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CONSTRAINTS ON STELI.AR EVOLUTION FROP PULSATIONS

Arthur N. Cox

Theoretical Division, Los Alamos Natior.al Laboratory
University of California

Los Alamos, New Mexico 87545 USA

ldonsiderat.ion of the many types of intrinsic variable :,tars, that is,

Lhose that pulsate, reveals that perhaps a dozen clas’es can indicate
some constraints that affect the results of stellar evolution calcula-
tions, or 6ome interpretations of observations. Many of these con-
straints are not very strong or may not even be well defined yet. in
this review we discuss only the case for six classes: classical
Cepheids with their measured Wesselink radii , the observed surtace
effective temlJeratures of the known eleven double-mode Cepheids, the
pulsation periods nnd measured surface effective temperatures of three
R Crtl vnrinhles, thr (5 Scuti variable VZ Cnc wi~h d very large ratio of
its LWO ol)srrved periods, t.tlc nonradia] oscillations of our sun, and
111P prrio[l ratios of t hr nrw] y discov~rc(l rioublc=-rnodr RR Lyrae
vnri~ble~. Ullf~rtul]iit~ly, thr present state of know]edgc about the
Cxilct coml)osit i:)ns; mnss loss and its dcpendrflce 0[1 the mass, radius,
l~lmi[losiLy, and Cornlloliitioll; nlld illLcrnul m.ixil)~ l)rocc~ses, as w<lI as
~omctimes thr m[)rr hti!iic pnrnmcLers SUCI) tiH lumillosiLle# and RurfaCc

(11 lrcLivr trml)rri]lllrrs prf?vellL IIE from Hplllyil)g ~trong con~trailltfi for
ev.~ry (’USC wlIrrI’ c“urr’c,l]ily LIIII possil)i]ity rxists.
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problems that still exist. These problems might eventually be bona-
fide constraints to be settled by changes in our current ideas of the
internal composition ~tructure. It seems that, except for much needed
accurate nurface effective temperatures for Ilira variables and
for the extremely hot dwarf stars and more periods for double-mode
RR Lyrae variables in the field and in globular clusters, the next
edvances in these pulsation-based constraints will come from
theoretical calc[llations of Internal mixing and element separation and
from nonlinear pulsation calculations.

Cepheid masses have been shown by Cox (1979) to be consistent with
evolution calculations using the new larger distance scale of Hanson
(1977) and the cooler effective temperatures of Pel (1978), Flower

(197’7) and Bell and Parsons (1972). We ignore for this discussion the
problems for the double-mode and bump Zepheids that can indicate
internal helium enhancements or magnetic fields. For periods longer
than IG days, there has been a remaining problem that the Wesselink
masses used with the period-mean density relation produce masses too

small by typically H factor of 0.6-0.7. W/ here propose as Burki
(1983) recently has done, Lhat these Wesselink radii indicaLe mass loss

rates L]laL can be used as a constraint on evolution calculations which
include mass loss.

The measured Wescielink radius has been discussed by Jlurki, who shows

that the presenre of a companion Bt.zr call greatly affecL the derived
rndius . Therrfore, it in hetL~lr lhat. only truly singl(. Cepheids be
considered . Solution of Lhree etluations, the period-mean densiLy
re]ntion, the defini Lion of Ll]r surface effecLivc temprraturr, nlld a
fiL for Lhc p(llsi)tio!] collstalll Q as a f~,llrLioll of rnnss, yndius,

luminosity, mIIl eflet’tivc LempvraLllrr, nre Ho]vrrf for tllrec Ilrlknowlls,

Q, IUmi!losity mId mass Wtlcll the prriod, cff”ectivr teml)rrntllrr nnd

Wrssclil)k radius ar(. given. Thr CFphcld H RS Pup, 1 Cnr, (J Ciir, and
SV Vu] (l)()~fiihly n hillary) tirr Rllowl] to Ilnvr n mtifis ns smal I nc ().3 Ltlc

H()-[’nl it’d Lhvor(~tic~ll muNfi, Bllrki HIIOWK Lhut tilt’ Mnc!(lrr (1981)

rvolul ion Lrticks with mo(lc’rntr to lurgr mus~ los K (cnsrs 11 nll(l C)
hrackrt thr rurrrnt mnsNcs for Itirsr f’ollr Crl)llci(ls. Fi~urr 1 gives

thc~r Hllrkl mn~sr!s vr~~-.ls JumilliJ~ity for thrsr (:rl)llei(l~ togcLllrr wILI)

11)(’ critic A (110 m~iNs 10SH), II m~d C rrlritiul~s for LIIr illiliu] mn~srfi n!
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Figurr 1. The luminosity-mass relation for four Cepht~ids wiLh Wesse link
masses and luminosities from the work of Burki. Also ploLLed tire
the Maeder theorcLical relaLiolls dllrillg t+r firsL, serond, and
L!~ird crossingk of L.hr Cephcirf lr~~tnhi]ity !:Lrip for no mnss loss
(c~sr A), moderiiLe miis~ 10SB (case ~) ~rld high mass ~ohs (case

c).

(ii~putr thrlr Wrs~el ink mns~rs, and so ftictors of Lwo mnsr+ ]oss for
lor)g p~’riu(f Crphc ids muy hr corrrcL. This resul L corlsl iLulrs u
col~strairlL or) t.li(i moss loss rnLrs (“or yellow gi;!llts of ori~illul mi]ss
HI)OIIL 12 M

H“



by Becker and Cox (1982) in the moin sequence stages is not necessary.
The result that the blue loops cre at a much higher luminosity than
thought before is unaffected, however, and the 15 or more day Cepheid
evolution ❑ asses are reduced as much as 17% as reported by Becker and

Cox and by tlatraka, Wasserman and Weigert (1982).

For shorter period Cepheids, Lhere is ano%her problem. The two periods
of the double-mode Cepheids and the bumps for the 5 - 15 day bump
Cepheids suggest ❑ asses considerably less than the evolutionary, theo-
retical, or pulsation ❑ asses. The factor is 0.6 for the bump Cepheids,
while it is about 0.3 for those double-mode Cepheids that directly
display two periods. The question for the last 10 years has been what
is the cause of such large theoretical P /P period ratios and such low
derived masses? Are they really corre~t %r is something else wrong?
The current proposed answers are that the surface layers h~ve an uncon-
ventional structure which produces 2 few percent increase of L.he ftinda-
mental radial mode period relative to a similar increase of the first
overtone mode period. This structure can be established by an actual

mass loss or an enhanced heli ~ content, a magnetic fieid, or an
opacity increase in the outer 10 of the mass. The first and lasL of
Lhese suggestions now seems to be ruled out by other considerations
that we will not discuss here.

Other discussion of the cause of this anomalously small period ratio,
as indeed the cause of the double-mode pulsr!tion. we leave LO another
talk. Herr we merely look at the position of these variables on evolu-
tional Lracks to sec whn~ constraints exist on evo]utioqary theory.
Ralona and Stohie (1979) made carefu’ measurements of Llle intrinsic
colors of eighl of the 11 double-mode Cepheids. conv~rs;o:) of Lhrsc
colors by a formula given by Bell and Parsons (1972), shows ltI:Il all

these vuriul)les havr the same effective temperature o! 5940 K wiLlli[l u
small scittt~’r of about. 130 K, Mor(’ recently, Rarrrll (1981) using the
HIInpe of thr hy(lrogcn a 1 inc’, has vcrific(l boll) th(’ nnrrow rang(’ of LIIC

temprrutllre HI](I its mrtill vulut’ for till 11 varinhles. our ~)rcsc[lt.

intcrf*r4t is t () N(’t’ i [“ W(’ CMII learn whvl this mrnns 10(- (’vollllioll

Lrncks .



pressure scale heights. The effects of the outer ratio of convective

mixing length to pressure scale height are also indicated lor both core
overshooting cases. This limit of only about 0.5 scale height core
overshooting is reasonable because there is really a very strong

p-barrier against the outward motion of the heavy helium-rich core

material into the lighter hydro~en-iich layers. For normal composi-

tions then, there are these reasonable constraints: some , but not

much, core overshooting, Maeder and Mermilloid (1981), and a convective
envelope ratio of mixing length to pressure scale height not much
smaller than 1.5, just as appropriate for our sun.

17 .

M .

2S
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Figure 2. Theorctlcal Hertzsprung-Russell diagrams are given for thr
core oversllooLirlR cf 1.0 and 0.5 pressure scale heights. For

each cast’ tile ratio of the mixing lellgLll Lo pressure ~calc height
ra[lgcs from 0.5 to ],7 for Llie outer convt’ctivc shr]].
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Figure 3. ‘l’he evolution track for a 6 M@ model with the Y and Z
compo8iL.ions, respectively, 0.2t35 and 0.020. The blue loops have
[.hei r tips just aL the effective temperature observed for the
double-mode CephrId:; ,

!s a little ovrrsllooting al 5 MH, lhen thr i! value nerds to be ever
lower LIIUII 0.017, hill IIOL excessively so.

Tllrrc is Bn unsolved problem !,ure, tlIouglI. parzynski (1970) , Robertson
(19’1), and Robertson and Fnulkner- (1972) h~ve considert’d the possil)lt’
overshooLinK o !“ tilt’ corr t.ollvrctio[~ on the blur loops in ttlr core
hcliurn brlrni[lg stage. Tllia overshooting extends the blue loops and mtiy
Illlset our arglmwnt at;out the Z V:IIIICJ for ~.hr cl)mpo~ition. OlltI nit-t=
l“e~LIJrc cf thrir work i~ thut with this overshooting duri[lg Lhr blue
Iooi)s, an eveII Itirgrr f’lnrti(~rl of !im:’ iri spuIIL at thr bl,Ir tips, With
N I 1 t hr prol)cr (’f!e{’Ls ill.’luded, wc m~y find LIIML dollb]r-mofic ~el)hcids
n~Lllrtil ]y occllr HL LIIe blue lu..;) tips Ior * coltvclltio[l:ll romposiLion.
1 h (’ flnfil rrsuit s 01” R(~l,rrlfiol, (]073) ,,~.cd f“,lrt],~.r d~s’.ussiorl,

rr+}lecinl lV ~inrr thr ltirgt’ opar!ly incrc[~s~s ovrr the C(JX and SLrw~lrL
( 1965) vnlIIrH II(I Iollgrr n{.rrn jusL ifird.

I’urlling IIOW Lo nnot!;rr r]rIRri of varinhlc ~tnr~, S~io urltl Wllrcl(’r (1°83)
I)nvr con~idrrrd tlIt- co;ir4trHint of pultiatiorl t~lrory or) tllr m~s~ 01 tllrrr
UWl I kllowr~ R (:rll ~tur~. l’ile~v lly[lr~)~rrl-[1(’ficirllt
IOnt

HLurri l~rr~llm:ll)ly l~:~v(’
Lllcir Ilyflrt]grrl envrlo~)r by a high m:lsr4 lor+s rrrtr Citll(’r frml n

rnlhrr mnrrhivr Rtnr, tiny 10 - 15 rte, or from arl ol{lrr, lr~~ m~l~sivr,
tatilr @V[)lVil)h tllfouRtl *11(* n~ym~)totic Ri:lrll brnrlrtl rcgiorl.
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Figure h shows the blue edge for the fundamental radial pulsation mode
on t~e—Hertzsp- ng-Russell diagram for 1, 2, and 3 II . The cause of

the sharp turn of the blue edge towards higher effect?ve temperatures

at a critical luminosity is that tile envelope density there becomes

very low. At this mass-dependent critical luminosity the radiatively
damping region of the star loses its effectiveness, while the cyclical
ionization of helium even nearer to the surface still causes pulsation
driving.
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~lRlll”4’ ~. Tllr Hr=rtzsl)rung-liusse]l diagrtim in thr rrgioll of tl)r R Crf3
variables. Blur ed~rs are mtirked nri ~olid lines for 1, 2, arid 3

M. Al~o given are linrs or cons[allt prriod f’oJ- masses Rn{l
p~riods a~ markr[l.

‘~he figure altio gives da~hrd lirles for tlIr ronstallt l~erio,l of 40 dUyS

anrf on~ C.3SV for 35 days. For the 3 M rarir-, we c~rl Ne(’ tllr buddrll
increusr ill Iurninofiit,y nrar log(I./LH) of’ ~.5 dur to mn~lr buml)ilig. Thiri
bumpi[lg occurs whrn star:; bec-omr vrry cr=rllral ly ron~”rnLrirted at higtl

lurnino~ity mid periods derrea~e comparrd to liIo.+c f’t]r lrfi~ concrnLrd(ed

model H , Thiri de[’renfic of a no-callc~f longer l)t~rio(l Ntrti(lgtm rno(lr pt~rio(j

makr-ri it clol?~’ to thut for Lbe fundtimelltul which i~ leris dr[.rrasr{l ill

its prriod, ‘rherrforr, the po(rntial roll iNiorl o! the two perio~l~ i~

BOIVC’(1 by t.tlr Stnr whorl t)le fl]nd~mpllt~l prrl(]rf i~ I)llllll,r(l d,,wll ill
period, Ibis mrnns Lhal to reLnin Ltie 40-(lny prriod, thr r~tlills nrl{l

Ilnnlnosity nre~’ to br irlrreasrd auddrrlly.

Tllr ob~rrve~~ p[.riodh nnd ~urfnre effrct ivr tcml)~,r.atur,,s for R (;r’11 nlltl
RY Sgr are 44 tintl 3~) (lny~ nr~d 7000 K an(l 7100 h. ThiN fir~t cffrctivr



temperature is uncertain by only 250 K, whereas the second has its
uncertainty as 600 K. ILK Cam has similar properties, but it does not
pulsate, probably becauae its luminosity is just a bit lower than for
the other two starl: and it never ●nters the pulsation instab:.lity
strip.

Hass and luminosity limits can be obtained for the two variable stars
by noting where the line of the observed period intersects the nearly
horizontal blue edge at possible effective temperature of 10g Te
between 3.829 and 3.86o for R CrB and 3.813 and 3.886 for RY Sgr.
Above about 3 ?!8 the variable stars wGuld not be predicted to pulsate
becauae the line of constant period of 40 days is always in the stable,
leas luminous, region for all po~sible ●ffective temperatures. Since
RY Sgr can be a little bluer than R CrB, its mass and luminosity may
pos ibly be a bit higher. For lower masses, the lines of constanL
period always are in the unstable region. In these cases, the luminos-
ity limits always come from the observed effective temperature limits
with, of course, a larger range for RY Sgr.

Figure 5 presenta the relation between the mass and luminosity limits.
AL low mass, if it all is in a helium core, thr:reis an upper limit to
the lumir,osity that can be produced according to Paczynski (1971), and
that is Lhe dash-dot line. The Eddington limit for the luminosity at
any given maas is the upper solid line. Rerently CotLrell and Lambert
(1982) have given for R CrB a value for the gravity that can be com-
bined with the measured effecLive temperature to consLrain the mass-

luminosity relation, and Lhst ia Lhe heavy dotted line. We ;ee thaL
the two k’CrB variahlrti Lhal pulsate have mass-s beLween about 0.8 and

3,1 M@ and luminosities beLwecn log(L/Le) of 4.1 10 4.8. Further work
011non] lnear pulsation calculations is now being dent by Saio.

We now Lurn 10 sorer!cousLrainLs from pulsation th?ory for b SruLi

variables. Here WC’ contiider LhP slow srLLling of I!clium bFIOW the

botLom of the hydrogen-helium ioni?.uLioIlronverLion zones. A 2 Mtistar
evolves alow]y eIIouglI Lhal Lhiti draining of helium can oneraLe even ill

the presence oi mixing processt=a such as those from rotation and Lur-
tmlent diffusion. [luring Lhis sLage the conv~ Ct]On Zoneti rt?main homo-

geneous due to thr slrong motion~ of rollverLion, IJIILtileht?l]’mt rorlLenl

st~ndily derreazie~. When LIIF hrlium mas~ fraclion decreases L(IahuuL
0,08, Lhcll thr deellrr hrlium convcrLion zunr disappears. At Lills low

hrlium rontent the opacity is now low ●nough NO LhaL all Lhe internally
grneraterl ]uminosiLy ran hr c~rried hy radiation alon(’. Howevrr, the”
ouLcmr hy(irogrn conversion zonr is, i f anylllillg,~liRhLly ●nlarged
brrause the high opnriLy of Lhr hydroRe”n-heliunlmixLIJrc is ev~’11 IIow
inrreasmd with le~s dilution hy hrlium whirh dorti not rontrihutr so

murl~ to LhP opar~Ly al 10,000” h.

New rvolut ion track:+ havr lwrII roml}utrd by Andr~ascn, )IC.ll(-S(-ll, flIIIl
Petersrll (1983) allowinp Lhr hrlium to ~cttlc to depLh# nf shout

300,000 K and 1,000,000 K. ArJ OIM* might exprrt, thr trnrk~ arc n~~t
Rrrut Iy changed nn LIIP 11~’rtzn]~rllflg-Rllns~lldiJRrnm. llow~vrr, thrMr
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Figure 5. The allowed regions of mass and luminosities for R CrB and RY
Sgr from ptilsat ion theory are given as hatched areas. The maximum

luminosity as a function of mass ?.s also drawn for low masses.
The solid line is the Eddington limit as * linear function of
mass, Tile dotted line is the mass-luminosity relation derived
from the observation of tht= effective temperature and gravity of

P. CrB.

authors have (.,und that as the stars expand in their normal evolution
and their plllsation periods irlcrease, Lhe pr;iod ratio of the first

radial ovrrtolle to the fu[]dumerltal increases to much larger values than
ever considervrf bcf’ore. Their period ratio reaches 0.79 compared LO
just over 0.76 for 1.7 to ?.0 H when the helium is drplete{l down to

about 300,000 K. Deeper helium feplet ion returns tl,e period ratio back
LO or even slightly lower vtilues.

This bell:]vior of the overtone to fundamental period ratio is ju:t as
experted from the studies by Cox, King, and Hodsorl (1979) for derretis-

ing ~he period raLios for double-mode Ceplleidri, Ir] ttlat cast-, surftice
enrichment wa~ needed to reduce t ‘le rat io by shout 0.01 Lo 0.05 !-or

masses, respectively of 6 and 4 M
8:

As discussed above, the physic-al
rf!ect to change the period ratio 1s a change in the Mpparent t-ori[.en-

lr~tiorl of the ritar MR ~t=en differently by the two modes. For Lllr

doublt=-modr Ceph(’ids the enrichment seems hebt for depths of 250,000 K,
not too much deeper Lhar, wc will see is appropriftte for VZ Cn{ our 6
Sculi varialllc.

With tlcNamara from Nrw tlt=xico stale University, 1 began wondering if
the large-period raLiu ohservt=d for the 0.178 day 6 Scuti varial)le VZ
Cnc miRht indiratr thi~ hrlium st=ttling. This star has brer) r(.observrd



recently by f’9cNamarato compare with data obtained by Fitch (1955).
Both observers get the ratio to be 0.8006, but the ❑odern data give
clearly a change in the amplitude ratio of the two modes with the over-
tone now 0.326/0.276 larger relative to the then exiEting fundamental
amplitude. The accuracy of the periods themselves is not great enough
to detecL the few parts in a ❑illion perioci increase expected in the
30-year time interval, and therefore, a check that the expected redward
evolution is really occurring is not yet po6sible. Anyway, it appears
that the overtone is getting appreciably stronger rather than weaker as
the star evolves to the red and to a more pure fundamental mode domain.

Figure 6 gives the period ratio being discussed for five calculated
depths of the helium depletion in a model for a 2 Me star with the
observed surface effective temperature and a luminosity such thaL the
observed period is matched to the radial fundamental. To reproduce the
observed period ratio for VZ Cncp a depletion profile is needed that
has a surface helium mass fraction, Y, of either O.L)O or 0.08 down to
almost 200,000 K. Deeper the Y increases to 0.08 until a depth is
reached where the temperature is almo~ 300,000 K. Then w,- set Y=O.18.
Finally Y=O.28, the normal value, is u6ed for depths deeper than about

400,000 K.

The apparently correcL interpretation for VZ Cnc is that its helium has
settled to below 200,000 K. This makes the blue edge of the instabil-
ity strip for 6uch a star just aL 7000 K, and the red edge is also
probably at abouL 7000 K. Thus this star jusL barely has an instabil-
ity strip, and it is driven by hydrogen y and K etfccts alone. Note

that as the helium settles, the fundamel]tal mode bllle edg’ evolves to

Lhe red duc to the deplctiol~ of helium. men a sLiir is aL or near Lbis
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Figurr b. TllrI period ratio versus transition Lempcraturr i~ plollrd for
fivv depths of Fettling of helium in a 2 He model at 70()() K wiLh
t tlr period of (),177 day. Two sllrface helium cflntrr~l mass

fractions Ilave I)e(”li consid~red. The obqcrved prri~)d rntio is
also irl[li[-atrcf,



blue edge there is a strong tendency to ❑ ove over to an overtone pulsa-
tion as we see for double-mode Cepheids and double-mode RR Lyrae v=ria-
bles. It appears that this star has a redward evolution of its funda-
mental mode blue edge that is faster than the evolution of the star
itself to the red, because the overtone ❑ode is getting stronger.
Helium depletion to depths such as we have found seem reasonable from
the current results of diffusion theory.

One of the current interests in the constraints of pulsation theory on
evolution theory is in the solar 5 minute oscillations. The low degree
modes with I?=O to 5 give sensitivity to the central temperature and

density struc~ure, and that in turn bears on the persistent problem of
the higher than observed predictions for the neutrino flux from the
sun. The reason for the sensitivity of the periods of low dei:ree
oscillations is that the spacing between nodes near the center of the
sun for, say the 10th overtone, is comparable to the horizontal
distance between node lines when 9=1 to 5. Thus a change in the
central conditions results in a change in the nodal structurt which

reflects itself in changes of periods.

Figure 7 gives the internal structure of a solar model calculated by us
at Los Alamos. The logarithms of the temperature opacity, and density
are plotted versus the external mass fraction. The cenLral temperature

far this model
about 122 g/c~~ ~~~~t ~~m~~.~on. ‘elvin and the central densltY isdifferent from other recent models.
These differences may be due to the equation of state of the solar
material that we used. Some coulomb c’]r~ections for the pressure have
been included, but maybe noL ill as elaborate way as Ulrich and his

coll~borators or Shibahashi and his collaborators have done. The very

high opacity across mosL of the figure produces a convective shell down
to a temperature of just over 2.5 million kelvin.

Figure 8 shows the hydrogen composition mass fraction profile for four.—.
different models. The basic profile is due to Christensen-l)alsgaa ru

(1982) who has made an acLual evolution calclllation using sLandard

methods. The solid sLepped line shows our Los Alamos model which
attempts to track the Christensen-Dalsgaa ru model as well as possible.
The differences are needed due to slighL differences heLween the equa-

tion of state and opaciLies. Note that we need a smaller amount of

helium everywhere and iL is nf}t clear whether the siln prodl]crs that IO”A
~maller amount during its lifetime. The figure also shows two partial-

ly mixed models, onr with H homogeneous shell bctweell q=O.3 ond 0.5 and
another with the central 15% of Lhe mass homogeneous as SIIOWII. The

pulsation periods for low degree, high overton(= modes will later bc

calculated, and L}lt’ effecLs of tilrse two mixt~d layers 01) the ~~rriods

will be given.

ob[;ervntiol]s of Lhcse rnodrs kj!lI frequellrie~ be~weell ‘)00 and 4500” pHz
are giver) in FiEure 9. The plu~ ~ig[ls, cit”cle~ nlld LriallR]rs give dnLiI..— ..—
for many of ~hr modes, and the dols arr tl)e lateHL Shihallastli, NoelH,

and Gabriel (prel)rint) 11)~’oreti(.al rrtilllls. The t’igllre is re;llly only
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Figure 7. The logarithms of

the temperature, opacity, and
density are plotted for our

solar model versus s~rface
mass fraction. The units are:

tern erature (K), opaci y
9 5

(cm /g), density (g/cm ).
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one-dimensional, but the line of increasing frequency is cut into seg-
ments of 135 I.JH and these lines are displayed one above the other. The
match between theory and observation is good for these adiabatic

periods. Our no~adiabatic periods are typically O to 7 piizsmaller in
frequency, A thing to note about this figure is that the even JZ values
are close together and so are the odd ones if the 1=5 curve had been
plotted one raster line below. As shown by VandakLtro\” (1967) and
recently try Tassoul (1980), the difference in frequency between two
modes separated by +2 in fi and -1 ~n n (overtone) is almost zero. The
splitting of these modes is a good probe of the internal solar struc-
ture and its possible mixing either now or in the past.

The table of frequencies g]vc our values for our standard, mixed

envelope, and mixed core models. We have been limited aL the present.
time to only 330 mass shells, but we believe that maybe 100 more zones

are required to geL accurate frequencies even for thefie longer than
average periods, and lower than average order. Thus we get frequencies

LOO large by 1.0 to 1.5%. To approximately correct for this defect in
order to assess the effects of the model structbre on frequency
splitting, we ;’,~ve corrected all of our frequencies by the ratio of the
measured Lo standnrd freque[lcies. This should reduce our spJitLing
prerlicLion errors to much less than 1%.

The srcond Lable, witi] the separation of successive modes aL a iixed J?

Vlll Ilt! , avernged (JVP .’ all the four overLones, an(l with the abovr

mentiorled ~ spliLtil~g averaged over four priirs 8howB the cffecL of ltIr

LI$O rniycd models. O(I r model ri sLi]l seem Lo havr ltIv Nepar~t iollri

:, I igllt I y t 00 lnrg~’ , Lllougtl Lhrrc is ~i)pnrcrltly no scrlNitivity to L]Ir

}~ossil~lc illtcrnnl mixing ~s rxpcctrd. This srparat ioil i~ dt’termirlrd l~y
1 11(’ n!()(lf’ I *t ru(. Lurr i II t 1)(” out.cr 10% of Lhr rnn~s. W(” (io srr tllil(

llom(;gr[~ i Zing thr Cllvrlol)r shr?l I Nrcms t[l ~ligl~tly ill~’r(.n~ti tll(’ 1

~}~littillg, AII tIVrII iur~rr iIlcrrnHr, aB UIRO diNcufis(’l\rr(’cllt.ly lJy

IIlri(ll JIII(I Iillotlrs (1983), i! NrrII f’or tllr r(,rr mixr(l mo(l(’lm It ?irt’nlH

tllnl Lll(’ ! sl~littillg is BCII!4 i t iV(’ to LIIr C(JI’I’ r+t rll(’t Ilrtg , Mixing
il~l’rrn~r~ L]ICs Bj]littillR, l~llt our corr HIJu[i/il r~’~[llllt itJll iH Loo co~lrs(,

to milt CII t~hr+e~.vrfl N]J]ittiIIRS. N(J mixill~ rri nll Rrrmri t u hr u morr

rorr(’(. t mo(lc- I for ollr r41111 .



NONADIABATIC
FREQUENCIES S (PHZ )

STANDARD Ml XED Ml X ED
DEGREE ORDER WDEL 2NWUPE CORE WA2U22D

o 10 lbila 1506 1597
11 1732 1732 I 734
12 taJ37 Iaae 1089 1824

eoo2 eoo3 2004 lQb4
1: 2130 2139 a140 2094

1 10 1646 1046 1645
11 1702 1702 1783 1753
12 1010 1010 1020 1888
19 2060 2050 2067 B022
14 2103 2193 alB4 8167

2 if 1698 1600 1006
;::: 1836 ;fll~ 1812

12 kw”l 1B47
13 ;!;; 2110 21io EOB2
14 R246 2247

3 10 1749 1740 1740
11 :887 1087 1887
12 2026 2025 ~024
13 !44;: 2163 2162
14 2301 2301

4 :? 1795 1704 1794
1934 1034 i e34 1s18

12 ao74 2074 2074 8062
13 i)213 2212 2212
14 a352 8362 B361 2323

Table 1. Frt’quencics of our solar model are given for th(’ longer
ot)served periods iu the 5 minute regiorl.

AVICRACF: CORRII:CT’ED
Sl~:iJARATIONS AND
S1)I. I’!’TINGS (~Hz)
(N=1O---14)

STANDARD
L

(?1 oill11
1, L!

:) I :)2
:1I

:1:1 1()
:12 :1L!

:! (J
1II

31) 37 :10
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But the overtones and the double-mode pulsators seem to he much too red
to ❑atch the best currently available blue edges and the fundamental-
overtone transition line.

Figure 12. The RR
Lyrae pulsation
instability strip
is plotted on the
Hertzsprung-Russell
diagra.: for a mass
of 0,65 Me and the
King Ia m~xture
composition. Mean
luminosities over
the pulsation cycle
are plotted for the
M15 RR Lyrae varia-
bles wittl the funda-
mentti] pulsators
marked by F, the over-
tones by 0, and the

doublt’-nro(ir vtirial)les
hy +8

2!ot 1 I ! i , 1 I A r I I ! 1 T I 1 1 1 1

1,9 -

1.8 -

0

<

; 1.7 -
/3

t,6 -

1.5 -

Log T@~~



,.

The constraint on evolution theory is Lhat maybe
Lyrae variables differs with Oosterhoff groups,

the mass of the RR
being lower in the

higher metal content Oosterhoff group I clusters. Actually, with a
core mass of about 0.L75 M@, as currently preferred, a mass of 0.55 Me
would be born on the horizor)tal branch and evolve at much bluer posi-
tions than the instability strip. The only way to get RR Lyrae varia-
bles then is LO reduce the helium-rich core to values as low as 0.425

M according to the calculations of Swcigart and Gross (1976).
E“

Does
t IS mean that the higher Z clusters have more mass loss and the core
helium flash occurs at an earlier time in its evolution when less
helium has been produced in the core?

We conclude from this discussion that there are some constraints on

evolution theory from the various res~lts of pulsation theory. The
solar problem is interesting in thaL it reinforces our standard idras
of evolution, leaving the neutrino problem unsolved. The two oLtlt?r
poLential]y strong constraints are from the double-mode Cepheids anti
the double-mode RR Lyrae variables. FuLure work for the first of thest’
will be in Lheoretiral studies of blue loop parameters. For the latter
ctifie , more accurate ohservaLio[ls of RR Lyrae period raLios will evef)-
L(lally define the horizontal branch star masses to produce very strong
constraint.s for red giant and horizontal branch evolution calculations.
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