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ABSTRACT
Vithin the small-angle approximation, a multi-Gaussian phase function model provides a
nev description of tha multiple scattering process and leads to improved agreement with
experimental data. Future vork will be concerned wvith the combination of small-angle and

diffusion approximations in tha radiative transfer. This should lead to an improved
predictive model of the performance of electrooptical systems in aerosol-loaded atmospheres.

INTRODUCTION

Recent results »f Battivtelll et al.!'? demonstrate the significance of multiple
scattering in the on-axis laser beam propagation through turbid media. Vhen the mean size
of particles is larger than or comrarable to the vavelength of radiation, the small-angle
approximation provides an adequate interpretation of on-axis experimental data. For the

off-axis configuration the small-angle approximation remains valid vhen the ascattering



angles are of the ovder of the angular spread of the scattering phase function. Vhen the
small-angle and diffusion approximations are combined, the range of validity of the theory

can be extended considerably.?'!

In this paper, ve use an earlier idea due to Weinman et al.® to represent the
scattering phase function as a linear combination of Gaussian components. Ve derive an
expression for the irradiance distribution and demonstrate the usefulness of our solution in

interpreting experimental data.

RADIATIVE TRANSFER CALCULATIONS

Under the small-angle approximation and vith the z axis chosen along the direction of

the incident beam, the equation of radiative transfer®'’ reads:

+ 23 F 1 + p e I + = )d+' 1
¢ s? + 3—" + o|I(e,r,z) = ds (¢-¢')I(9',r,z)de ’ (1)

vhere I(z,?,z) is the spectral radiance function of a monochromatic beam vave at a point
vith coordinates (¥,2) along a direction vhose unit directional vector 3 has a projection Z
transverse to the baam axis. The volume extinction and scattering coefficients are denoted
o and oy, respectively. The normalization condition for the scattering phase function P(z)

is

+
J- P(e)d¢ = 1 . (2)

Ve assume that the {ncident laser beam can be representead by a Gaussian function in both

spatial distribution and angular divergence, i{.e.,

2.2
Io(:':) - E-;— exp(-A24? - ¥i72)

) (3)
n .

and that the phass fuzction {g the sum of Gaussian functions, i.s.,

M
+
F) = 1) anglexnt-a,247) (4)

mal



Equation (2) implies that

dkg-1 (5)

Nal

It is not difficult, by going to the Fourier space, to derive the general solution of
Eq. (1) valid for an arbitrary value of M. Following Ref. 6, ve give here the formula for

the irradiance N(r,z), which in the small angle approximation is defined as

-» > 2
N(r,z) =« | I(¢,r,2) d%¢ . (6)

For brevity, ve vrite the irradiance for the special case, M = 2; the general cuse
essentially 1involves the multinomial formula instead of the binomial formula used here.

Thus, for M = 2, the result is

-+ c < -+
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The double-infinite series in Eqs. (7)-(9) generalizes the multiple scattering series of
Ref. 3 for the case of a tvo-component Gauisiar phase function. Each term of the serias,
labeled (kl.kz). represents the scattering event of order kl and kz due to the flryt and
second component of the phase function, respectively. Ve stress that this interpretation
becomes transparent only vhen the solution to the radiative transfer equation is cast into
the form of a multiple scattering series. A crucia) point of the derivation is the Gaussian

model of the phase function.



COMPARISON OF COMPUTED WITH EXPERIMENTAL RESULTS

In principle, the parameters K, and Ky in Eq. (4) can be determined from the

=Y
normalization condition (5) combined with condition at © = |¢| = O:

2

2
K} =+ kg S = P(O) . (10)

In practice, hovever, it is more effective to determine the k’s by fitting Eqs. (7)-(9) to
experimental data. Veinman et al.? sought the best approximation to the scattering phase
function using an expansion similar to that given by Eq. (4); in a different context,

de Wolf and Pack' discretized the Wig. ar distribution function into a sum of Gaussians.

To determine hov wvell our model describes laser beam gcattering, wve compare the
predictions of the formula for irradiance with the measurements of optlcal scattering by
high-density hydrosols. The laboratory system, vhiéh is described in detail elsevhere,?’!?
monitors the off-axis irradiance profile as a function of radial distance vith the aid of &
vide-angle deteactor (field of viev half angle of 90 deg). The hydrosol consists of e
colloidal suspension of 2.26 + 0.07 um latex spheres in deionized vater. The path length
through the hydrosol is 10.2 cm; the light source is generated by a 1 mV He Ne laser vith a

vavelength of 0.6328 um (0.4754 um in vater) and an unscattered beam spot size of 0.4 cm.

Figure 1 shovs the fit to the Mie phase function, in vhich the tvo Gaussians vith x; =
0.9 and x; = 0.5 are employed; the corresponding spread purameters of the Gausssians are oy
- 8.46 rad”l and @ = 2.29 rad -1, Figures 2 and 3 compare the measured and calculated
{rradiance distributions for tvo optical depths of 5.02 and 10.16, respectively. Table I

lists relative contributions of different scattering events.

TABLE I. RELATIVE CONTRIBUTIONS OF SCATTERING EVENTS (X).

725.02 1-10.16
Noo €0.01 <0.01
Nig 6.97 0.05
No1 1.23 <0.01
-

} Nvo 34.02 5.40



} Nog 0.58 0.02
mu2

Nij 3.24 0.05
-

} Nkl 24.30 11.27
k=2

} Nlm 2.11 0.14
ma2

e e

} Nip 27.55 83.07

Ke2m=2

In conformity vith earlier findings,® higher-order scattering events play a dominant role as

the optical depth increases.

CONCLUSIONS

For an optically dense medium of Mie scatterrers, vhere the radius of the particles s
larger than the wvavelengith of the laser radiation, ve analyzed the off-axis scattering
experiment using the small-angle approximation in vhich the acattering phase function wvas
modeled in terms of a linear combiration of Gaussian components. This approach has definite
advantages over the conventional small-angle approximation, vhich often uses a single
Gaussian. Vhen the veight factors x; and k, are vagarded as adjustable parameters--the
strategy used here--ve actually can extend the range of validity of the theory for larger

radial distances than predicted by a combinatior of a single Gaussian and diffusion.!®

Still, because the energy conservation condition, Eq. (4), is violated, ve need a
better theory to sccount for the large-angle scattearing. A <combination of the approach

advocated in this pyper vith the diffusion theory should lead to the desired goal.
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PIGURE 1. Comparison between the Mie theory phase function (solid 1line) for 2.26 um
polystyrene spheres and jhe tvo-component Gaussian phase function. Ky = 0.9,
Ky = 0.5, o = 8.46 rad™*, ay = 2.29 rad™".
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