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ELECTRON MOTION IN SOLENCIIDALMAGNETIC FIELDS
USING A FIRST-0R9ER SYMPLECTIC INTEGRATIONALGORITHM*

J. S. Fraser, Group AT-7, MS-H825
Los Alamos National Laboratory, Los Alamos, New Mexico 87544 USA

X?Y!?u
The use of nonsymplecttc procedures in Particle

tracing codes for relativistic electrons leads to
errors that can be reduced only at the expense of using
very small integration steps. More accurate results
are obtained with symplectic transformations for posi-
tion and momentum. A first-order symplectic integra-
tion procedure requires an iterative calculation of the
new position coordinates using the old momenta, but the
process usually converges in three or four steps. A
first-order symplectic algorithm has been coded for
cylindrical as well as Cartesian coordinates using the
relativistic equations of motion with Ham+ltonian vari-
at)lcs. The procedure is applied tc the steering of a
beam of 60-keV electrons by a weak transverse magnetic
field superposed on a strong magnetic field in the ax-
ial direction. The steering motion is shown to be par-
allel t~ the transverse field rather than perpendicular
as would be the case without the strong axial field.

Introduction

In a typical high-currenr, electron inJeCtOr fOr a
linac, a solenoids? focusing field is required to
transport the beam through the buncher drift space.
To aim the beam precisely on the linac axis, a weak.-
steering magnetic field can be superposed orthogonally
to the focusing field. The electron motion is compli-
cated in the combined fields. Initial attempts at
numerical integration of the electron’s equations of
motion using a simple, nonsymplectic transformation
revealeo large errors in position and momentum. A
high-order Runge-Kutta numerical integration procedure
can be used, but the number of function evaluations Per
step is large.

An alternative a preach, based on a symplectic in-
tegration algorithm’.! achieves an accurate result with
a modest numbei”cf function evaluations per step. The
relativistic Hamiltonian for a particle in a Sttitic
magnetic field is used with Hamilton’s equations of
motion. The resu’ting integration procedure is applied
to studying the steering of an 80-keV electron beam in
a combined strong axial and weak radial magnetic field.

First-Order Symplectic Tra~sformation——

At each integration step, with time as the inde-
pendent variable, the cmonical variables q and P are
advanced in the time interval h according to the trans-
formations q = q + hq, and p ■ PO + hp.

1’
Channell* has

shown that thr owest order symplectic transformation
iS given by the equations of motion

6“ #o(QJ’0) ‘ and

6 = -$ (QOP”),

where the Hamllton~an iS a function of the new position
variables q and the old momentum variables po.

The q transformation,is an implicit function of q
that must be evaluated by iteration using the old mo-
mentum Po. Following the iteration, the force term is

evaluated at the new Position with the old momentum.
Intrinsic properties of the symPlectic transformation
are the con%?rvation of energy and the fact that the
determinant of its Jacobian matrix is unity,’,’ imply-
ing that Liouville’s theorem is satisfied. A nonsjm-
plectic transformation results if q is replaced by q.
in the equations of motion

For motion in a static magnetic fielo, the
relativistic Hamiltonian

H.ymc2. m2c4 - 2 1/2
o 0

+ C2(~ - eA)

gives the following set of symplectic transformations
for canonical variables in Cartesian coordinates:

m. ‘P:o - “AX) ‘
x=x+~o

+- (Pyo - eAy) .Y= Jo+ o

z=z,,+~(p
20 -eAZ) ,

0

& (Pxo - eAx) ~ + (Pyo -
QA

9X ● Pxo + eAy) &
o

ah,
+ (Pzo - eAz) ~~ t

aA aM
Q + (pyo - e~y) ~!Ax) ay+

‘Y = Pyo

+

; (Pxo -
0

P20 - eAz

aAx W
Pz ■ PZG + ~ (Pxo - eAx) ~+ (Pyo - eAy) *

aA
+ (Pzo - e~j) ~ ,

(1)

(2)

(3)

(4)

(5)

(6)

where it is understood that Aq ■ is the q component of
the vector potential A(x,y,z). The (P - eA) terms arl’
the mechanical momenta. For eqs. (1) to (6), the valUU
of the determinant for the Jacobldn matrix of the
transformations was found to be one to within the
round-off error of the computer,

Electron Motion in Com~~. Ma~netic Fields,—. .. ..— —. —

The steering problem discussed in the introduction
can be simulated accurately by superposing magfletic
fields and vector potentials produced by orthogona]
arrays of circulw coils. A code was written to inte-
grate the equations of motion using the s mplectic
transformations of the previous section. {he sub-
routines that computed the rnagnettc-fieldand vector-
potential COmPOflfMtS and the nine partial derivati~”es
in ●qs. (4) to (fI)were checked numerically to ensme
that V “ A “ O @no that the ma9netic-field components
were consistw’t with II■ V X A. Space-charge forces



I At each step of the integration, eqs. (1) to (3)
‘are solved by iteration, the vector potentials being

b evaluated at the n w position.
5

An absolute error of
not more thar. 10- m in position wds found to be
adequate for a typical problem. The vector potentials
and partial derivatives at the new position were then
used in eqs. (4) to (6).

Electron Motion in Combined Focusing
and Steering Magnetic Fields

Combined focusing and steering magnetic fields
such as those used in the 80-keV electron injector of
the Los Alamos National Laboratory free electron laser
linac are simulated by two orthogonal arrays of circu-
lar coils as shown in fig. 1, The longitudinal and
transverse fields from such a coil set are illustrated
in fig, 2. For an illustrativecalculation, a beam of
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Fig. 1. Schematic diagram of two orthogonal arrays of
coils simulating the combined use of focusing
and steering magnetic fields.

Fig. 3. Transverse br~m profiles at six locations in
the field of fig. 2 for a bollot} cone of
80-keV electrons. The centroid is steered
parallel to the steering component field By.
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Fig. 2. Longitudin:lland transverse maynetic fields
frome cofi set similar to that of fig. 1.

electrons in a narrow, hollow cone is launched on the
z-axis of the focusing field. The position ano shape
nf the beam me shown ~t six z-locations in fig. 3. It
Is interesting to not? that when the steering field,
herr in the y-dtrection, Is weak in comparison w!th the
focusing field, the steerlna of the beam centrnid IQ tm

Figure 4 shows the transverse coordinates of a
Sin91e Particle and the fractional error In the total
momentum. The degree of accuracy in conserving total
momentum or energy ts a useful criterion of the inte-
gration algorithm’s accuracy. The fractional momentum
error in fig, 4 is CyCliC in the fring n - ield reg~ons
with a maximum value of about 5 x IU‘~?; a step sl,e
of 10-ps that corresponds to about 76 steps per cyc]o-
tron period. The momentum error scales approximately
linearly with the step size.
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Fig. 4. Transverse coordinates and fractional
momentum errcr for an 80-keV electrotl
in the field of fig. 2.

When a fsscusillgfielJ is not superposed on n
Ste’ertngfiuld (the usual case), the expected rcs~lt
is as shown in fig. 5 for th~ same steering field
given in fig. 3 as D .
perpendicular to the [teet!%; ~~!~e~%’t!hem~;j~rt!tj
effect ~s much enhanced. ;or axt fields betwean Zero. .
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Fig. 5. As in fig. 3, but with only the By field
component present. The centroid is steered
perpendicular to the steering field By.

Comparison of Runge-l(utca,Symplectic, and
NonsymPlecttc Procedures

.-
.’ Electron motion !n the combined fields of fig. 2
was computed with ~ standard fourth-order, adaptive
Runge-Kutta procedure, the first-order symplectic
transformation of eqs. (1) to (6) and the first-order
nonsymplectic transformation that results from evaluat-
ing the vector potential at (XO,YO,LO). The res~lt of
the oonsymplectic calculation corresponding to the sym-
plectic calculation shown in fig. 4 is given in fig. 6.
The momentum error grows monotonically and the trans-
verse mot~on is unstable. By contrast, the use of the
Runge-Kutta routine gives a highly accurate result as
shown in fig. 7.
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Fig. b, As in fig. 4, but with integration
by a nonsymplectic transformation.

For the field of fig. 2, a sunxnaryof the results
obt&ined with the t~lreeprocedures is given in table I
for a r&ngo of step S!ZPS. The $tep size is given in
term% of the Stens per tyclotron period at the B1-fteld
maximum wher~ the peribd is approximately 0.76 ns for
t30-keVelectrons.
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Fig. 7. As in fig. 4 both w’ithinteyra;ion oy
fourth-order Ruiige-Kuttaprocedure.

TABLE I

CoMpAR!50N OF RESULTS FFOM THREE !NTEC+?ATIUNPRULEDURE>
FOR 80-keV ELECTIWNS IN THE MAGhETIC FILLD OF FIGuRE 2.

?imes Function Fractional
Steps Per Calls Per Relative Momentum
C;~fi~n Cyclotron CPU Error

Period Time b p/p
— —

Fourth-order
Runge-Kutta 760 5320 68 1 x lo-~~

76 547 2 x 11)-9
7.6 304 ;.l 1 x 10-e

First-order
symplect’c 76o 1520 19 5 X 10-6

76 290 3,4 > x 10-~
7.6 114 1 5 x lu-4

First-order
nonsymplectic 76o 760 11 3x lU-2

76 76 1.3 3 x lU-1
7.6 7.6 ---- failed

Clearly the Runge-Kutta procedure gives an accu-
rate result even with 7.6 steps per cyclotron period,
lf a high degree of accuracy is required, this proce.
dure is the Dreferred one. The first-order symplectic
algorithm gives an accuracy acceptable for most pur-
poses with a reduction in computer time. The nonsym-
plectic algorithm, on the other hand, although economiC
in fIJllCtiOnCallS per Step, is acceptable only for very
smal! time steps.

Conclusions

A ftrst-order synplectic algorithm for integrat-
ing the relativistic equation~ of motion for electrons
in complex magnetic-field configurations is more accu-
rate than a nonsymplectic al~orithm. Although the
fourth-order Runge-Kutta procedure is far more accurate
than the Symplectic algorithm considered here, the
latter is simPler to use and of sufficient accuracy for
most beam-transport applications.
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