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h N ""ON Dufv SPACES OF DIFFERENTIAL LIF ALGEBRAS

-B. A. xupersnmigt*

0. Let A pe a comutative algebra over a field x of cnaracteristic Zerd, ang
let =I:A—A.' L=, ..., m, be . mtudlly comuting derivations of 3 over k.
Suppose L = A". Kk g=, 1s a aifferential glgedrs over L. Tnat means tnat 1f

f, LI {1 PR x‘. e«.s 0) (nonzero element on it"-place). tnen a myitiplication *

in L is given by

- STy kg v k -
(x,'v ) Z cu.a.v ? x, : VJ. ciJ.U.\-tA' (0.1)

a.vl:l,. T

(4

wnere 2, * MU0 ., 3% D I

m
¢ for = .g,. ..
.l.‘m or 1 = _GI
lfg ts 3 finite-dimensional Lie dlgebra over k., then t *(unaerstosa
as 3 functior on%')one assigns & derivation 1 af tne rir B IRETd

.St '-DcrlS-'g-l 1y Mamileoniaa, meaninc (see F11  7a Jy
A HaPi_tontan

‘u..f_ . ['n-’fJ-V"-' c-"91. e
wryce tne Polsion Dracket 16 uafingd dy

nf. » xn(H (0.3:

Meryg | 135CriDE whal 15 an anglu, AF thig wmellearden map . a0 Ui 3 ffargntind

Cann

1. “irst w¢ need an 3adly, of  ryn tion, on L® Let u . T

Mt frenti1d17, irqepongent variatles Conevger g Jifferent 4, 1M Au L [._,'

L]
uLporteu 1r part by WF - T e mems e e e e



B - oy, o)
_ . with derivations 2 extended on A, to act as al(u;")) . Laf xel,
X = (X, ...}, we denote "I Tt T s
U ewmrezuy T T T L R (1.1)

e e e+ = e e mmm ht s met = e = al -

~——- -Denote ImDe £ M3, in A ; we write a = b if (a

'-Def1n1t1on 1.2. A derivation .V:'i\u-»ﬂu is called evolutionary if

T R T M T )
- Note that V(Im@)cimPand V 1s defined by 1ts action on u‘.'s only

a°v(u1). .. Ce e
Define the matrix BeA,[[2), ..., 1] by

<u.x*Y> s X°BY, Vx,velL,

whire “t" means "transpose” and elements of L are understocd as vecto

(0.1) we get

. | feso c® oY
B‘J kéo\’ ( ) ’ Tk 100 ) *

]
¢ « g, 4., 0.
where |ol \ n

i@ -

[viz,) =0,

: V(ugo)) .

(7.3)

rs. From (1.3),

Finilly, we need "funct.onal derivatives." For Puiu. the vector i—: {s defined
8Py 8B hare '
by (651 6”1‘ wherc )

& R L S
i ‘3_' (=3) (——(5)'? e

{ ¢ i)ui
A o - )
Wo set ~'€ G o ..
& —-

(1.5)



Pr'oyosit'ioh_h-ﬁ_. "The matrix B 1s §kew-adjbin: iff multiplicatior in L is

skew-commutative.”

2. Thereafter we assume B (and L} to be skew. Tne matrix 8 generates a map

I’- Bs fr—'.)m'}\-u '1nto Dev(;‘u') (= evolution derivations of Au) by

N . . SH_ o el
Hyluy) z» s”(éuj) ._.Yhf:Au_ T ‘ T (2.1)
— e )
. . x et T -
We w11l write XH B 3T - — e
Lertma 2.2. For any P, QcAu. s
8 8P 0 80y o n(8Py-n 8Q _ p (8Q) pS° . &P & 6Q
3’6‘;:(982) o(zg) s &3 D3 Bsgtas " & -

whers the Frechet derivative D(R), Vﬁé(f*u)". 1s o matrix (differential operator)

defined by
O(R)va = '\'(i).VVLDeV(Au) . (2.3)

see @.9., [2], Ch. 1,

The proof is a straightforward analog of the computations fn the lemma 7.14,
Ch. 1 of [2].

Remark_2.4. One can naké A, into an algebra using the Poisson bracret:

(P} o XP(Q). 1t is cu v to see that.VP.Q.RcAu. {P,iQ,R}) ¢« ¢c.p. = 0 :ft 15'

Han'.ntonu_n. that is, X(P,Q) . [XP.XQ].VP,Q.._A“.

-Now | can formulate the main result, . : e

" Theorew 2.5. I' 1s Hamiltondan i¢f L fs a Lie algedbra.

The proof follows fvfo«n 10!:‘{!)().2.2. - '

Remark 2.6. 1n the case_L {s un ordina‘r_-/ Lie algebra, B‘J . % c’;J.uh and the
equatinns of trajectories of the figld X Hes(L)e"C ‘(L')". arg fomiliar

. ——— e ———— W v e = -




A K 9H - -« cmmmme e e . .. -
"1 }:Ukcij ‘3';" L ~ ) ) B (2.7)

Thus *H 15 tangent tovthe.orbit; of>the coadjoint representation of a “group G"
(whose Lie algebra is L). 'In the general differential situation, the notion of
“orbits" s meaning’ess. ~That 1s why one need: to work algebraically. (The
 $1té;nat1ve'uou1d be eithe% tight restfictions of the "compactness" iype or
pyramids of functional analysis.) S

As acorollary, from the theorem 2.5 one gots

Progosition 2.8. Thcnape:LoD*V(Au). La¥=X is a Lie algebra homomorphism

o -cu, V>’
(assuming L is a Lie algebra).  _ _ .
3. Denote by L gy = {XeLix; = 0, 1 5 s} . Consider the matrix B° defined by

. :E (-1)10133. u ck . -SV. 1.0 > 8. (3.1)

S
8 k15,00

13
k>s;c.wWv

Proposition 3.2, The matrix Bsdef1nes a Hamiltonian structure (1.e., 47 H,F

denend upon uy with 1 > $ than the same {s true for (H,F}) {ff L(s) is a Lie
subalgebra in L.

4. Suppose L, = AM. M < =, {s another alqebra over :. and iet d:il-ly 15 a
map qiven by a linecr differeitial operator. Denote by Av . A[vJ(“)]. J$ M, the
differential algebra which plays for L1 the same role as Au plays for L. We can
define the nap @‘:AV*AU )y

1) g%, = Dic'.,i s m;

L

2) <¢*u, x> 7 <, 3{X)>, VacL. o o ' (¢.1)
Suppose L and Ll are Lie algehras, thus corresponding matrices Bu and B« define
Hamiitonfan structures. We sdy that .* s canonfcal (f ru(¢'F) g e*-compatible

with f;(F;.\/FuAv {sce motivations 1n 1], Ch, 1y), + o=er o mree we o

s o s ee = e . — Ve berem e o e s . .




_ Prop>osit1c'm _4.2. ¢'71;-e;ne'ﬁi'ca‘i- iff ¢ 1s a Lie zlgebra homomorphisn.

" 5. (Consider some examp]es'.'—"'" e Ty
g gy
= §.1, Let Alg] = {Z -a f; |a €A, 5°: © 511... ;_m}be a rirg of differential

operators and A[E.E"] the cd;r'—e's‘bong‘l_ng ring of pseudc-d1fferentia'l- operators,

“"For the Lie algebra generated by elements of A[E,L” ] of negative order, cor-

responding matrix B (for m = 1) was introduced by Manin ([2], Ch. ]) as a forma}

Timit of Gel'fand-Dikii opera-f.e;';_.mThe Lie-algebraic interpretation of tnat

mtr‘lx (form = 1) was given in [3] o T

- 6.2, Consider C (lR ) = ol (z, E) and its localization around subspace
G =k 0. The usual Poissan ‘bracket on R M. @ ) leads t.o the

following algebraic set up: L = { z_ X lx cA) » {(x Y x cA)
- . ‘ucI e oo

The bracket on L is given by e o

(x'v)u . Z [clxoai(YT) -, ¥.0,(x Y] _; _ : (5.3)

LT O
+‘f='_‘+]
¢ 2

thus the corresponding Hamiltonian matrix B is e

Z [cluoﬂ’dl;i * L‘-l.'[uoo'r-]l] . . .. Lo (5.4)

This matrix appears in m-D hydrodyn.nics. For m = ! it was introduced in (4],

{ts Lic-algebrafc interpretation 1s gisen in [§) (for m = 1).___>-

5.5. In er - ((x.t]. ..’.. E ) consider the Lie alqebra of functions on

R ]1 with the bracket - - R I PR

gl T _':|-~— feag -af o d 37- 9y iy v e . T (5.8)
AT U A

Localization to the line £ = O leads to the alure.br'.\ L- {Z

,wa. I' Anel ) 'a/nr

e e eimaiis e e . ML[ e




with Lie bracket . __._ . ._ _______ _

(x*y), = Z (aydyxaavb f_t_’ydeagxb)' a,beZ, ' (5.7)
o a+b=y+]
The corresponding matrix B 15'_giy_e—n by__ B
By = 2 (0 aY ow-l aw d uMM ) L (5.8)
—_ ‘ - . —— . .- .

which is the multicomponent (for r > 1) generalization uf the m =l-case (5.4).
5.9. InR™P with coordin'a’.e# (y,. cevs y,‘;xv....zn) consider Lie algebra
T consistirng of those vector fields Xc!)(Rmp) which commute with %—. q=1, ..., p.

q
- 4
The algebraic version of i wouldbe thelie algebra $(A) ? a_y_ acting on
A[yl. ces yv] as derivations. The corresponding matrix B now yields Poisson
bracket '
P n
o) - SF_ 5 86 _ 36 3 AF
(7.6 = 2% 2 (3 5, &8 su, e vt
q-1 a1 % e * .9
5 &F . 86 86 . 6F .
E_u Z (6u1 1 3u tSu1 % su;) , ) (5.10)
el e L ¢

which appeared in [6] (for ne1, p-2') in the context of hydrodynémics of compressible
fluid. ' T

5.1, On o \IR ) ccnsider Lie alqebra structure [f,g] = (lf'z e A
(GEE,-_ + 21g ¢ 3%, 0 & 3/0xi ..ﬁ.' LocaH.a..ion an the Yine & = 0 Teads o the
following algetraic svetVUp: L'- A _-___{(.xi)}'-o:_xi,-", m = 1, with m,Jtiplication

x'Y d, Z (X 37, « dpdX )y 2 -a/.m-al v e (5.12)
- e - Cepemek - - @ e emiem. s . e m—me e




where dk = &k + B;_aﬁd a,étf a;éfarbitféry. The corresponding matrix B[7]

iJ 1 1*.13 + adJui*J T TT T Tt ttem e m T T o (5~]3)

1s the main source of 1ntegrab1e systems 1r two-space d1nens.ons C1assificat$on

: tab1e of such systews {see, e.q. [7]) 5 snoothly upon (u B)exP Despite of

thls one can prove the following e

" Theorem 5.14. The Lie algebra L with multiplication (5.12) admits a nonzero ad-

1nvar1ant (modu1o lm a) b111near 1d1fferential) fonm (not necessarily synmetr1c)

1Ff 39 B

R L S b

: © 6. Remark. The existence ot Hamiltionian structures on Jual spaces of Lie
- algebras is not the prxvilege of the differential case only. Analogous results can
'be found: a) when one substitutes commuting aytomorphisms Al' cess Am:A*A instead
" of derivations, as in [8); b) and moreover, when both derivations and autcmorpnisms
are present. The corresponding matrices B behave naturally with respect to

“continuum limits" A2+exp(xa 1(8]). - Details will be given elsewhere.
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