col]clusion,compar]Eort with other standard codes may H,

Wr will not rlr~cri,be nny details pertaining t,) th(~ SN method itself nor

thr code ~~n~r both arc w?ll-documented rloewhrre (10,11) WcIwill

conrentrnte instead on developing the mathcmntical bn~i~ for the ad,joint

mrLhod and thr physical interpretation of thr sd.joinl intrnsity in ordrr

to lay the groundwork for a drrper und~rstanf!ing ~f posslbls advnntagvs

in using tl,.’ adjoint method.
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II. Theor~

The basic radiative transfer (or linear Boltzmann) equation for

monochromatic radiation in a plane-parallel atmosphere may be writLen

a@2)

.p g-2-+~t(X)I -;] dp’ ~d$fla(x;pl+p, @’+~)I(x,p:@f) = Q(x,IJ,@) (1)
-1 0

where I(x,IJ,@) is the intensity distribution at level x in direction IJ~O~

and Q(x,p,@) denotes an arbitrary radiation source distribution. For a

solar radiativu transfer problem the spatial variable x may br measured

as the dist-ancr from the top of the atnospherp vertically down while thr

direction variables pl and @ are measured with respect to thr upword

normal vector. 2S and It denote the scattering and total (scattering

plus absorption) cross-serlions for thr atmosph?rc, respectively, which
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where R is a given response function and I the solution of Eq. (l).

If, for example, the downward directed solar radiatif,n flux’+ at the ground

level x=~ (altitude zero) is desired, then En. (3) takes the form

o 2n
FJ(T) = ~ ~’ P I(T, P,@)dpd@ . (L,)

-1 0

Comparing Eq. (4) with Eq. (3) we note that R in this case is chosen as

R(x,P,O) = p“6(x-r)c(-p) , (5)

where (1(p) is the well-known Heavyside step function which is 1 for I.1>0

and zero for p<O.

In order to derive the adjoint transfer equation we introduce a

simplifying operator notation and rewrite Eq. (1) as

LI= Q) (la]

where L is called the linear Boltzmann operator. Tile phase-space integral

in Eq. (3) is abbreviated as an inner product by brackets:

Response = <R,]> . (3al

‘rhc theury 01- linear operators (12) clcfines now an associated operator

to 1, which is denoted 1,+ and rallwl thr adjoint oycrator 10 1,. L+ is

uniqur]y defined if for any two arbitrary funcLioll:. I and 11 the lollowi[lR

commu:atioll relaL ion holds:

<l+JJ> = <] , ],+J+> . (())

Spt’rii’ically, lhr rl(i.ioinl 10 tilt. ] i near Bo! Lzm,lnrl oprralor tlefin~i(l hy

Kqs. (1) [III(I (la) !s

+1
14+ z +p J + 2L(X) - j (1}1’ p(lo’}%(x;p +p;ow$’) , (7)

-1 (1 -
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an interchange of initial and final directions in the scattering integral

term. The function I+(x,p,$) is called the adjoint function to I(x,p,$)

if it is chosen as the solution of the adjoint radiative transfer

equation

L+I+ = R , (8)

where the arbitrary response function R is taken as the adjoint source

term.

the

Eq.
A

<1”

The physical meaning of the adjoint intensity distribution 1+ and

potenticl tisefulness of Eq. (8) can be shown as follows: Multiplying

(la) by 1+ and integrating over all phase space yields <I+,LI> =

,Q>, wl]ile multiplying Eq. (8) ~ith I and integrating gives <I,L+I+> =

<I,R>. Due to the defining commutation relation for L+, Eq. (6), the

left-hand sides of the above twc equations are equal from which fol~cus

that

<~‘,Q’ = <],R> . (9)

The ri~ht-hand side of Eq. (9) is r~cognized as the tyrical integr~l

res~onse, Eqs. (3) and (3a), which is the goal of any radlatvie transiri-

calcu]~tion. The lefl-ha[ld side ui’ !iq. (9) identifies therefore a

second recipe to ralculate such integral responses by using the acijoint

+
inf.cnsity 1 . Remember, thaL liq. (9) was derived for any arbitrary

functions Q and R. For the sake of physical interpretation, let us

rh~jsr R tir~ordin~ to IIq. (5) which yields the as integral rrsponsp the

downward flux at groundlevcl, t’d(~), nccording to Eq. (4). As a

speciat rildiati[)ll sourer di%~rihution wr assurer H drlLn-i”unrLion soIII”t-r

in phtisr spa~.c, Q = h(x-x(, )fi(p-}l[))h(o-$o) .0
Tllell all i[ltegrations in

Kq. [9) lall l~c rnrri c(I 011[ and we ollta in

I+(x(,,p),(po) = F#r) . [lo)

III ,)tli[Ir worrls , t)lf’ a(ljoil;t ifllrll~ity ill t 1111 I)tlils(g Hp;l(”,g ]~(~illl (X[),}lo,@,,)
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can be interpreted as that contribution to the downward flux FO+(T)

at groundlevel which is due to a photon that was born at level xo in

direction PO, $.. Therefore the adjoint functicn 1+ is also called

an importance function (13) with respect to the detector response

defined by R.

Returning again to the transfer problem where the solar radiation

is specified as a source distribl:tion according to Eq. (2) the

left-hand side of Eq. (9) can then also be integrated for this

of Q and gives

<I,R>= ~FoIT(O,-Po,$o) .

Eq. (11) indicates that any desired integral response <I,R> is

directly by the adjoint intensity at the top of the atmosphere

and for the ditection of the inciden: solar radiation -.po,Qo.

choice

(11)

given

(X=o)

To obtain

this specific value of the iidjoint intensity, the adjoint transfer

equation, Eq. (8), needs to be solved with the appropriate response

function R as an adjoint, source. If, as iu the following sample

calculation, the radiative response of interest is chosel, to be thr

downwiird flux at ground level, Eq. (4), then the adjoint transfel

equation must be solved with an adjoint source term R ncc~~rdillg to

Eq. (5). In this cast= then I?q. (11) reduces t.o

FJ(T)=$FO l+(O,-po,@o) . [12)
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i.e. the form of Q and R, determine which of the two mathematically

equivalent formulations ma~ be advantageous. The following sample

calculation demonstrates clearly one practical. case where the adjoint

method offers substantial conceptual and computational advantages.
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III. A Sample Application of the Adjoint I’lethod to Compute the

Diurnal Variation of Solar Irradiance.

Consider the classical problem of the transfer of solar radiation

through the atmosphere where the integral response of interest is the

downward directed total flux at ground level as a function of the solar

zenith angle. The standard procedure for the solution of this problem

is to solve the transfer equation, Eq. (1), for a number cf different

source terms Qn, n=l ,...,N, which are chosen so that each Qn represents

(n)a different snlar zenith angle PO . This leads to a set of N different

solutions of Eq. (l), say In, which, through Eq. (4), gives then the desired

result in the form of a series F$n(T) for N different solar zenith angles.

In contrast, however , employing the adj lint method requires the

solution of the adjoint transfer equation, Eq. (8), with the adjoint

source term R chosen according to Eq. (5). The solution, namely the

adjoint intensity distribution I+(x,p,~), contains immediately the

solution to our transfer problem, according to Eq. (12). Ideally

the adjoint intensity at the top of the atmosphere, I+(O,p,$), may be

obtained for all directions p,@, which, for negat:ve zenith angles

P = ‘P. includes l(O,-PO,$O) for all solar zenith angles p and allo

solar azimuth a.lgles $.. The factor %Fo in Eq. (12) provides only

the proper norrnaliz~tion of the adjoint solution to the solar source

btrength.

Figure 1 compares schemati~ally the regular (“forward”) and

adjoint solution m~thods as discussed above. For the spatial variable

in Fig. 1 tile altitude z is chosen, as opposed to the distance x from

the top of the atmosphere which is used throughout all equations in

the text, The transformb~ion for x to z is str;lightforw~rd via x = ~-z.
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A numerical analysis has also been performed for t!.is sample problem,

(11)using the one-dimensional discrete-aid! uates code ONETRAN . This code

has been developed primarily for reactor phyz ics and shielding applications

where usually the transport of neutrons and gauxna rays thrwgh structural

and other materials is of concern. However, like almosi. all neutron

transport codes, ONETRANhas a built-in adjoint capability. Therefore

we can use this code to solve our solar radiation transfer problem in

both the forward and adjoint modes. For simplicity we performed the

calculations only for ofie wavelength, A=O.6954 pm, which corresponds

to a ruby laser frequency for which atmospheric cross-section data are

easily obtained from the literature. Macroscopic molecular absorption

and scattering cross-sections for a standard midlatitude summer

atmosphere were taken from McClatchey et. al.
(14)

who give these

data for 32 altitude layers from zero to 70 km altitude. The latter

was chosen as the top of the atmosphere. In order to compare our

results with other published data, we normalized the incident solar source

strength t.o unity, i.e. he factor $Fo in Eq. (2) and consequently also

in Eq. (12) was set tc 1.0. In this case the quantity F+(T) can also

be interpreted as the total transmission of the atmosphere for the

givp’1 wavelength.

Fig. 2 summarizes the results from our calculations. ?n all cases

th~ n~erica] va]ues for the total transmission for a gfven solar zenjt]l

angle were identical within the accuracy set by the convergence crit~ria

when calculated independently by the forward and adjoint methods, as

described before. In addition, for the case without aerosols, our

~esults could be directly compared to earlier reference calculations by

Lieu(9). Iltith are in good agreement. Since McClatrhy et. al.
(14)

give also rross-serrjons for two types of aerosols, “clezr” for :’) “ “’
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grocnd visibility Vo, and “hnzy” for VO=5 km, we added to Fig. 2 also

the solutions for these two polluted atmospheres. The specific solar

zenith angles cl ~ ~ ~ indicated on the abscissa in Fig. 2 by arrows,
)SB

correspond to four discrete directions as explicitly contained in the

S8 Gauss-Legendre angular quadrature set
(11)

used in our oNETRAN

calculations. It should be noted again, that in order to obtain each

one of the curves in Fig. 2 by means of the standard forward solution

method, it is necessary to run ONETRA.Nfor a series of different solar

zenith angles and then interpolate the results. In contrast, the adjoint

method requires only one single adjoint ONETRANrun to obtain each of

the three curves because, according to Eq. (12) with ~Fo=l.O, the total

transmission is given directly by the adjoint intensity distribution at

the top of the atmosphere as a function of zenith angle.

Table 1 gives a very simplified computer time comparisiori between

the CPU-time (gentral processor Unit time) needed for our calculations

and that given for a comparable calculation using another solution technique.

Luther(15) reported such a calculation I .ing the successive-scattering

(16)
iterative procedure of Dav6 and Cazdag where 500 horizontal atmospheric

layers were used a~d 91 discrete values of p i were employed. Using i3 con-

velgencc criterion of 1.002 (maximum allowed fraction I m+l(T)Pi)/Im(T,~i)

for all pi and iteration index m) Luthrr 05)
qUOt.vti a typiCill running Limr

o- about. 20 minutes on a CDC-76!)0 for a full solar spertrum Calru]atioll.

Since 82 discrete spectral intervals werp employed wr estirni]te an avcraRc

running time cf ]4.5 seconds per intrrval. our computations wiLII

ONETRA.Nhave hrm performrd with comp~rahle detail rrso]ution (80

discrete angles, 155 altitude zones, conv~rgencc wi~hin 1.002 for all

pointwise intensities) with a t.ypira] CDC-7600 running timr of 2.4

seconds for one wavelength. $jncr thr adjoint of th’~ Ilollzmanu
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operator is mathematically very similar to the (forward) Boltzmann

operator itself (compare Eqs. (1) and (7)), an adjoint ONETRANrun

requires roughly the same computer time as a forward rul with otherwise

the sam parameters. No attempt has been made in Gur calculations to

minimiz~ the computer time in any way, and it should be noted again that

we employed a standard off-the-shelf SN code which had not been modified

for this rather unusual. application of ONETRAN. Nevertheless, thr

computer time comparison given in Table 1 may be taken as an indication

that such !YNmethods may prove to be advantageous not only conceptually

by offering an adjoint capability, but also in computational efficiency.

It should b~ clear from the generality with which the adjoint

rlethod was deri sd in section 111, Lhat its applications ar~ not at all

limited to solar radiation transfer problems or any other limited type

of problem*. For example, another typical application to the transfer

O? terrestrial infrared radiation through the atmosphere is quite

strai~htfolward, The thermal radiation emitted at groundlevel may

be considered as the exLernal radiation Sotlrccl drsrribed by Pl~nrk’~

law and with a tipatial dcl{u function i.1 altitude z, 5(z). Jf the’

Iofis of thermal radiation into spucr is of int{~rcst, then iI rrsponsc

function desr~ibing lbe outward dirrctml leakti~o flux iil thr lmp of th

atmosphere (aJLiL!’~lt’ z = Y) must hr UHCE(-Ias an itdjoinl scJurcor Lrrrn R,R

for thr adjoinl Lransfcr rqunt ion; this rospuns(’ funl’linfl has lhr idi-m

RJN (~,p,~) =~”~(z-l)d(~) . (1:1)

Solutiou of Lhr’ adjoint tran~frr r(lnntiuu, Eq. (H), wiLh R from Eq. (1’!),

+
givrx un impn~tanrr t’uf;t.liuu J ,R(Z, p,@) which quant i f irfi al 1 rent rihut ion:;

to Lhp lnfrnrrd l~ilkii~~~ IIIIX IIFIII, i)[)tll, FXt[S1-nill (tc~rt-r~tri;il) Ml; WC’11 {If+
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internal (atmospheric) radiation sources. Of course, if ●tmo~pheric

emissions of infrared radiation are to be considered, then the adjoint

Boltzmann operator L+ of Eq. (7) has to be slightly modified to include

such in~ernal sources.
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Iv. Conclusions

Our arialysis demonstrates in principle and in practice that the

computational techniques developea in uucleur technology to solve rt’actor

physics an3 radiation shielding problems can be applied directly to thr

solution of solrr and infrared radiation transfer problems in tile atmosphere.

Specifically the highly developed discrete-ordinates [SN) method is

applied to calcul~te the transmission of solar radiation through clear

and polluteu atmospheres. The IASL SN code ONETRANis shown to sol,vr

a typical transmission problem about six times fast~r than a comparable

high-resolution calculation which em~loys a successive-scattering iterativr

procedure. I’lore importantly, however, it is also demonstrated how t.h(~

adjoinL method can be used to solve utmosphcric radiaLion Lransfer

problems. Substantial additional computational advantages are dcrivrd

using the atljoint mrthlld in certain cases; un additional facLor of 40

in computational efficiency is obtained in our sample casr. Ilorco’”rr,

since thr’ adjoinL solution to thr Lransfer equation is thr lmsiH l“or

many udvancrd compuLaLionn! methods invnlving thr radiation Lrtinsffir

cqu:,Lion(’7’lN), Lhr dcmonslr~tion of its upp]icahility opfn~ mnny

:lvc!n.lc~ Lo furlh(sr lmprovr exist ing romputnl ional cnpnhi 1itirs 10 so]vr

rtifiitilioll prohlcmK ill ctimatoJogy and mrl~iro]ogy.
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THE ~DJOINT METHOD
IN SOLAR RADIATIVE TRANSFER
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Fig. 1. The concept of tk= adj oint
method conpared cc :hc
regular ndt?lc)a in solar
radiative t ransie r t hrougil
the atmsphere.
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