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Integral Amroxlmaws for FFCtIOPS of ~lgner

Monoaroml~ ol~enslonn
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In adaltion tO thii aoscrlption of multiform, locally analytlc fdnc-

t!ons as covering a many snaetad Vorslon of the co~lex Dlancm Qlemann

also IntroaUcea tne notion of consiaarlng t!wm as aescrlDing a sDace

Wnoso ‘monoaromlc-’ aimgnsion Is tha numDar of Ilngarly inaapanagnt

covarlngs by tne mOfiOgen*C analytic function at eacn Dolnt 96 tne

ccmnlax plana I suggest chat this latter conctpt is natbral ‘or

imtegra! approximants (suD-class of r!ormlta-Paati approxlmantsj a~d

ql Scdss results for Dotn “horizontal” ana ““diagonal” saquencas of

approx+mants. Sore@ thaoroms ara now NallaDle In both cases ana m~ue

clear tno natural domain of convorgonc~ of the IWrizontal seauances IS a

disk cent9rod en th~ orlgln and th&t of the diagonal Secluances ~s a

skltanly cut co~lax-plan~ togetnor ●itn its laent!cally cut cienaant

QIQmam~ snQ~t~- Some numerical exampla9 nave also Imp comDutaa

Work perform~d under the auspicey uf tn. U.$. GOE.



INTEGRAL APDQC~IMAhT5 ~OR ~LJNCTIONS

Integral aDDroxlirants
1

.

wONODQOFiIC DIMENSION

a-e a s9eclal case af ~ermlte-paati

Define by tna accuracy tnrougn orclar of DrlnciDal tna polynomials Q\6).
J

P(6) of degrcas 10SS wan or equal W qi, p dwe
J

~ltn the conventlun a, = -1 lmDl+9s Qi z O Tnesc (6,P) always exist and

~ 4 ~, by a l~~a of 8akOr ana LUbif’!Sky.3 If Q~fi)((j) z 0, tnen cn~y are

.Anlauti. In contrast to tn. Paci. case4, W- cannot tieskra tnat me cap dse-

Do ● singular Doint on a aiffaranc R{omann sheat from tne flpst Ire =nere

me nav. tho expansion given for f(z, aS a Dower scrims of z ‘rJm tle

DO:ynOmlalS thus daf+ned. we may naxt compute y(z) from
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J.-mf(zJ = ~ .

f(z) =lqzm fm[z) = f (zj - 2~+(-1)
1

il.jj

In tne examDle of Eq. (1.7) tne Fqnction has exactly m s~eets In

the exam~le of ECI. (1.8) tne ftinct+on has an Infin’te n~mDer af s~eets

Qiemamnp na~ tne Idea of classifying tnese Functions 3ccora+ng to Lne

numDer of linearly lncleDendent coverings generated by the Imltlai

functional element. The example of Ea. (1.7) nas just one s“crI llnearlj

+naeoenaent covaring. The example of Ea. (1.8) has exactly tivollmearly

Independent coverings even tnough it has an +nfinite nl#mDer ~f Rlemam

sheets. Obviously tne number of linearly fmmemwt covwiq 1s less

tnan Or equal to th~ wnD@r of Rlemann snoets

efficfent aascrlDtlon or furction classification.

0afinition.7 The monoaromlc dlmenSIOn of a

so it can m a mope

functional element ‘s

the nu~Der Of Iinmarly indopcndent covorlngs of the

g~~eratad Dy the associate monogenlc analytic functiofi.

SupDose WG comidar a function With monoaromlc aimW:’On m Wa

exactly n s~qplar Doints In tho -nolo compl~x Diane. At some regular

point 20 from Qach of tng m Iingarly lndopondant coverings we can ctefine

m functional ●lammts. ml vmrafore m ~onogenlc analytlc Functlo”s.

yl . . . . . ym. If -e ~ncircl~ th~ 1~ OP. of tn. n Dranth points tnen tie

got

(1 9)
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TnQofe~ (Rioman~. For any .P 1 Systws ;J J = 11 . ~o 1

Belonging to tne same class Q cn9re exists a Il”ear nonlogemeobs “eiatla~

sith Polynomial Coefflclents In Zm ttw Inaepantjant warlabla. sucn ~mat

~m 1
Z A,(z);,(z) = C (1 13j

J=l



Ca-ollary. If ~ ‘5 3n element or class ~ tnen

Droof- If ~ is an element of class Q tnen so also are j-. ~..

as can De seen q a+ffepentiatfnq tn. monoaromy grouo eauatloms Tmus

tne corollary follows directly f~om tne

we can concl~ag merefora that

t~eorem.

for functions of class Q tme

;ncegral aDDrox+mants for large enougn a+, (P=O) are exact! Th,s

approxlmat+on proceaure will, if carried to adequate oraepm ~ela me

exact ansuor (higher orders are degenerate and Qssent+ally are eaual to

the exact answer). Thus It seems reasonable to study the tneory of

integral aoproxlmants in the context of the Idea of monoaromlc

@imension. LatOr on we will Drove a Lneorem uhiCn shows tnat ‘ntegral

aD9rox+mants cannot convarga outslclo thfS class, in tne sense that cney

cannot convarga on fnorc Riemann sneets simultaneously than can re

accomoaated Dy tna monodromic aimension of the sol~tion of ~De

differential equation aeflning integral agproxlmant as unaerstooa Dy cne

standard thQory of alfferentlal equations.

For integral approximants ther~ 1S a great variet,

Soquances of (~) ~ I= to considar in studying tR@ Convergence

Upprox+mants dofinad Dy %1. (1.1). I -ill first aiscuss

~f ~~ssiDle

D@naJl~r of

‘norlzor:al .

sequences uhmro tho q{ f=O. ., m are all fixed ana f+nlte and D tenas

to 9 Later I wI1l alscuss tn. alagonal sequnnces Wnera all t~e ai ana

D L@fta to m toget?i~r



Sact’sn II The -cIFY::mLal Seq.epce C~n*e~qemce P-oolem

agv~inarY D~a~ aDDros7~a~ts ●re aefi”ea Dy

Q(z)f(z) - o(~j=
~(~g-~j .

q(a) = 1.00 “z 1?

Tmqt nave Deen Dro~en co converge Dolntnise. eXceDr at Doies or ~~zl.

for +n aDDro2r+ately selected set of aegrees a of Q(z) -nen D - = ‘f

f(z) .8IS meromorDnic (ve~ren Dj de Montessus ae Ballolre] ln 3 Sst :f

nestea disks aDodt me or’gl~ Dlainly3 tnls conclusion ‘mDl+es Cnar.

seadences cafl De fobnd 9hlch converge in tne wnole comDlex DlanE (1 e .

an ●ny compact s.Dset) eXceDt for Doles of ‘(z) and =

Are the same results also true for .nor+zontal”’ seaue~ces 3F

Integral aDproximants? Tne answer. as we snail seem is :~es. If care ‘s

~sed. To investigate tnls auestion we need first La aeflle a

differential multiDller.

d=(oo+-- Sam) . i---~)

IS callea tne d+fferentlal wlt~Dller of tyDo ~ = (qO, . . amj for f(z)

in 121 c R, if ~ has

tie sap tnat ~ is a

essentially un+aum, 1

to any othef ~g by d

fnatcnlng if Qm(z) = O

degree at most ~ and G # 9 is analytlc in IZI < R

unlaue differential multiplier tyDe i If ‘t 1S

e if any ~ witn tnese proDertles can be ‘elated

= c~” where c * O +s a consta.lt. i! ‘s callecl Dole

only at poles of f(z).

I now givo Wnat I call eakor-LuDlnsky conditions.3 Let f De

arlalJtic at 0 and mercmorDnlc IfI IZI ~ R (O c R :-) ~itn 1 d+stl~ct

polas + . . , zl of multipliclt+es PI. . ., pg r@sDectl~ely. Next

defln*



93 “se of these Comliti:ns Baker ana LUDIQSKy have Deen aDle LO Dro#e a

mumDer of tneorems. i revi~w here some of them.

Tneortym [Existence of the app roximants, Baker-LbDifisq3j Ass.me

tne Baker-LUDinsry conditions hold. cnen tner6 exists a alfqerentlal

multiplier ~ of type 3. lf In adaitlon this mult!Dller 1S “niaue. tnen

For L large enougn there etilsts essentially tinlaua integral aDDr5x:mant

@) af tyDe Z1.polynomials PLm with sultaDle normali:atlamm

.nlfomnly on compact sets Of lzI < Q. P {s analytlc ‘m 1:1 c Q awl

satisf+es

; f(J+z) Q,(z) -p(z) = o ,IZI<R (2 8)
J=~

3
Tneoram (~onvmqance, Baicar-LUbinsky ). Assume tna Ba@r-L.D1msKy

con~ition~ hold dnd thdt tne differontidl multiplier 1s ~nlaue a~a Doia

mat:nlng for f In Izi c R, tnan for L large e~ougn [L=ag. . ~m]



‘ne!re~ (Existence Jf a un+q~e, t)if+erentlal %ltipller, Bauer-

3
L@i~Sky ). Assume ~he BaKer-LdDinsky conditions nola. Tmen ~ne.e

exists a “nlaue aiffe~emtlal multiplier of tyDe ; for f in 1:1 < Qm if

m= (pm 2-1. . . , 2-1) . (2 10)

orlffors~mel:~:n :m,

m = (D-lm 1-1, .. . 2-1. -1, . . -1. Sii. :-1. . . . l-lj .: Ii;

re9ea:ea t-1 times ana tne terms 2-1 are reDea:ed III-n Limes.

Theorem (Existence of a unique, Pole Matcnlng, oiffere~~lal

Multlpller ana tne Qate of converqe~ce, Ba~er-LuDlns~y3). Ass.me ~ne

8aKer-LuDIVky conaitlons mold. then tnere is a ~ni~ke alffe~entlal

;= (p-l. 2-1, . . . 2-1. -1, . . . -1. U) i2 12)

In ECI. (2.12) tn6 term l-l 1s repeated m-t times ana the term ‘1 IS

reD6ated t-1 t~mes [EcI. (2. 12) ~s a sceclal cas6 of tn6 cirev~obs tneo~e~

*n6re n=m] Tne aifferentlal multiplier mas tn6 form





a alsu C! = [Zl 121

•~aljt~c :omt~nuatlo~ along all aatns in D generates exac:’y m l~mearlf

~naeDenaert cover~~gs of D.

t)lSK Monoaromy
9Theorem (Batcar, Oftmaa ana velqak~s ). Let f(zj De a

convergent Taylor ser~es aDout z = 2 ana of local fnonoarom~c fi+mens’on m

~m a alsK @ = (Z1 121 : Q) ~urcner let tr.ew m exactly n : ~ slmg~la~

Dolnts a~ of ~lrilte order In 0, ana iakl c Q, K=lm ., n Tnart

m

z Iyzj f (J)(z) s g . (~ 17-i
J=0

-nere Din(Z) 1S a DOlynOmlal Of +in~te degree ana DJ(2), J=ilm - m-l

are analyt~c in G

I now sketch tna Droof because the laeas, alt~ougn ala. aDDear

recurrently In tnis wOrk

Proof (Skatcll). Lcmose ~,(z) are tne ~ lfnearly l“aeDenaemt

coverings Of D generatea Dy thg ftinctlonal element f(z) in Cne

nelgnDorhoofl of Z = O

At trio Singular DOInt ak we can introduce a change of ba31-



k “Q = %4 ‘2 “
(2 20)

(k)
“’ere cne‘{k:ll

are tne ●lgenbalues of tne matrix M If tne elgen-

.alues \K ~ are not ilegoneratem tnen
m

= (z-ak)
‘k;g n

“4 K:JZ) ,

Wnere tne n k-l(z) ~s hnlfcrm (single valued) ana

(2 22)

If tne singularity ~s of tne first oraar [r=l in Eq. (1 12)], then

h~.g (z) * O or ~ ana 1s analjtlc at z = ak. If r > 1 or tne elge~-,

Values are Geganaratg tne proof Is more complex But FoI1ow9 classlral

l~nes. [It IS ●asy co cjat an idea of tng r~gultg Wnich are to be

expected rwre By thinklhg of

degenerate and fz-ak)-r 3 X
jqr

tntt the ~ ● (Z-ak)-r dS the
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‘mere‘:.KU (z) fs mliorq In rhe ne’gnDornood of ak.

Next let ~s consiaerm

m
x c, y, iJ)(z) =omi=l. ... ~.

j=O
(2.24)

Cramer. s rule gives the result.

(2 26)

(2 27)

‘s d~alyt.c in W. nalgnbornood of 2 = ak If W9 wpadt w. sama

argument as given ahova for oacn ak than wa may concld39



il

com~lgx Diane ouulae O, tnem f(z) nas the seBaratlon D“oDert~ -’u

-i~- regDect to an aDproDrlate sequence of Q.s de made alroaa,

a15cti3sea tme tneory at ~engtn In tn~s case
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Olfferemt!al multaplie~ for alsu O -nose coeffit~ents are Dolynomlals af

aegrees Q
Clm m am ‘Qm

1s cmasen as tne m~nlmm poss~olej ~llj tme

lntegrail aDoFoxlmants [L-aO, . , am] converg~s as L - = on c~moact

suDsets af O=[aK] ‘o f(z)

Qemar<s: By Rlomann s monodromy tnoorem6 there ●xists A. Dolynom’als
J

stic~ tnat

: Aj(z) fi(~) (Z] = O
J=O

If wo add #o(z) to fi da got

m

2 Aj(z) f(’)(z) = G(Z) .
j=O

(2. Z9)

Am(z) of mlnlmum dogr8e follows from a proof Ly contraalctlon Tn.

convarg~ncc 9art follows By argument9 of stmdara tyDe.

FOP tnat clagS of functions ~ltn tna s~garation propartym WCSoc Oy

this tnoory that tlm a l~ontcssusa tyoa thaoram just givan assures .s

mat tna lntagral aQpromlmant9 convarga in a

-ou~d hav~ ba9n axpactea from tno analogy wltn

Dadi apwoxlma’.ts to tha meromorpnic funCtlOn

tnlnum tn19 class of fbmctlons wnlch la

polntwlq~ mannar mucm as

corrosoondlng results For rw

class. Iflfact It 13, ~

t~o corract analogy to

wromorDnlc fwxt~ons for tna tri.oryof nor+zont41 suhmwes of ~~tagral

aoproxlmants Thls clatg, as Wg saw, is ●qulvaleht ta f ~ucn vat
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(l-z) f-(z) - G(z) f(z) = ~ (zj . .2 ~~)

f(z) A(z)(l-z)-y - B(z) . i2 i3)

‘L)(z) IS a Dol,ftul~al{L)~ner9 g (Z) ‘9 a polynomial of aegree M-1 ana h

10
Tneoram (Baker qna G_aVos-~orrls ~. Unaer tne aDoVe ‘j~O’n9%@S

for L sdfflciently large we hav~m normallz~ng 4
(L)

= 1,



--
1

:Lj = ij(L -~-l
i j.

:Lj
d, = “i, - ~(L-M-’i ‘ = G.1. . M-1

reDreswtatlon of Giz) near tne singular po’nt 2=1 Dut mowever t’e

DalYnomlal h(-)(zj has a limlt function aeflnea Dy a series -Jn’Cn

df~ergas for IZI ~ 1. Ttl~se results stifflce ~~ estaBllsn.

TWCIWII (hutr and Graves-MorrlslO~. I,Jnaer tno ny~otneses af ve

Drevlous theorem,

llm [L M;l] = ‘(z] . 121 ~ 1 .
LW

Note: r~~ [L/M;l] on tn@ second. Rlemann sneets are Jeflnma Dy

~ntegratlng the aBDroxlmarlt arouna z = 1

Qemark Thes~ ~e~uence~ of apDroxlmant9 are uSeful 1P analyZlng

tne closest #ltigularlty to t~e orlgln. even Wl:nout tne seDaraDll ’ti

condltlon. For fartner ~lngularltleti from tne orlgln the sltubtqo~ 13
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Sect’an 111 DIAGONAL 5E(/IJEruCES——

~or D~ae 3Dproxlmants me “alagonal “ seakences [L. ~]. M-=.

4L.M+l are mucn fnore DowePflll methoas of aDprox~mate amalJt’c

concI l~atlon tnan “Borizontalm’ tyDa sequences. dnfoFtUnatel~ ~me

converganca theorems ●re nardor to Drove ana giinerally qGr a wea~er farm

of convergerlce tnan tile PL~nt#lse convergence tnat We nave oDta~nea q3r

tne “horizontal”” sequencas. lm~ same situation, so far at TeaSt, Seems

to nola for integral ap~roxlmants and tne proolom, as we saw for

Rorlzontal Sequencesm 1s more complex.

AS WIVII tna aad~ aDDroxlmants wc neoa global i“formac!on on tho

11
analytlcity proDartles to o~ta+n cafiv~rqanca tneorams (so Far) The

-es~lts tnat follow an cl~gonal sequdnces Gf integral ap~rnxlmamts are

gonerallzaclons of tne r~sults of 5tani12 for Padd aDyoxlmants

A sequence af ~

oraer lr,tsgral d~proxlmants [p/qOm -. . faml Can not conver9e

simultaneously on m - 2 covorlng~ of tn~ co~lex ~ldn. to an f(z) ~hicn

has d strwtura of a Uniform function (may Da zaro) plus a Dart witn a

monodrom{c dimension grater tnan m.

Proof- On any Rlemann snoat Wa may wrlt~

; ()(d)(z) f(j)(+’)) - D(G)(Z)s @)($’))
jq) j



.-
.J

P@r e~~mola solutio~s for other SUBSOtS tnan m are also DossIDle a~a

aro af similar form. If -a ax~and tna cletarminsnt on the “aft mara

slaa of Eq (3 2) alo~g tna last ww -a oDtaln mat it 1s acwal La

.=3 3,

kata tnat tho aatarm~nant In Eq. (3 3) IS lnaaDgnaant of {Gj ana mot

lawtlcal ly ●aual to O By our .;yootnasls Thapaforg -a Can ~ nava

Q(G)(z(’)), 1 = 1. . ~ 0 Zm al: .anlsn s~multangobsly ana na;-ce Lme

concluglon of tnc tnaoram fOllOWS.



m

z Ej(z) ‘(j)(z) - E-I(z) = ~ . :3 ~j

J=O

whore tr,e E .
J

arm entirg functions. In aaaitlon to Eq. (3.5) we neea a

f.rtnar assumot+an ~n orcler to ensure tnat the f(z; so aeflned are of the FW1l

also ●xp:lcltly assumg tnat not all tm E .s ar~ polynomials.
j

we

furthar assms tnat f(z) IS analytlc at z = 9 on ail Riamann sheets for

●aso of expositioti. In order to ensure irredu:fD~lity wo ass..me tnat

starting frw tn. functional elam~nt F(z) at z = O se may select ~ - 1

connactea shetts on =nlch t(z) is a un+fom fu~ctlon DIUS a f~nctlon of

Inonodramic degree exactly m. Finally, I assuma, tnat tne clos~r~ of

tnqS dOMaln nevcp producgs more tnan m ~ ~ covar~ngs of &ny Dolnt Of tW

comDlex plane.

Tll@orem (conv~rg~nc-~. Let f(z) halong to tho aDova d~flned class

Then the rear-to-diagonal apDroxlmants [P/qO; .-.; Clm] -J0nv@r9@ to ‘(z)

slngdlar points of f(z) (at lea~t a suusocwnce)-

Proof (zkatch~. To m4ke tn~ parallelism to tna proof of Stahl

●aslar to follow * WI1l use tna ●x~anslon about z = ~ and takQ tfw

exact diagonal wquencas [n/n; .... n]. Thl- latter .> not an eSSent’al

glmplificatlon. Th. ?ati4-HQrmite ●quatioms now ●r9



3-~

posit’ve Decause

sb9Dnurfno~lc. 13 By

DosItI#6 matsures.

~. o (2. ~; ) = dzmuol
al 1

auas i - ●vcryW.re13 on c

Consider any domain A ; it ~rlcn ha9 a Gre9n.s funct’on g(z,-.Ai.

z,- c A. For ● measura u In A cl~flna th~ Graen.s potmtial

q(z.#) = - -J g(z.-i.) dv(w) . W C R , (3 11)

on R-A. g(:,v) = o By

Iecessary ~ol~ct anothor

tn. pro~ortles of tne rr~en.s funct’on If

suDseauence ;2~ + we men gat.



3.13;

tha sot [2 at tnose Dolnts mnora f 120QS CM t~Is EC’ect

n - m Dy tng agflnltlon af tno maasure. QQSUIE (f~lj

polynomials hava tn~ sam~ hum~or at 0.s as Doles By

Gauss.s theorem and tnaro aro at most m * 1 :OPIQS on tM surface of 4.

Finally (B) follows B@eaus@ tn~ Doundary tmcl~r Closura DrOakCeS By

~yDatnasls at most on. ●xtra coDy ana go aaas lvO(IO)l-ug (A/ 3C most



aizj =g(Z)-9 [Z! .:c R

i3 16j



&

part of Oa- tie may -e-express Ea. (3 20) as

O1(l.) - Iv (1.;1
00 - Vp - I j c v (s - I J

00 0

: (m-2) W~(Io~l

Oy lemma 1 ana our ?(zj~yDotnesls on .

arithmetic

(a) V1(IO) = m - 1 .

(B) up - l.) = o .

‘c) ‘0(10) ❑ ‘1 .

(Cl) Vo(a B) = (~ - ~)lJO(IO)l = ~ - 2 .

(e~ O.(s -l.)=O

J



E,(z)

qv’=-l’o’
.mlll-l .

as Ufil+orm funct+ons of z. Hence aaaDtfng Stahl’s nroof of tne extremal

nattire of I’c(D) = Cl -e are anle to concluae Its Uniqueness in terms Of

tPu Unlauply
‘eterm’”od ‘j’Em ‘at’os. ‘h’s ‘n’aueness af ‘(D) = o

allows tne conclusions to b. extonaail from a suDsoahence to any

sumecmence. again by arguments parallel to Stanl. sm exceDt we waul”e

Qm(z) to be af full degr~e In oraer mat =e may solve far tne

acmro=lrnant

Tne unowlgdge of tne gloDal Benavlor of f(z) has allowea tne Droof

of cohvergenco for afagonal soau9nces Wltnout tne seDarat’on 9roDertj,

or toe llmftatlon to tn. naarest ~lngularfty, roqulroa for mor~zontal

seauancms. I do not tnlnlcm using th~ knowleage Ha have of Daag

apgroxlmants, that tn. a~sumDtfons tnat I nave nad to make in tng

results raportod harg by any moan, ●xhaust tn. range of convorgenco of

tme integral aDDroxfmants.
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