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THE STRUCTURE OF CONSTITiJTIVEEQUATIONS FOR SEMICONDUCTOR DEVICES

GEORGE R. BUCHANAN, ● STEVEN P. G]RRENSB ●* AND JOEL G. BENNETT ●*
● Departmmt of Civil Engineering, Tennessee Technological University,
Cookeville, TN 38505; ●* Advanced Engineering Technology, Los Alamos
National Laboratory, Los Alamos, NM B7545

ABSTRACT

The fundamental equations that describe carrier transport
in semiconductor materials are developed using the methods of
continuum mixture theory and Maxwell’s equations for electro-
dynamics. There are five basic equations that govern the be-
behavior of current flux, electrostatic potential, electrons,
and holes. The behavior of the electrical chemical potentials
are introduced and their relation to the current flux is dis-
cussed.

INTRODUCTION I

Semiconductor device modeling has a history that dates to about twenty
:::::a:go. The literature is extensive and ●xhaustive, but fortunately

excellent references have been published that contain
bibliographies of pertinent literature. A volum$, ●dited by Antognetti,
Antoniadis, Dutton and Oldham [1], is a compilation of several survey
papers and covers the spectrum of ~etal gn ~ilicon - ~er Large scale

zl-Integration (MOS-VLSI) modeling. The text by Selberherr 2 is a more
~n-depth treatment for modeling a basic semiconductor device.

In this paper we shall dwell, primarily, on the derivation of the
“fundamental” semiconductor equations. Since our purpose is to offer a
derivation based upon continuum thermodynamics, the reader interested in
traditional solid-state physics approach should consult Selberherr [2], or
Schutz and Potzl [3]. It is noteworthy that the derivation of the
so-c~lled fundamental ●quations of semiconductor devices is credited to Van
Roosbroeck [4] in 1950. The equations consist of the Poisson equation,
which is essentially the Maxwell ●quation that relates the divergence of
the ●lectric displacement to the electric charge density. There are
equations for the continuity of currents one for electrons, and one for
holes, which can be derived from Haxwell’s equations [2]. Finally, there
are the constltutive ●quntions for ●lectron and hole flux.

In what
borrowed from
●quations.

follow, we shall arrive at similar results using ideas
the contlrwum theory of mixtures combined with Maxwell’s

FUNDAMENTAL SEMICONDUCTOR EQUATIONS I

In this section we develop the semiconductor equations. Certain
balance ●quations are written; in particular, the conservation of charge
for electrons, tht conservation of charge for holes, and the conservation
of energy. It has been demonstrated by Demiray and Eringen [5], also see
deGroot and Hazur [6], that the equations of conservation of mass can be
interpreted to be identical to the ●quations for conservation of charge for
a mixture where the mobile constituents are electrons and holes. It
follows that we assume g priori that mass Is conserved for the base
semiconductor material.



Our primary sources of reference are the original work of Truesdel1

[
~ 7, 8]; as an aid in or anizing the theory, Gurtin [9], Gurtin and Vargas

f10], and Serrin [11 ; and for a general treatment of continuum
●lectrodynamics, Eringen [12].

The charge mixture is limited to two mobile constituents, ●lectrons,
and holes. Following the basic concepts of mixture theory [7, 11, 13], let
the charges and their velocities be defined in terms of a mean velocity,

‘k’

~ ‘k ‘ qn ‘“k + qp ‘Pk

where

q= qn+ qp

and

% = charge of the electrons

‘P
■ charge of the holes

vnk’ ‘pk = velocity of electrons and holes, respectively.

Define a relative current density

jak = qa (Vak - Vk) ; a = n.p

The balance of charge for the ath constituent is

ia+q~‘kok m Ra - jak,k

(1)

(2)

(3)

(4)

where Ra is the carrier generation/recombination and (*) represents the

material derivative, a/at + “k ( ),k.

Sunning on a gives the balance of charge for the mixture as

~+qvk,k m R

and it follows that

z jak = o

The balance of energy for the mixture is written as [10, 11, 12]

.
P; + (hk + k~),k ‘~Eakpak-Raua-Or= O

(5)

(6)

(7)

where

Q ■ density

t’ Internal energy



‘k ● heat flux

‘k = diffusive work term

Eak = partial electric field

Pak = partial polarization

r= external heat supply

‘a ■ electron or hole chemical potential

~llowing [10] the entropy inequality is proposed as

pie+h k,k ‘hk@,k/@-Pr~()

+ere

n= entropy

e ■ temperature (@>O)

A free energy function is assumed as [12]

(8)

(9)

nd it follows that

. ● ✎

F.;./jn.n;-pak~ak.
‘ak ‘ak (lo)

Equations (7), (8), and (10) are combined to give the general
nequality

1

. ●

P (F + no + ‘ak ~ak) + hk O,h/@ - Ra IJat O (11)

The construction of a constitutive theory is based upon an assumed
unction, H, that contains the primat?ve variables that describe the
hysical problem. The simplist function that yields a constitutive
tructure similar to the fundamental semiconductor equations is as follows.
Et

H = H(qa, OB Eak~ qa,k) (12)

n this instance we have assumed an Isothermal situation. He assume the
onstraints imposed by ●quipresence are valid and write the following
unctional relations.

F = F(H)



.
..

● ✝ e(H)

n = ~(li)

Ja~ m J#’o

‘k ● hk(n)

‘k = kk(H)

Pak = pak(H)

‘a = Ua(tl) (13)

Equation (13)1 leads to

Equations (4) and (14) are substituted into (11) to give still annther form
of the inequality

P;(!’!+aF/ae) + II~ak (pak + ~F/aEak) - ~a (IJa- ~F/aqa) + hk ‘k/e

~ (kk - v~ JaJDk+ ‘ak hk “ % ‘a ‘ak,k to (15)

The theory must formally satisfy the following

F ■ F(qa. or Eak)
~ ■ .~F/ao

P=ak -aF/aEak

‘a = aF/3qa

‘k ● u, da~

‘k=o

aF/aqa,k * O

‘a,k jak - qa ‘a ‘ak,k to (16)

Equattoli(16)1 implies a specific fom for the free energy. Equation

(16)5 deflnos the dlffuslve work term that was Introduced In the energy

balance ●quation.

Let F be expanded In 4 power series {n term of qn, qp, Enk, Epk and



e and neglect terms higher than the second order. Following Eringen [12]
we arrive at the following expression for the free energy.

F = faq:/2+ fe 02/2+ fakl Eak Eal/2 - fatiq=qB “ foa 8 qa

- ‘a6k ‘ak ‘8 - ‘ak ‘ak e- ‘aBkl ‘ak‘B1 (a * 8) (17)

The relative diffusive flux, jak, is of practical interest and we
assume the simplist possible linear constitutive equation that is allowed
by equation (13).

where Mag and NaB may be functions of the primative variables. Note, that

to within a first order approximation Eak iS the electric field, Ek [2]0

Neglecting cross-coupling in equation (18) gives

jnk = Mnqn,k + ‘n ‘k (19)

jpk (20)= ‘p qp,k + $) ‘k

where Nn is a function of n and I!pis a function of p. Assume that spatial

and material time derivatives can be reduced to the same coordinate system
and write (4), taking into account (6),

aC@ = jnk,k - R (21)

aqpht = - jPk,k - R (22)

The fifth fundamental equation is the Poisslon equation that relates
the electric field to the electrostatic potential,

‘k = “’)( (23)

and [2]

$bkk = (q” - qp + c)/c (24)

where C is an external source and c Is the dielectric constant.
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lieare motivated by the discussion in [2] and by the typical results
reported by such researchers as Lundstrom, Schwartz and Gray [14] and
Polsky and Rimshans [15] to assume that the partial ●lectric field of
equation (12) exists along with its gradient. We replace (12) with

H = H(qam @B Eak~ qa,k’ ‘ak,k) (25)

and add to equation (16) aF/aEak,k = O. Equation (17) remains unchanged,

but we can modify equation (18). Assume that jak, the relative current

density, is driven by gradients of the primative variables. Therefore,

ja,k = ‘a~ ‘a,k +L a~k ‘Bi,i (26)

where the notation allows for possible cross-coupling. However, neglecting
cross-coupling gives the following for the current.

jnk [27)= Mn qn,k + ‘nk ‘ni,i

jpk (28)= Hp qp,k + ‘pk ‘pioi

It follows from equation (17), neglecting cross-coupling and temperature
effects,

● aF/aqn = fn qn - ‘nk ‘ni ‘ik
‘n (29)

“P
m aF/aqP = fP qP - fPk !Pi 6ik (30)

The familiar relation between flux and chemical potential, namely, that the
flux is proportional to the gradient of the chemical potential, now exists
when equations (27) - (3P) are compared. The semiconductor ●quations (21),
(22), and (24) r~nain unchanged.

The equations that have been pr?sented illustrate that the formality
that exists within the framework of continuum thermodynamics may ‘give
additional ~nsight for the p~oblems that arise in modeling semiconductor
devices.

TEMPERATURE EFFECTS

he have, in this brief outline, avoided Introducing temperature
●ffects. The first step would be to Include the temperatl~~ gradient in
the list of primative variables. Me v~sualize that the heat flux, as well
as tt.e temperature radient, would appear In the general statement of
●ntropy Inequality. ! he gradients of temperature would then be included in
the general constitutive equations for current, equations (27) and (28).
In addition, the electrtctl chemical potentials would be functions of



temperature. The heat flux would then be written as a function of
gradients of electrons, holes, electric field, and temperature. Hence, a
fairly complete theory is visualized. He have not found such a complete
theory in the literature. A paper by Gaur and Navon [16] is representative
~f the inclusion of temperature eff~cts for studying semiconductors.

One last remark is in order; the energy balance equation, equation
(7), can be recast in a more usable form. Substitute equations (4) and
(10) into (7). Recall that equation (166) requires that qk = O and the
energy balance becomes

.

Pall + u jn,k nk + ‘pBk jpk - ‘r = 0 (31)

Equation (31) is a more useful form of the energy equation for numerical
computation.

CONCLUSIONS

The fundamental semiconductor equations have been discussed from the
viewpoint of continuum thermodynamics. Constitutive equations for current
density were developed and electrical chemical potentials were introduced.
The effects of temperature gradients and strain gradients were not
included, but are the topic of future work. Finally, the authors offer an
apology to the solid-state physics conmwnity for not adhering to accepted
nomenclature.
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