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HAVE PRO?AGATI;~{NIA DC SUPERCONDUCTING CABLE
ANALYSIS*

P. Chowdhur

Abstract -

, Senior Member, IEEE M. A. Mahaffy

Los Alamos Scientific Laboratory
LOS Alamos, New f4exi& 87545’”

Ue consider a dc Supercc!nductirg
cable design consisting of four concentric{:metalli~
cylinders, of which two carry the load current and
two comprise the cr! genie enclosure. Uhen a tran-
sient voltage is impressed across such ~ cable, the
major dielectric may not be fully stressed to its de-
sign value, and unwant~~ voltag~ stresses may develop
across other parts of the cable. This paper analyzes
the surge-volt!ge propagation character~stirs of a
four-conductor dc superconducting ~able for a step-
function input voltage. This analysis, although
mainly directed to superconducting cables, is also
applicable to other multiconductor transmission
lines. A :ompanion paper discusses the parametric
effects of the cable system in optimizing the voltage
distribution.

INTRODUCTION

The advantages of transmitting bulk power by a
dc s~perconduc ing cable has been described previ-
ously [1]. However, such a cable must oper~t, reli-

ably under system constraints, e.g., harmonics on the
dc, ~ystem faults, and transient overvoltage. The
behavior of a dc superconducting cable under dc hc.r-
monics and s stem fa~lts has been reported in an ear-

?)lier paper 2 . This paper discusses the theory of
wave prcpagat on in d multiconductor cabl~ system and
describes the response of a dc superconducting ceble
(If a specific design LO transient vultages. The ef-
fects of parametric changes in the system as well as
in the cabl~ design, includlll] those of dc con/en-
tlonal cables, are discussed in a cornpantonpaper [3].

F\gure 1 shows tke dc superconducting cable of
10S Alamos design. It consists of frrur concentric
cylinders. Tt,einnermost cylinder (conductor 1) car-
rit+s the lodd current and consists of subcables made
up of wires of multifilamentary Nb3Sn supercon-
ductor embedded in copper matrix, The second cylin-
der (cond~ctor 2), which c~rries the return current,
also consists of copper-stabilized multifilamentary
Nb35n superconductor. The crybgenic enclosure is
compnseci of the third and fourth concentric cylirr-
ders. The inner cylinder (conductor 3) of the cryo.
genie enclosure is made of stainless steel and the
outer cylinder (conductor 4) of carbon steel, The
space between conductors 1 and 2 is filled with
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Fig. 1. Conceptual des!gn ,>fa four-conductor dc super-
conducting cable.

wrapp~d tape dielectric to withstand the system volt.
agc - steady state dc and transient overvoltage.
The space between conductors 2 and 3 iS filled with
supercritical helium at 1.38 MPa and 1? K. The space
between conductors 3 and 4 is evacuated and filled
with multilayer thermal insulation. Conductor 4 is
i>olated from e,rth by a thin layer of Insulation.

When a transient appears on conductor 1, mul-
tivelocity voltage waves w{ll propagate along the
four conductors and Credte voltage differenc~s across
each pair of conductors, caused by the disparity In
the wave ve!~cities that did not exist initially
[4]. A flashover or puncture may occur between an,v
pa r of condu~tors if tilevoltage build-up across the
conductor pair exceeds the dielectric strength of the
space between them. The \:ak member of the system
may bc the evacuzted space filled with multi layer
tl)ermal {nsulation withi;, tl)u cryngcntc cnclosurc,
Repeated punctures within this space could il,crca~c
heat leak to the cable, rrducing its cfficlency,

METHODOF ANALYSIS

Transient voltages n cable sheaths h~vc hecn
studied previously [5]- [15~. Gcnrral studies on wave
ro agatlon In cables have also been m,~de[16]-[731,

~o~ver, in all previous studies, the cab,c shcfl~h
was astumcd to bc solidly grounded at the termln.~ls,
with zero reslstarrcp brtween the sheath and Lile
earth, In practical situations, thcrr is always a
flntle resistance between the sheath and the earth at
the terminals. This grounding resistance may signif-
icantly affect the wave propagation in the cable,
Although resistivitles rrf the conductor~ and of the
earth have been considered ‘1 the analytical models
of the previous studies, the scnsiti$ity of these
~g;amaters to the transient pcrformfinceof thr cable

never bo~n cxpli~itly shown,



Because a superconducting cable will be re-
quired to transn,lthigh power, its reliability will
be of utmost concern. To assure reliability, the
distribution of transient voltages amongst its var-
ious members should be analyzed under all practical
situations. He, therefore, studied the effects of
the various parameters (e.g., grounding resistance,
conductor and earth resistivitles, permittlvity of
dielectric, etc.) on the transient performance of
different designs of cables, with particul~r emphasis
on the superconductingcab!e.

Rudenburg-Hayash~ Mo.$elof Transie,ltImpedances

Tra:lsient phenomena, such as swltchlng and
lightning surges, are usually analyzed using the La-
place transform. Therefore, it is desirable to
express the transient impedances !n terms of the
Laplace-transform operator s.

Rudenberg’s andlysis 124] of imperfect earth
has been extended by Hayashi [25] sn that the carth-
correction terms can be expressed in terms of tht
operntor s. Rudenberg has represented an underground
cable hy laying Its center conductor on the ground
level at the center of a groove of a semicircular
shape of radius h from which the earth has been
scooped out, h being the distance of the center con-
ductor of the ollginal cable from earth (Fig. 2),
The groljnd impedance as a function of the Laplace-
transfo~m operator s can then bc expressed as

For fast transients, on
tmportant, where

(1)

y the first two terms are

6 1 ■ ~’~ x 1(3-4
6;~ ■ ~g/4

R9 P /llh2
Pg : ~oi! resistivlty, n-m
h ● distance of center conductor of cabl~ from

grounrl, m

Similarly, th- tr~nsient fmpedance ~~f the cable con-
duc~m can be expressed as

where

Ac, . {l~~c ~ 1~.4
h 2 “ Rc/4
hc ● dc r*lslsLancuof ?hr co~~uctur.

For a cable consisting of n concclltrlccyllndrrs. the
uarth-correction crlanccmatrix will th~n bc

where
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Fig. 2, Rudenberg’s mdel of cable In imperfect earth,

Solution of Transmission-Line Equations

The Laplace transform of the transmission-line
voltage equations can be written in matrix form as

62[~/6z2■ (S2[L][C] +S3’2 [6, ][c] + s[f9][C])[~]
1 c

■ [Q12[TI
(4)

where

[Q12 ■ (S21L][C]+ S3’2[6, ]1C] + S~A2][C] ,

[L] and [c] ~rc the inductance and capacitance
matrices of the n-conductor cable, and

[6,]and [~2]Pre givenby (3),

The solution of (4) is qivcn by

[l’], exp(-[Q]r) [Vo]

I “2,r)exp(.)&[l\,].r/?)cxp(-[BZ]t,/?) xP cnp(-s[M]

[Vol B J)

where

[M]= [L][C] ,

[B,]= [M]l/2 [M]-l [A,][c] ,

[921 ■ [t41”2 pi]-’ [fi2)[cl ,

[Vo] ● [Vl rltr=o.

Each of the thro~)cxpoul’lltlolterms nccrls to
bc expnndcd by !iylvcster’~ cxIIiIosim thourcm [25] ,
giving
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n,

exp(-s[MJZ1/2) . ~ exp(-sqlrz) [alrl
r=l

n.

exp(-[a21d2)= ~ exp(-q3rd2)[a3rl ,
~=1

(6)

(7)

(8)

I
‘2

[v(t)]= ~ [al,]~ [azt]e,fc

k=l 1=1

I

‘3
~ [~3mlexp(-q3mz/2) 1

m=1 I

where

where

W(=1 ....n2

)

qzp[u] - [H] “2P .
[a2rl =

p}r q2p - qzr

fa3p[lll

hi-- (

■l,,,,,n3 - [Ml d3p
[aJ ■ ——

p+r q3p - qsr
)

qfr(r - 1,..,nl) are dfstinct eigenvalues
?
f [M],

q~r and
3

~ are distinct elgenvzlue~ of [al
and [B respectively,

[U] ■ identity matrix,
■ order nf deg~neracy of qlp elgPnVJIUe ( i -

“!,2,3), and
dll+..,+dnl ■ d21+...+dnZ ■ d3~+..,+dnJ = n

Boundary Conditions

The length of the c~ble has heen assumed to bc
semi-infinite in this study; therefore, there would
be no reflections from the far end. A voltage VOl
Is injected Into conductor 1 at -0, while tb other
conductors at-? either grounded thr~ugh ; g)(junding
resistance R or left open. IrI th!s c~se,
VOn need to%e evaluated. These valu~s can ;~2~b~
tained, for known grou,lding resistance, by solving
for the currents ~t L*O.

The Laplact?transiorm of the current matrix Is
given by

where [v] is obtd!ncd from (5)-(8).

Final Solution

Thr clusud-form solution for the Voltaqn
WAVPS, Ill tlmu domriln, is shown in thr following
cqufition.

dt-q,~) ❑ delayed step function,

Cable Parameters

Computatiofiof the voltage waves requires that
the resistance matrix [6],,the inductance matrix [L ,
and the capacitance imatrix [C]of the cable e
known. As discussed before, the [d]-matrix was com-
puted by Hayashi’s method.

The[L]-matrix was e~aluated by computing Max-
well’s ele:trorflagneticcoefficients from the follow-
ing set 9f equations,

Or = Lrlil +.....+ Lr,sisi .,..+ Lrnin, (11)

where

Lr~ ■ Lsr,
‘$r ■ tntdl magnetic flux linking cocdllctor r,

tr - cllrrcntflowing through conductor r, and
r ■ 1,,,,.....,, n.

The transient current ~:as assumed to flow along the
outer s~rface of the conductor. ThP purreability (~)
of a magnetic materidl wa!lassume 1 to that (LIO)
cf flee ‘pace when ~ st~ep-frol) Unsient is ap-
plied, Ihe coefficients of Inductance (Lrs) are
then given by

Lrs ■ (llo/2fl)~n(h/rso) for t c s, H/m, (12)

where

L,. U 47 X 10-7 I{/m,
h ■ distance of earth from cc~ter of cahlc, m
rso ■ outer radtus of conductor s, m.

\
The C] -matrix was evaluated by computing Mnxwcll’~
clec rostatlc cocfflcirnts fcom the following set of
equations,

Or ‘ Prlel +.o.m.+prse~ ‘....+Pr[.cn
(11)

Prs - Psr

where

Or ■ clcctrnstatic chnrgu On runrluctorr,
er ~ potcntlal U? conductor r, ,~n,l
r = 1, .....n.

Ihc l:oefricl(~ntsl)r~are th~tnglvcn I)y

Pr,l■ fn(h/rno)/?nln for r -.n (14)

P~(n.1) = Pnn + fn(rni/f(n-l)o)/2nl(n-l) for t’-(n.1’

,
J



where TABLE I

%s = permittivfty of conductor n, F/m
‘nl . +nner radjus nf conductor n, m
rno = Gllterradius of conductor n, m

The [C]-matrix Is then given by

[c] = [p]-1 (15)

COMPUTATION OF VOLTA’]EWAVES

Cable and ~ystem Parameters

The conceptual design of the cable is shown in
Fig. 1. Table 1 show~ the pertinent parameters of
the cable. In the analysis, th~ transient current
was assumed to be e~pelled from the superconductor
into the stabilizing copper. The conductors we-e
assumed to be perfect concentric cylinders, and the
cable semi-infinite In length.

The step-function voltage wave was applied to
conductor 1 at r=O while each of the other three con-
ductors was ccnnected to earth through a qrounding
resistance of 10n. The earth resistivity was assumed
to be 100 n-m.

A companion paper shows the effects of varicus
values of grounding resistance. earth resistlvfty.
and cable design parameters on the propagation char-
acteristics of the voltage wa’~es[3].

Computation

A lumerical Fortran computer program was de-
veloped to solve the voltage equations for a given
cable configuration. The vultag? waves on each corl-
ductor of the cable, as per unit of the appl,ed volt-
age, are computed at time dnd distance COOrdindWS

specified by the user.

The data put into the program are the n~mber
of conductors in the cable, their dc resistances and
radii, the dielectric const~nt~ of the m?terials be-
twper the conductors, the known initial voltages, the
distances between the center of conductors and ear).h,
the earth resistively, and the tprminal resist,~nces
between the conductors dnd Cdrth at ~=0.

Tile code includes a graphics package which
plots two-dlmcn$iondl graphs of the wavefronts at
specified di~ti~nces.

Figure 3 shntis the voltage waves on each of
th~ four conductors of the cable at distances of 0.1,
1, dnd 10 km from the origin.

DISCUSSION——

lnterpretntion of DIitd

tlithreference to Fig 3, the original wav~ is
split into four component waves travelinq dt Uncqu.sl
Vf!locitfcs. All four component waves are pr~~cnt 011

conductor 1, The number of component waves dccrua~es
progressively from conductor 1 to conductor 4. One
singie voltd e w~ve of small mdgn{turle travels on

Yrnnductor 4 nearest to earth). This component wflve
w?lich is prc!scnt on all foul’ conductors dt ~PO Is
hi hly att~nuatcflwithin a fihort d!StdHCe ,roin the
orfgin. Thl$wnve lsnotdlscerlablel,,t heflgures

pardi~etersof 100-kV dc Superconducting Cable

Outer radius of conductor 1,

DC resistance of conductor 1,

Inner radius of conductor 2,

Outer radius of conductor 2,

DC resistance of conductar 2,

Inner radius of conductor 3,

Outer radius of conductor 3,

DC resistance of cor,ductor3,

Inner radius of conductor 4,

Outer radius of conductor J,

DC remittance of cor,ductor4,

Distance of cable center to earth,

Dielectric constants:
kl

‘2

‘3

‘1O = 22.7 rrrn

R = 0.? bn/mcl
r2i = 26.3 rrrn

’20
= 35.onml

RC2 = 0.2 u~l/m

r. = 45.0 Inn>i

r3C
= 49,0rrln

R = 440.0 i,n;m
C3

‘4i = 90.orrIll

r4q u 94.0 n-m

RC4 = 43.0 ~n/m

h = 9fimcnlll

■ 2.2

= 1.0

■ 1.0

‘4 m 3.0

The voltage between each conductor and gruund
chJnges abruptly as the component voltage waves
~n~;e at . point along the cable at different

For instance, conducto~ 1 experiences abrupt
volt~~e changes at 3.45, 3.86, 5.77 and 6.93 ~.j az
the four component waves arrive atz= 1 km (Fig,
3b). Sll,+larlj,three component waves arrive on con-
ductor 2 at 3.45, 3.86, dnd 5.77 Ls; two component
waves on conductor 3 at 3.45 and 3.86 Ls; arid, one
single wave on conductol 4 at 5.77 us. The component
wave (of small magnitude) which arrives at x ■ 1 km
on all t~ur conductors at 5.77 LS is highly atten~-
ated within a short dist~nce from the origin. This
wave is Ilot discernible in the figures.

The primdry voltage wave on conductor 3
(stainless steel) attenuates s~gnificantly with
time. With increase in dist~nce along the cable, t+?
peak value of this wave Increases, dlthough the at-
tenuation rat~ with tlmc incredses also, In general,
the front time of t, component waves increases with
distance alor,gthe cable,

The voltag. dlffepence be~ween each Pd!r of
conductors can also be ascertained from Fig. 3. At
r ■ 1 km (Fig. 3b), no voltage G!fferencc appears
between conductors 1, 2, and 3 until t~e second tiavr
arrives on conductors 1 dnd 2 at 3.96 Ls. Conductors
1 and 2 r~main at equal voltages until the fourth
wave arrives on conductor 1 at 6.93 1,s, when about
0.65 p.U, is developed across conductors 1 and 2,
rhe voltage spike d~velr)ped across the cryogunlc en-
closure (between conductors 3 ar,d4) at ~ ■ 1 km is
about 0.20 p,u, For a 100-kV cable (Bll = 250 AV),
50 kv of :ransiont voltage w’11 thus be imPressed
across the cryogenic ~nclosure. I*ollt 0.?4 p.u.
(I.e., 59.5 kV) will bc impressed across t~lc helium
spnce between conductors 2 and 3. The maj~r dielec-
tric (bctwPen conductors 1 and ?) wI1l c~,ry only
0.65 p.11, (imp., 162.5 kV),

4
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The voltage stress across the cryo enic en-
!closure can be relieved by reducing the B L (hence

the steady-state voltage rating) of the cable. Other
alternative solutions such as metallic shorts across
the enclosure at regular intervals .nd design opt~mi-

zation in the cable and system can also reduce this
voltage stress. ~ metric changes in the cable and
system are discuss~ the companion paper [3].

Llml ~tions of the Analysis

The 6-matrices were evaluated b
f

considering
only the first two terms of (1) and (2 in order to

keep the analysis simple and manageable. As a
consequence, this analysis is valid at the wave-
front of transients. To provide definition to the
valid time duration, extensive computations were car-
ried out by comparing results from the first terms of
(1) and (2), with those from the first two terms.

It was found that one of thp el~envaluet
(q ) of the B2-matrix in (8) was negative. This
wi~~ increase the corresponding exponential term ill
(10) with increase in dista,:o along the cable. it
was also found that all but one resultant matrix,

kll!~‘e{&QntJl[a&#n; t~hr!;;l. “It ‘~;;ipe’s’~~nt$
that this particular matrix i non-zero so that the
initial conditions at ~=0 are consisterlt. This term
was evaluated by using the exponential equivalent of
erfc(y) for large values of y, i.e.,

erfc(y) = exp(-y2)/yfi (16)

where

y = q2~x/4fi-qlk Z .

The time limit was s(t such that Y2 > q3mr/2. BY

simplifying the algebr(, one gets

((-tlk)< q~t/8q3ms (17)

wnere

t I time limit
tlk = l/qlk,and
qlk, q2~ and q3m are the eigenvalues
corresponding to the non-zero matrix

[alk] x [a2L]x[a3ml.

More terms of (1) and (2) should be included
if computation at longer times is desired. As the
front tjme is of concern in most applications, in-
clusion of just the first two terms of (1) and (2)
shrruld Le sufficient, considering the elegance, siln-

pl icity, and n:onomy in computation time of the

mrthod described,

CONCLUS1ON!J

1. The step response of a dc superconducting
cable to transient voltages has been de.scribed
usfng the Laplace transformation twhniqim,
taking into account the transient irnprdallces
of the cablr conductors and cart+.

2. Ttan>imt voltag~s will not st!ess the mJjor
dielectric of the cable syttcm to its full BIL

capability.

3. Surge protection, cable design optimization,
and sY$tem coordlnatiurr will be requlrcd to
limit transirnt vullages across the cryogen~c
enclosure of the cable.
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