A major purpose of the Techni-
cal Information Center is to provide
the broadest dissemination possi-
ble of information contained In
DOE’s Research and Development
Reports to business, industry, the
academic community, and federal,
state and local governments.

Although a small portion of this
report is not reproducible, it is
being made available to expedite
the availability of information on the
research discussed herein.

1



LA-UR -87-1336

A g™ AT ” ¥ - ~ <grp-n O oreg "0 "M L] mger gt [ @ Ll bt ve-7408 &
0f N9 LAGQT AN 4 00e’a'ed Cv ™0 | & Ce: 8 e W “".MW ol Qv «~00 CO 3 8 €83 34
-] ) ) -

TT.E Integral Approximants for Functions of Higher Monodromic
Dimernsion

LA-UR-~87~1036

DE87 007508
ALT«OAS) = George A. Bakar, Jr.

s.amrrgo*a 1o the Proceedings “Nonlinear Numerical Mechods and Rational
Approximation™ Confrence. To be given at the University of
Antwerp, Antwerp, Belgium, April 20-24, 1987.

DISCLAIMER

Ti.s repo=— =u8 rreparea @1 10 coum o7 wark apGnscred by an agency of the Lrited States

figrerzme=t oo umer 1n¢ L~ted Sia'es Govornment rar ary agercy thergof nor any of 1rerr

emrisycer makes gny —grri-ly OXDress af impited Or BASumEs ANy -OgR: Sibilny Gr TeSpPODS:-

— bil-y Tar wne accuracy competenass o0 usefuingss of ary informaticn apparatus proguc’ or
pro-2ss d-dioseg ar recresents (hat its w86 w2uid not -afringe privaisly ywned signys Refer.
ence nerer 1= Any APOC (IS S.mmercial prodyc prOTESS aF ap~vice by LIBYdE hpfre 're0rmarx
mar faclurer of oIbers:sc dJ8g AC1 NEQEASErily SONBULuIE GF imply 58 endarsement recet™.
merdgtisr - favgring hy g Lnited Simes Os-ern.ngst gr any agency the-eclf The vigan
and ~mp-ony Sl guthom oxpressed herer dc n —=oCousarsiy siste of refllect troge of (ne
Urited Stares Gigvern—ent or any agoncy 1herey’

By "CCQD-1°CE O - § ¥° € 0 N0 Dub-IR0” *000g” E08 P e u § Government r0g-AR 8 AORQEC-uB-vE "OVETY-1 0P -L0RNE 'O Cul-A™ OF *9D700.CH
v - .
g gLg 170G 3= 0" g LoAw DO~ OF '0 3 Ow O8' "0 00 80 '0* U 8 Qover~men pw'P0MS

. g BusDrus O Mo u § Dspanmer ¥ Ltrgv
Yhg (08 = 8730 NET 08 LADOZRI0NY EELENS PM1 P Dul- $N97 GeRY g 700 BB WO partrmgd LNEe ™9

Los Alamos itz

8r =0 NI 0 SISTRIBUTION OF T8 QOGUMENT 18 UNUIMI



About This Report
This official electronic version was created by scanning the best available paper or microfiche copy of the original report at a 300 dpi resolution.  Original color illustrations appear as black and white images.



For additional information or comments, contact: 



Library Without Walls Project 

Los Alamos National Laboratory Research Library

Los Alamos, NM 87544 

Phone: (505)667-4448 

E-mail: lwwp@lanl.gov


Integra! Approximants for Functions of nigrer

Monogromic Dimension®

George A Baxer. Jr
Theoretical Division
Los Alamos National Laboratory
univers ity of California

Los Alamos. NM 87545 uSA

In adartion to the description of multiform, locally analytic func-
tions as covaering a many sheeted version of the complex plane, Riemann
also 1ntroduced tne notion of considering them as descr'ping a space
whose ‘mongdromic” daimgnsion is the numper of linsarly independent
covarings Dy the monogenic analytic function at each po'nt 2¢ tne
ccmplax plane [ suggest that this latter concept is natural “or
irtegral! approximants (sub-c‘'ass of rermite-Pade approximants) ard
M scuss results for Dpoth ’'norizontal™ ana “diagonal™ sequences of
approximants. Some theorems are now 3avatlaple in both casas ara maxe
clear the natural domain of convergence of the norizontal sequences 's A
disk centered con tha origin and thst of the diagonal sequences 's a
suitably cut complex-plane together witn its identically cut pendant

Rigmann sheets. Some numerical axamples have also beer computed

*"work performed under the auspices of the U.S. OQE.
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INTEGRAL APPRGYIMANTS FOR FyUNCTIONS

OF HIGRER “SONODROMIC DIMENSION

[ntegral anpr0x1mantsl are a sobecral case of wermite-Page

annroximantsz of the Lav'r ty;pe. The intaegra! approximanrts td ¢ formal

P

po«er series f(z) =2 f.z). One aefines an 1ntegral approx mant as

J3=0 j
follows: First lat
T Q) (1) ) 1
i oJ" (z) 1922y - Pty = (%" i(1.1)
J=0

Define by thg accuracy through order of principal the polynomials Q§Q)_
p(a) of degrees 1@ss than or equal tu qj' p whare

m
g #(Q3.Qy:---+ Qp, P}, s =M =p =11~ izo Q; . (1 2)

wilh the conventiun q, = -1 fmplies Q, 2 0 Tnesc (§.P) always es'st and

3

d 4 0. by a 'emma of Baker ana Lubinsky. Ir Q£°)(0) 2 0. then they are

. 4
uNiqua. In contrast to the Padeé case . we cannot L@ Sure that -e@ car use-

fully fina an 1nfinite subsequance whare Q;Q)(O) = 0 as 0 might possib'y

De a singular point on a aifferent Riemann sheet from the first Jre wnere
we have the expansion given for f(z, as a power seriams of z “rom t1e

po'ynomials thus defined, we may next compute y(2) from



2 %2, Wiz -0 Wiy =5 . G 3
L) = f03), 50) = f D). . . S gy a fi™ g, ‘141

Tnig soluitor 's tre 'ntagral! approx'manrt to f(z) ara 's Jenotea D,

(p-a,. 3. - 3,1e(2) = 4(2) €1 5

If QiQI(O) a ) tnen tnis solution 111 gxist If nowever Qia!iﬁ) =3

ther There may De a rastricticn on tng 'nitial conaitions td acrveve A
regular solution [n tra worx wnich [ w111 report nere tnis proplem 1§
svercome Dy the proo’s of convergence in cases wnere tha 'imitirg .alue
of Q,(0) = 0.

Next et uS define the concept of monodromic dimgnsinn  we «111
peg'n with a functiona! element,

] ] -

fizy=12 i1l 0y

t

f
=0 ' )*
which convergas in some rigignporrood of z = 0. [t aefires tre complete
monogen': analytic funct‘on. Tnig function consists of a finite Or at
most dgenumerably infinite number of coverings of tne complex planre
Ar thig point, for reference, [ reming you of tne

5

Mongdromv theores. If f(z) 1s regular in a simply Cornectea

region G, then f(z) fs uniform ( single valued) there.
Tng s1mplest extension of the situat'on cescribed 1n the mMONOdroT,
theorem 13 to 3 myltiply connected region. “Here the situation 15 quite

different. (et me give a couple of examples.



f(z) = 1™ fo(z) = 2" 2 . 175
f(z2) = 1n 2 . f.lz) = f,(2) - 2mi(n=1) 11.37

[n tre example of Eq. (1.7) tne function nas exactly m sreets [n

tre example of Eq. (1.8) tne function nas an 1nfinite numper Of sreets

Riemann® naa the 1dea of classifying tnese functions accoraing to tre

nymper of linearly 1ndependent coverings generated Dy the ‘'n't'al
functional eiemegnt. The example of Ea. (1.7) nas just one such Tinearly,
ingependent covaring. Tne example of Eq. (1.8) nas exactly two l1nearly
1ngependent coverings even though it nhas an infinite numbDer c¢f Riemann
sngets. (0Obviously tne number of linearly independert coverings s laess
than or equal to the number of Riemann shgets so it Zan be a more
efficient description or furction classification.

Dafinitiqg.7 The monodromic dimersion of a functional element s
the nunber of linsarly independent coverings of the complex plane
gereratad Dy the associataa monogenic analytic function.

Suppose we consider a function with monodromic dimencion m arg
exactly n singular points in the whole complex plane. At some regular
point Z4 from gach of the m linearly 1ndependant coverings ~e can define
m functional elements, and therefore m monogenic analytic functions.
Yy-roor Y If we ancircle tne 1 ore Of the n Dranch points then ¢

get

(1)
- M



N

Tni5 @23.at73r Jef-nes n mxm matrigas th Tnare 15 3re fir azzn >F tng
n syngularities. Farm Eq. :1.3) must nola s a :ZorseJuenca ST tne
SuDD0S TI5M thAt there are it mest m linearl, :rQgeperiert Zd.ev'ngs I
aaartion Cre Jan Drove us'ng cauChy s theorem trat f3r an appraprUate

Jraer

uil) M) I :1 15

(i -
Tnus the monodrory matrices, M' - genrerate the Moncdrony Groub M of tre

7 system. Now 3a2fire tre class

[ L]

9 n 3
3 {1 11)
I (m F) WA

of all ;-systoms =1Th these monodromy prcperties, pDlus the addaa
prop@rty tnat trere are no singularities of infinitg order. tnat s ta

S.y, there @x'st A ard = suCn trat as Z tends %0 a.

s A
Pk - (1 123
k |z-a‘|
nolds for all i, «x,
Theoremn (Riomannfl. For any a+l systems ;J ) =1, . me]l

pelonging to the samg class Q there exists a lingar nomogen@ous reiat dr
with polynomial coefficients 1n z, the 1ndependent variaple. such trat
me]

I A(z)y(z)=¢ {1 13)
J-l j J



(z) =0 il 1)

Proof- [If ; is an element of class Q tnen so also are y . ;-
as can be seen Dy aifferentiating tne monoaromy group equations Trus
the corollary follows directly from the treorem.

we can concluge tnerefora tnat for functions of class Q tre
‘ntegral approximants for large enough q,, (p=0) are exact: Thig
approximation procedure will, if carried to adequate order. y-eld tne
exact answer (higher orders are degenerate and essentially are equal to
the exact answer). Thus 1t seems reasonabie to study the theory of
integral approximants in the context of the 1dea of monoaromic
dimension. Later on we will prove a theorem which shows tnat 'ntegral
approximants cannot converge outside this class, in the sense trat they
cannot converge on morg Riemann shegts simultaneously than can ce
accomooated by tha monodromic aimension of the solution of tre
aifferential equation aefining integral approximant as uncerstood by tne
standard theory of differential equations.

For integral approximants trhere is a great variet, of possidle
sequences of (q) - ® to consider in studying the convergence bena.sior of
approximants defined by fq. (1.1). [ will first aiscuss ‘norizorial’
sequences whare the q, i=0, .. mare all fixed ana finite ana p tends
to @ Later I will aiscuss the diagonal sequances where all tre 3, and

p Lend to « together



Sect'aon Il  Tne ~orizsntal Sequerce Ccnvergence Proplem

: . a A
Jrdqinary Page aoprox:imants 3re lefired Dy

Qz)f(z) - %(z) = aa¥dy . Q) = 1.00 2 1.

Trey rave Deen Dprosen TO0 converge DOintwise, except at poles J>f fizi,
for an approdriately, selected set of aegrees a of Q(z) ~ren p - = f
f(z) s meromorpnic (trearem Dy de Montessus dJe Balio1re)8 1n 3 sat sSf
nestead disks apout the or'gin D‘ainly3 this conclusion 'mplias trar
seaguences can be found wnich converge in the whole complex plare {1 e .
on any compact subset) except for poles of #(z) and =

Are tne sameg results also true for ‘norizontal™ sequerces ov
1ntegral approximants? The answer, as we shall see, is ves, 1f care 's
used. To investigate this question we need first td gefize a

gifferential myltiplier.
0= Q. -- . Q) . 2.2)

1s callea the aiffarertial myltipliar of type m = (00. - . ag) for f(2)
1n 1z1 < R, it § nas gegree at most mana § # 9 is analytic in 1z1 < R

We say tnat § is a unique daifferential multiplier type m oaf 1t s
essentially unique, i @ if any § witn tnese properties can pe related
to any other 4" by § = c§ «nere c = 0 is a constaat. § 's called pole
matching if Q (2) = 0 only at poles of f(z).

3 *

I now give wnat [ call Baker-Lubinsky conditions. Let be

analytic at 0 and mercmorpmic 'n |Z] < R (0 < R < =) with 2 aistirct

polas DR 1 of myltiplicities Ppr - o p respectively. Next

'}
define



2 2 £ V]
L= Z ¢ Sliz- = M (z2=~2_j.5z)= N (2-2, J 21
;=1 ) =1 =1
Let m : J. pe i~ 'rteger ana q;. .. 3, 2 -1l. also oe 'ntegers
Def'i LT
- m
m = i34, .3)) . M= jio (qJ~1) ~l=p=-m 28

8y use of trese corditizns Baker and LuDInScy have been abDle t0 Dro-e a
n.mper of theorems. I review here some of them.

Trneorem (Existence of tne approximantsl,Baker-LuDinsx333 Agsume

the Baker-Lubinsxy conaitions nold, then there exists a a:fferential
multiplier 6 of type m. If in agait'on this multiplier 15 unique. tren

for L large enougn tnere exists essentially unigque 1ntegral apprsximant

polynomials PL. 5‘Q) of type Q. with suiltable normalization,

1m {%z) = Q(2). =01, .. ., ‘2 6)
len 3 )

tm 09 (z) = 0z) 2 7
Lo

wn1formly on compact sets of |z1 < R. P is analytic '» 121 < R ang

satisfigs

s 1)z Qy(2) -P(2) =0 . 121 <R (2 8)
=

Theorem (CoﬂVl'giﬂCOL;BGKOP'Lubiﬂskyal. Assume the Baxer-LuD'nsxy

congitions nold and that tne differential multiplier 1's unique ard Dola

matcning for f in |zi < R, then for L large erough [L-q,. -



axi3t5 3Ind 'S <r1quel, Jefined 'n 3 nevgrpornoog Sf : = C It m3. ra
aral,ticall, cantirued td 3 s ng-e .aluea analyt s fumctidnm 'n 3m, Ipen
s'mpl, cornected set n 12| < R «npose closure Jges ~ot conta:n am, SF
tre sat af point :1. Y Algy, .mifgrmly Jn ZOompact suDsets Sf

iZr 2 R oGz}

t)

"W

Twm [L Sgr - G = f(2)
L=

Tneggrem (Existence u,f a unigue, Differential M, ltiplier Baxer-

- 3 . .
Lubinsky™). Assume the Baker-Lubinsky corditions nola. Then tnere

exists a un'aue aifferential multiplier of type m for f in 12| < R, f

m=(p. 2-1. .., 2-1) . (2 10)

or 1f for some 1 < T <ng<m |
m=(p-1, 2-1, .. ., 2-1. -1, . . -1, s2, 1. ... 2-1) L2115

[n Eq. {(2.11) the terms i-1 are repeatec N-t Tt'mes, the tarmg -] are
repeated t-1 times and tne terms 1-1 are repeated m-n Timas.

Theorem (Existence of a unique, Pole Matching, Differential

Myltiplier ana the Rate of Convergerce, Balir'Lub1“§5y3). Assume tre

Baxer-Lubinsky conaitions nold, then tnere is a unique I fferentral
multiplier § of type m for f 1n |z| < R tnat 1s pole matching f for

someg 1 <t <m

m=z (p=1. 2-1, ... 2-1. -1, ..., -1. td) [212)

In Eq. (2.12) tne term 2-1 1s repeated m-t timgs and the term -1 15
repeated t-1 times [Eq. (2.12) s a special case of the previous theoren

whgre n=m] The qifferent:al myltiplier nas tne form



z - - - - - L - -
= d- - R < . J J h] ’ - -
4 Ju Y1 m=t 1 1
[ n=rmal--a s~ =237 Lo ~ £31 _nami3l ~-m—2-T7 =.r22
-2 nzrmalzze 52 37/ 's a momicz pal,mcmral. trem 'noar, IImIsCT suCsst
X zf 2
Vim sup 10 3437 - Q_..lf“ < imax zgiRop =30 Lm0 D
L_m J .] - <

~nii@ for tng Case K = 121 < B

prdl,

Tim gup 11 P -iz) = 2(z) o " < i RO, 215
L—=® - X «
anra 'f ¥ zontairs n poles af f(7)
T'm sup 11 [L-a al- fiz) "1:L < uizii, R 2 15
R * Yn : K K -

L@

Tng results Jf these treorems J've us The same T,pe Jf -3 'rl«'s52
con.ergence far norizontal sea.ences of 'ntegral! aporox'mants -priger’,
selected) as tre 31e Montess.S threorem gave for Pade accrix'marts 1)
funct1Jns meromorphn-C 7 a J'SKk.

[t 's an easy caro”ary3 TO ZINSTruCt. Just as 't «as frim rtne
nor12zontal convergent sequences Jf Padé approx'manmts. an 3ccroprUate
con.ergent sequence which 1's made ubp Jf ‘ntegral approx'marts :f m="
araer whicn converges un1formly, 3n 3ny Jiven COmMpAaCt set 'n tne Iimp'ax
plan@ not <ontaining a ovo'e dof f(2) wren f(2) 's a meromorpnr'c f.nZtidn
«1th n3 Timig point of poles for any f-nite point [n tms rescacl. ~@
nave nct lost any ground geing from Padd approximants td :ntegral
appox'mants. Though. Gf Zourse. integral approximants are more Jereral

than Pade approximants, 1t 'S not a foregone conclusion ~1TPIul L70dF



trat <ne Yntegra’ ACDTINTTANT, w=0u'd 1750 ~orx “n 3 Zase w~neve tne Fide
30DTOX'MENLS iv@ wrCwh D, Drex'JusS "esulils L0 wIrk

Jf zoumse. “T 'S ~Ot >usSt t) approx'mate mergmorpn'{ “.ncildns trat
sne 1§ 'nterestea '" ‘ntegral approx'mants, Dut for tne app Ox'mat-cn 3°
fUNCTYO"S &N na.e dranch DpC'Nts we tu™n now [0 ™ore gereral
functyen Classes I rext 3Jrve 2 treorem, wnose proof 's onl, a minor
.avvart of Rremarn 5 3rignal proof 3f nis morodromy theorem

Dcvﬂ"'“t'a"9 3'ven a corvergent Taylor serves f7z) abcut I = 5 ang
a aysk D = {21 121 < R} we say f(z) nas local monodromic g-mension m 1f
analyt'c zont nruatior along all datrs 'n [ generates exaci'y m lirearl,
1ngepengert cover'rgs of D.

Disx Monoaromy Treorem (Baxkar, 0'tmaa and v0195kisg). et f(2) pe a

convergent Taylor ser'es about Z = J and of local monodrom'c aimenson m

'n 3 a1sk D = {z1 121 ¢ R} Furiner let trere be exactly n < = singylar

points a of finite orger 'n D. ana 13, <R, x=l. ., n Tngn
: (1)
: oiz) =0 . {2 173
=0 I

=here o _(2) 15 a polynomial of finitqe degree and oJ(z). J=9. .om=1

are aﬂa‘yt1c in(
I now sketch the proof Decause the 1deas. altnough Jla. appear

recyrrently 1n tnis work

Proof (Sketch). Suppose yJ(z) are the m linearly 1ndgpendent
coverings of D generated by the functional element f(2z) 'n tre
nei1ghporhood of z = 0

At the singular point a,_ we can introduce a change of bas-

k



m
wi(zi= Z u - (2) z 18)
2( l 1=1 ‘-2‘, .'J
whgrea 'J.( 'S a4 Coanstant matrix, T""S matrix S rngser s.,Ch tRAat
=g M) L (2 19)
K K K

-hgre tre matrix ‘K 's a a'agoral matr'x and the matrix mt®! s the

monogromy matrix at tthe pownt Z = a‘. witn thig crange of pas3's we

rave,

S Rl Y (2 20)
wh@re cne AK'Z are tha eigenvalues of tne matrix u(®) [f the e'gen-
values A g 4re rot degenerate, then

v
- faa k:2 . - .
up = (278,) "‘:1(2) . {2 21)

where tne "k-z(Z) is unifcrm (single valued) ang
Veid " Z%T log Ak:! = whgl@ number (2 22)

[f tnhe singylarity is of tra first order [ral in Eq. (1 12)], thren

"e-2 (22 0 or = ang is analytic at 2z = a If > 1 or the e'ger-

K-
values are degenerate tne proof 1 more complex but follows classical
Tings. [It 1is easy to get an idea of tng results which are to be

expected here Dby thinking of a nearby case where the A s are rot

degenerate and (z-ak)" = stlr Bji(z-bj). where n‘1 and BJ are chusen <0
that the I - (z-8,) "

ds the bj tend to a,. The continuity of "he
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solut'or 3f a o fferential eguation as a1 function of its cceffiirents
away from any singularity gr.es then tne ‘'dea 9f tre resul:s If Zourse
tre proof rurs N the JPPoOs'te girection ]
NOow since u and 'ts derivat'ves all pelorg td tne same monoarim,
grouDp T 5 elenmgntary to SNOw that
Ve,2"d

()Y (3 = (9 ] .
s (z) = (z a) nj_‘_l (z) . .2 23)

whare n, l(_l(z) ifs Jyniform 1n the naignhpornood of a,-

Next lat us consider.

s (1)
I,y P=0.1=1.. ... (2.28)
=0 J

Cramer's rule g'ves the result,

L3

o

{2 25)

s =

¢, =23, (2)= d|t|y,(i)(z) :
Jo "o

ang that AJ (z) 2 ) pecausa, Dy nypotrecis, the y, are linearly ‘ngepengent.
v

Us1ag our change of basis, we fing,

- - (J) 2=1- |m . 3

ajo(z) = det U, aet.u, "7 (2)l {=0. RN (2 28)
From our representation or uE(J)(Z) =@ S@@ that

m V"

n (z-a) © 3y (2) (2 27)

=] Q

's analytc 1in tre ngignbornood of 2 = a [f we repoat =hre same

argument as given above for each a_ then wa may conclude

k



[a} m - _-m-1
pofzp =m0 .I-a hh a, L2 E
T2 x=1 i=l e
s amal,tic a = = a,. - a_ang rerce 'n G b, camstructicn Trna © 3

=f Eq .2 28; ex'st ana are "ot ‘dert:call, equai to 3 -n D B,
sLangarg treorems P _{z) nas onl, a finitg numper .f zeros '~ [ =& ma,
tnerefore factor 't as :m{:) 2(Z) ~nare o, (2) = v for 2y - R 373
2(z; =3 far 121 < R Trme 37,1'570" Dy Q(Z) Completes tre prodf

Remarx Once p_{z) 's fixed. tre lirear 'naepergence of tre , ‘'«
tre otrer aJ «n:.quely. [f fewer than m ;s were 'ngepenrgent tNe same
argument as giver above would lead to an equation of lower orger w~n'cn
coula De adced to tre Ore we rave Just arrivead and threreDy JeSTrOy
wniquanass

To maxe furtrmer DroQress w~1Th thg theory of norizontal sec.erces =¥

'ntegral approximants. 't 's useful to note tne following xa@y Dripert,

Separation Propert, (Baxer, O1tmaa, arg vo‘gak1sg) If a funcrign

f(z). ooss'Dl; mult'form, can pe written as #(z) = f (<) - f iz}, -nere
for a a'sx 0 = {21 121 < R}, 'o(z) 1s analytic for all z : D ary every
anal,t'c cont'nuation 2f f (2) 's analytic for all 2z 'n tne finite
complax plane outsiace 0, tnen f(2z) nras the separation propert, w~'tn
respect to 0.

Tne s'mplest examplg would bDa the class of mercmorpnic furctions.
~wit™ respect tO0 an appropriate sequence of R's we nave alreaag,
a'scu3saed tre theory at 'ength 1n thig case

Separation Property Theorem (3aker,K Oftmaa ang volgakisgz [f f2i

nas the separatior property with respect to a dijk 0, a finite ~umper of
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s'ngular po'nts a ., 1a ;1 > 5 for all 1, 1n tre 'nter10- 9f D 3ng ncre S
tre poundary of D Assume furtner tnat all tnese s'nquiar po'nts Clus
tre point at = for f (z) are if finite order. (et f {Z) De 3f exact
monodarom c dimgrsion m.  Then, (1) tnare ex'Sts an aessent'all, .nique
a1fferentral myltipliier for afsx D ~nose coefficrents are polyromials of
degrees q,. . 3, (@, 's chosen as tne mnimum poss'Dle) {11 tre
1ntegral approximants [L'oo. . . a,] convergas as L - » on compact
subsets of D:[a‘} ro f(2)
Remarxs: By Rigmann s monodromy thcorems there ex1ists AJ pol,nomrals

SuCh that

m
: At @y=o (2.29)
3=0 J

[f wo aad fo(z) to f, ~e get
. (1)
2 A(z) Y2 =e(2) . (2 30)
=0 !
«ngre 9(z) 3 analytic 'n D. Tne exi13tence of an @ssentiall; .nigye
A (z) of minimum degree follows from a proof Ly contraaiction Tre
convergence part follows Dy arguments of standarad type.

For that class of functions with the separation property, =@ see Dy

tnis theory that the de Montossuss

typa theorem just given assures us
that the integral approximants converge in a pointwise manner much as
wou'd have been expected from the analogy with corresponding results for tne
Paaé approxima:.ts to the meromorpnic function class. In fact it 13, I
think, this class of functions which i{s the correct analogy to
mgromorphic functions for the theory of norizontal sequences of integral

approximants Thigs class. as we Saw, '3 equivalent tJd f such tnat



=n@rg the ;J are pol,nomials an3 3(2) 's anal,;t ¢ 'n tre 1'sx { Tre
Jeneral :lass corresponrd'ng to fiz) of 1acal monoaram:: Ivmension m pi_g
a urform aralytic pDackgrourd w~ou'la na.e o (2) a pG',nomral ang ;J{:;.
1 =90, . m=]1 arg 3(2) aral,c¢c 'n D

To 1llgstrate tre case w~ren 9nre J0es nOL Have tre s2carat:sn
propert,, [ loox at tne s'mplest possibla, non=trivial Zase  SuLGose
f(2j) 's regular 'n a a'sx 121 < G. D2 > 1 except for a regular singular
p31n. at 7 = 1 ana furtrer that f(z) 'n 1z1 2 p cons'sts of a um form
packground plus an m = 1 prece Tren, furtner s mplifying to a3 frrst

Jrder singularity,
(1-2) f(z2) = G(z) f(z) =4 (2) . -2 32)

~N@~e G and H ar@ danalyTtic 'n 121 < p. Tre solut'on for f(Z). assumirg
1 - -
furtner inat G(z) = 2 G,(1-z) ang tnat Go 's not an 'nteger (v T "L,

f(2) A(z)(1-2)"Y - B(z) . (2 13)

~ngre A ang B are analytic 'n 121 < .

Let us use the following notation for tre ([L.M-1.1] apprcxr'mant,

(A 1-z5 « oY) () - ¢V 2y = nl )y - ™Y (2 3

(L)(z) 's a polynpnral

where q(L)(z) 's a palynomial of degree M-1 ang n
of degrea L

Thgoren (Baker arg G'avos-ﬂorr'sig). Undger tne apove nNypoThases .
(L)

for L suffictently large we have, normalizing A al,



Y= o™ h
RS . =M= -
g‘\Ll = 51 - O(L ‘; "= 5. 1. . Me] ) [2 35.
tneref;re_

S i _eMe1 _ | }

g\l-l(z) - “=G1 u|k1'=)1
L-»

cy oL al _M= D P =

nttlizy < a2y - {G{2) - a,=%(1'l)‘u,!'(2j 12 33
L= ?

Remarx- Tne astimates 'n TN1§ theorem Show ThAt w~& get a 3ddd
representation of G(z) rear tre singular po'nt z=] Dut n"Ow@ver tre
polyromia: n(')(z) nas a limt function defined Dy & series w~hiCh
diverges for 121 > 1. Tnese results suffice to estaplisn-

10

Tngor~am (Baxer ard Graves-Morris™" ). Under the hjpotheses o5f tne

pravious Chaorem,

Tam (L M;1] = f(2) . izl <1 . i2 37;
(- ]
an all Rigmann sngets accessible 1n the disk 1z1 <o Furtrer for o

large anough

Ay o™ (2 38)
Note: Tne {[L/M;1] on tne second, Riemann sneets are lJef'ned Dy
'ntegrating the approximant arouna z = 1
Remark Thesa sequences of approximants are useful 'n analyzing
the closest singularity to the origin, even witnout the separapility
congition. For farther singularities from tne origin the si'tuat'on '3

not proven
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Furtner results for tna case of nigner monnZromic J'mengisn are

LNQwn .

Section III  DIAGONAL SEQUENCES

For Page approximants the ‘aragonal” sequerces [L.M], M - =
LM+ 1 are muych more Dpowerful metn0054 of approximate aral,t ¢
cort'sation than ‘horizontal” type sequences. unfortunately, the
convergence theorems ire harder to prove and gsnerally for a weaker form
of convergence thanr the pcL'nt.,iSg convergerce that we have optatned for
the ‘norizontal” sequerces. The same situation, so far at least, seems
to nola for integral approximants and the proplem, as we saw for
norizontal sequences, is more cumplex.

As with the 2adé approximants we need global informacion on the

11

analyticity properties to obtain convergence theorems (so far) The

results that follow on c1agonal sequences Gf 1ntegral approximants are

12

gengralizations of the resulte of Stani for Padé apnroximants

n
Theorem (1imit on the aomain of convergercs). A sequence Of e

order 1irtagral aJproximants [p/qo. .~ . Q,] can not converge
simultaneously on m = 2 coverings of the complex plane to an f(z) wnhichn
nas a structure of a uniform function (may bDe zero) plus a part witn a
monodromic dimengion greater than m.

Proof- On any Rigmann sheet we may write

n

z l® (@) (DM - p@g) 2 @M, (3 1)
i=0



i) -
-h@re MLZ - ") = % 's tre projection an tre cemplex plara from tre
T i

R1@emann s.r€ace ara Ri:’(:' ‘5 1s tne remainger [f ~e 537, LR

2,

equat:or using m = 2 coverings €zt v o= 1, L me2 for 33 n
tarms of Q‘“'(zg‘)) ~e get
e(m (1, F(z'1’) 1 ), RL Y 1
Jet ) . = det
(M), (m=2), .(m2)y ;\o)(=tm-c)- PIGAPY 1
aj,,-
Qm (z;

for axample Solutions for other s.DS@tS than m are al'so possiDla anrd
are of gimilar form, [f ~e expand the detarminant on the "aft hard

s1de of Eq (3 2) alorg tre last row wa ODTAIN That it is ecual ©d

3(™ 2, gzt
det - - 3
™M™y g™,
~"@re =@ de‘ing,
gzt"5 = #7) « ey 3

NOTe that the geterminant *n Eq. (3 3) is 1naependent of (q) ang mot

igentically equal to 0 Dy our .iypothesis Tnerafore we Can t rave

R(a)(z(i)). if=1 . m= 2 al. .arish $imultangousdly and nerce tne

conclusion of the theorem follows.



In orjer to go beyord Riemann s nonodromy theorem let .s l5o0x at a

class of functiors aefinea by

E5(2) Dy - e =0 . .35

H M3

)=0

where tre Ej are entirg functions. [In agaition to cq. (3.5) we neea a
further assumption 10 orger to ensure tnat the f(z; so defrneg are of tre f.1
monoaromic gimansion assumed SO that the equat-vi: 1§ not reuuceable to
lower orcer. [n adaition to the further assumpticn that we shall give we
also exp-icitly assume that not all the Ej's are polynomials. we
furtrigr assume tnat f(z) 's analytic at z = 9 on 2.1 Rigmarn sheets for
ease of expositiorn. In order to ensure irreducidility we ass.me tnat
starting from the functional element f(z) at z = 0 ~e may select m = ]
connected sheats on wnhich t(z) is a uniform furction plus a functron of
monodromic degree exactly m. Finally, K [ assume., that tne closure of
this domain ngv¢r produces more than m = 2 cover:ngs of any point of the

complex plane.

Theorem (convergence). Lat f(z) belong to the above defined class

Tren the rear-to-diagonal approxtmants [p/qo; e qm] ~onverge to f(2)
in capacity on compact subsets of the complex plane excluding tre
sincalar points of f(z) (at lsacet a subsequence).

Proof (sketch). To make the parallelisa to the proof of Stan!
easfer to follow we w11l use the exparsion about z = « and take the
exact diagonal sequences [n/n; ..., n]. Thi« latter .; not an essent'al
simplification. The Padé-Hermite eyuations now are

m .

1 o{@¢z) ¢Brgy < pCA () a j((z) = 02

-(m-l)n-I:
jmo 1

(3 9)



[AF)
—

where

1L}
I
~

Tra 9 anag P pol,nomiais are 1ef-rea 'n a marner analsgcus td Ea -1 1;
. n . R B, .

ard ~e nave mu!tiplea trem Dy z to Jgive tne Q. P as poi,~omrals

S'nce thes@ pol,nom'a's can pe mult'plied by a nonzero CINSTANT ~e Zan

~rite

% Tog  max (l {2, -P‘Q)(Z)) = o(Zwz). i <1 . 3 8)

- J q a -

J=0,m

wnere p 's tne 'ogar':nmic potential of a certain measure 3 whicnh -§

positive Decause the maxmum of supnarmonic functidrs 15 aga'n
13

supharmonic. By the ~eax compactness Jdf tne unit pall 'n tre space of
DOSIT /€& M@Zsures. there ex15i§ a SuDsequence El_c: Q@ <1tn tre propert,
Tim » = & j
3 vy 3 3J;
1
Thig 'n t.rn 'mpliqs

11'“-. -
3 o (z. Ha

1 1

quasi- cvcryuhor013 oncC

Consider any Jomain A Z Kk wrich has a Green's function g(Z.«.Al.

z2.w & A. For a mgasure v 1n A define the Green's potential
3(2.v) 3 - j g(z.=:.) du(w) . weR , (3 11)

on R~A, g(z.v) 3 0 by tne properties of the Creen's function If

necessary -elect another suDsequence az = 1 ~@ then get.



T'I_l; 5 - log Tax (.'Q:,l:" D-\J)l
2 J=0.m
= 35(2) = 90(: vyl = n (z: 3 125
T 32% tog (1R} = g.<2) = g, {zv 1+ (D) 13,133

~here "g ard “1

The o s are 1naependert df A 'n Th@ sense that trey agree fo- A, am

are narmonic 'n A

1

. 1 - inf Nt
R. JO S Just 0 ted 3 A

Az n Al - AZ. Tre n s Jepena oOn A.
Lemma 1. wWith the sets Io = {a(l)}. 11 = !'l-l(ﬂ) aa I, =1

=@ have

(3 v (1) zm=1
(1') v,(8) 20 for all Bore! set B R ~ I,

(1iv) If Az R~ 1, is a domain (conngcteal) 'n wnich 5 15

1
{me]lj)-valant, then

(a) 3 < 25(A)

[ Nal

(m=Livg(Igir ¢ m =1

1IN

(B) 3 < vy(A) ¢ (m=2) 1vy(Ig)1 = vyiA)

Result (i) follows Dy aefinition, tne result (1i) follows becausea R s
of tne fore of a sum of polynomials times dJderivatives df f ana 't can
anly =» = outside the set I2 at those pornts where f does Dul th's e““oct
13 washed out as n - = py the adefinition of the measure. Resylt (1]
follows Decause polynomials have the same number dt 0's as pol'es Dy
Gauss's theorem and there are at most m = 1 zopfes on the surface of A.
Finally (b) follows DbDecause the boundary under closure produces Dy

nypothesis at most one extra Copy and sO aads lvo(lo)l'vg (Aj at most



Lemmy . I tre Jomain A satistres Tng assS.m™di"zcns 7 _amma 1.
|_'|1-_j ang
JO(;) = (m=2) '“O(iﬁjl . :3 1a.

tren T(a; = .
D 1- 1 < 12
roof Exact!; pa-alle! to Stanl s.

Now Jefing
aAzy=g(z)-glz» .zecR 3 153

Note that Dy aefirmition

1 N )
ae) c'molog {2 f H, . 1} =0 . (3 16)
nec J=0

except at singular points of £,

Oefine tre regron

D= {zeR: a(z) < 0} ‘3 173

Tr.g sign'ficance of this definition can te seen Dy noting tre follJw'nrg

result

LRI <@ L . i1 18)

nax [|°§3)|. o(3); e

)y ,

1f a(z) < 0. As py the nermite-Pgaé equation a(= = -@ s€@ at

once that

=(1) e B (3 19;



Lt .S Jef're [ TS CGe tre Isnnactaa zomporent Sf

I anmzZr zz-rn3t -
3‘1). Since D ma, rava an infinitg ~umpar -f Rizmiann 5.+ 3Z@5 ~& —=21]
td prur@ 't Defusre we Can Zomplete tre Drzd” First zJngr3e” T1:2:Z ©

w@ Zan Dy ny;potres'sCOnstruct i~ m = 1 sreetad zowver'ng F 0 zn ~n-2n
F{Z) s represerted as a .n'firm f_ nctign £i.s m lirmeari, r3epangarct
functions. (Call tmis Joma'n B Z O T R. 53*nce a < 5 ~ [ 3ang 33

also *n B we .se Une potenc'al tregry not'or of fl,ux ty Jer 3 w2

"nrequal ity
»-1(5) - vyiB) £ 325"

As for d. trMre potenrtiral treory sources are tne zeros 'n R r~-ag 's5 tra
positive part of v, ana tre poles 1n Max(lel. 1Pi) tra negati.e parts
of Yo Likewise the potential tnaory s1nk§ are the poles -~ R, @

tha negat'v@ part of v, ara the zaros n “ax(loju_ 1P1) tre cos'ti.e

part of vy- We may re-express Ea. (3 20) as

vl(Io) - IVO(IDEI - ul(B ~ IO} < VO(B ~ IOI

< (m=2) |v0(10)| - va(B ~ IO; -3 Z1:

By 'emma 1 ana our nypothesis on f(z) w~e Jet., Dy 3 T:ttie

arithmetic

[

(a) UI(IO) am-=-
(®) v,(8~15)=0 .

(€) wo(ly) = -1

(d) vy(3 B) = (m = 2)ivp(lg)r =am =2

(o) vo(l ~ Io) a0



Tnese results snow TNAt tre zeros Cluster 9n the DIuPrgary 5F tre regicn
n(B) = D ana so by mow Stangard arguments the exceptianal set *n 9§ s =¥
capacity zero. Dropert;, 1) SNOwS That the DloCx s:ze n tne
~armite~Pade tabnle tends to I {~elative to n).

By a .ar'ant of trg proof of Riemann or the proof J2Ff tne a'sx
monogrom; tTreore@m, sx@TCned Nerein we have tre result that tre f(:i'F

1 =1, . m =1 .riquel, aeterming

E. (z)

E (2)

. )J=-10 ..m1 13 22)

as un'form functions of z. Hence aaapting Stanl's proof of the extrema!
nature of n(D) = D we are anle to conclyade 1ts uniquerass 'n terms of
thy uniquely determined EJ:E“| ratios. This uniqueness Of n(D) =0
allows tne conclusions to be extended from a subsequence Tt0 any
suDsequence, again by arguments parallel to Stanl's, except w~e ~equ're
6m(z) to be of full degree 1n order that e may solve for tne
approx imant

The xnowledge of tne glopal Denavior of f(z) nas allowea tne proof
of convergence for afagonal segquences without the separation property,
or tne limitation to the nearest singularity, requirea for nror'zontal
sequences. I do not think, using the knowleage w~e nave of Paae
approximants, that the assumptions tnat [ nave nad to make 'n tha
results reported here Dy any means exhaust the range of convergence of

tre integral approximants.
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