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ABSTRACT

The progress of the Rayleigh-Schrodinger perturbation

theory approech to the computations of the ground state

ener3y in an infinite Fernrlon system is ~evicwed,



THE PERTURBATION THEORY APPROACH TO THE

GROUND STATE ENERGY IN AN lNFINITE FERMTON SYSTEM. —— —.

George A. Baker, Jr.
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The fundamental question which we wish to address is, “What is an effective pro-

cedure for finding

Hamiltonian

i= 1

the lowest, Fcrmionic eigenvalue of a system d~scribed by the

N

(1)

when N becomes indefinitely large?”

Tf V is purely repulsive, then rather good methods arc available over a fuir

range of densities and potentials, bllt if V is partially attractive., then the problrm

is much more difficult, and, of course, more interesting. There are quite n numhcr

of ways to approach the question raised above, but we will confine our discussion t%

pcrturbfltiun methods, and their progress toward the nnswcr to our question. In pur-
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where P. is the projection operator for the state 4.

The Fermi-statistics constraint la imposed by selecting

as a Slater determinant, .
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I cxp(itl”;N) ● *” exp(i+~”lN)

the initial wave-function

B (7)

where the ~1 are the lowest N eigenatatea of Ho in a box of volume r w[th periodic

boundary conditions. The corresponding momentum representation of the pot~’ntln!. iH

(8)

(9)

(

(

())

1)



%

the divergence of (11) is no worse than
-.

lE/Nl <M(nl)An,n- (12)

ao that the series is uniquely sununable to the correct physical answer for a simple

repulsive force. Thus, for at least some many-fcrmion, ground-state energy problems,

perturbation theory can lead in principal to the correct physical answer.

There are further problems to be constdcred on our search for the ground state

energy of a many-fermion system with attractive forces. In particular in applications

like nuclear matter which are self-bound, wc know that Lhc system must be a liquid.

Thus the saturation point lies on the liquid, coexistence curve in the (kF - A) plane.

It is reasonable on general ground~, and borne out in model ciilculations5, that the

coexistence curve is a line of analytic singularities so the usual procedure of look-

ing for a minimum is in prinriple only half co-recta That is to Hay the approach from

high density at fixed potential (or to weaker potontial nt fixed density) Is fine;

the part as one passes the minimum and findti Increasing energy a~ th~’ den~ity lx low-

ered further iH wrong. Here we know that n two plILMIC systcm occurs. Thu g;lfi phi]~~l

(absolute temperature In this problem is zero) Is the vacuum, and the liquid i~ u sulf-

bound drop. Thus the energy rum~lns ut its mlnim~m value and CILJUSnut incr~ws~’. The

perturbation approach, when properly uHed, has the advantage” of approaching thu satu-

ration point along a physically correct path exclusively

thr contrury iI purely low density rcurrangemunt tendH to

region und must bc viewt’d with great caution.

An arlditlonal prohlcm 1s that of the hilrd-ror~’. W(’

cluntly low dun~lty, thilt on I.nfinitcly Htrong, rupulslvc-cc~rv pl~tc’nciul ll?ildH to

only u flnitc shift in energy. ‘rhu v]~IHHica] Ho]uLlon to thl~ prob]om in pc’rturbil-

tion theory 1s to mako u chun~c of variables. For uxample, the function f(r) dcfiacd

n N

-?.v(r)
Ilf(r) = 1 - u ‘M@+ ● m. .= Av(r) - —21



larity comes

“superfluid”

which we are

from Cooper pairs and that it implies that the true ground state is a

and not a “normal” ground state. In this case the perturbation theory

u~i!lg

E (N),N).Jm (Iim Ek (15)
k=O N-

does not work. On the other hand, if such a situi]tion doi!s not arise physically, we

need to fix our fomalism to allow prngrcss. in the cr)ntcxt of perturbation theory

severs! ways have been suggested. (a) Brucckner and &mune17 simply modified the

intermediate state denominator as

(16)

where even a very small L serves tt~ eliminate thu problem. (lt Hlso changes the

answer, in principal, n little bit.) (b) Baker and KahaneH ~o]vcd the prublcm by

using n different change of variables, i.e.,

}’, (k)
[ 1=Rr(k)/ 1 + (’ill - fi)RP (k) (17)

where R.(k) (the “R matrix”) is muctl bcttur behaved. The Emery slngul~rft~cs now,.

occur in K (k) if Rr(k) < 0 since 1, -+ “I as k + k..
L k

However, a~ an} power of 11 is

Integr:lble, K can be expres~cd as iI series cxpansiun in R with finite coefficients.

Buker and Kahane found that K itself is ~iltlsfn~’t~lrY for typicnl potentials. (c)

Brnndow’s choice’g for int~l~c~dii]tc’-stat(4 cncrgv dcnominatmrs corresponds to u rc-

tirrangcmcnt of the perturbation series. It is to make f!lc ho]e-linu ent?rgies ~clf-

consistcnt ~,n the Intermctdiate stutc~ propagators, hut to Ilse the kinetic energy alone

f~lr the particle e~.crgl~’s. Tills procmlure [H ~upcrficln!ly attr:lctive, but hiIs a

fatal flaw! Its advantage~ nre: first, by the Hugcnh(lltz fortorlzation thorirern thcj

cnurgy corr(’ctions to the hole line~ , summed over uII tlmt’ ordcr~, tiru on the energy

shell and don’t depend on the ex~.ittitlon of tht’ Frrmf ~~,n HO thti~ tl~~)y nr~, Ltilsy to

~w)mpdt1’. Secondly~ ior n potential wfth il net i]ttrnrtiun, thL’rL’ 1s il Inrgu cnvrgy

giIF at the Fennl surfncr, tl]u~ L*llmlnatinU tl~c’ Emury slngu’ilrltY problem. Flnully,

the resultli~g large den~mjl]ilt~l~ make thL’ hlghur ordrr terms Hm{lllcr and thu~ Jes~

Imp[)rl;lnt. ‘1’hu prlnclpn] di~ndvnntugc of th~s ~chcmtt i~ tliut It glvc~ tll~’ !JPOtlfi

un~wcrlO! Thnt ik ti~ say, the answer obtained in this mnnnrr uHlng LIIP “ohvluu~”

1’III)!L!c of tll(’ intcgra( I{m contour LIVCr intcrmcdliltc! Mtntr cn~~r~jern omit~ curtain

rl’li~L!UL’ L“(lrr(!l’tlL)IIK Whi(h Ur(’ lIIC]UdL’d by the C!OrrC’L1t CholCL1 Of’ lntL1~rfItlOII L!C)ntL)Ur.

“1’IIL*HL. ~r:tallH nrc rxpl~llned al ]cngth by Bukcr LIlld GfInmIcl. ~ An tidditjunol ae~thctic

dr~lwbnck tu thi’ mrthwl lH th:it IL ~plltH crrtuln fjllltc rontrlbutltms jnto the dlf-

frrencv of twu infinltr (Int’s.

III Hummury then, th(, progrcNs tlluM fur hy pcrtllrbntlon methods IH: (1) Tllu

titr(ll~hfi furward V expnnHl(m wfth approprluto rl~Humm/ttion~ Much (!H the K-m,ntrix one,

or till’ rurnplete holti-~fnr rrarrongcmrnt with u ~ymmutr~ca] trtwtment of hule and

purti~ll~ cnergl~’H ajIPWJrH to give sntl~fnrtory reHlllt~ for problt*mN with purely repul-



sive forces. (2) The K-matrix and hole-line type rearrangements, as they stand, are

not adequate fo~ potentials with an attractive tail because of the Emery singulari-

ties. (3) A good change of variables, such as the R-matrix expansion 8 would appear

to allo\’ reasonable computational progress towards our goal. Other changes of vari-

ables could profitably be explored. (4) Modern computers would appear to make much

more extended work in this area possible than in the past.

This work was performed under the auspices of the U.S. D.U.E.
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