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Using a "hard core perturbation theory,

the fipnal state corrections to the impulse approximation

are derived for high Q neutron scattering experiments to determine momentum distributions in

quantum fluids.
the He-He phase shifts.
kinetic energy sum rule.

1. INTRODUCTION:

Since the original suggestion by Hohenberg &
Platzman [1], there have been many experiments {2]
to determine the momentum distributions in quantum
solids and fiuids by scattering neutrons at Q high
enough tr invoke the impulse approximation (IA).
Most theories of the final state corrections to
the [A have predicted a quasi-Lorentzian lineshape
{3]. However, Gersch, et al. [4] argued that the
real space correlations, expressed through g(r),
result in a non- Lorentzian final state broadening.
A simple gquasiclassical theory for this effect was
developed by Silver & Reiter [5]).

In this paper, I outline the first perturbative
derivacion of the final state effects iu deep
inelastic neutron scattering experiments on quan-
tum fluids. The vertex terms introduce g(r) I
present numerical results for superfluid THe.

2. HARD CORE PERTURBATION THEORY:

First, | approximate the Hamiltonian at high Q.
The long range part of the potantia) and the low
momentum part of the kinetic energy govern the
ground state properties such as g(r) and n(p).
The short range part of the potential and the high
momentum part of the kinetic energy dominate final
state effects. [ treat the former statically,
with g(r) given by experiment or by other theory,
and [ carry cut a pertucbation expansion for the
dynamics using the latter part of the Hamiltonian.

Second, a perturbation theory for hard core
potentials (termed "HCPT") can be developed by
analogy with the perturbative derivation of
Boltzmann equation expresaions for the electrical
resistivity starting trom the Kubo formula. The
"diagonal projecti r operator method" of Argyres &
Sigel (6] resums the terms in the Liouville per-
turbative expansion of the Kubo formula which are
singular as w * ie (i.e. from intermediate terms
in the density matrix ot torm afa, ). The pertur-
bative expansion of S(Q,w) is fgr&ally annlgggua.
with the singular terms occurring as hw + h“Q%/2m
+ ie. To resum these singular terms (of form
a*+ a,), | again perform a Liouville perturbative
nhpgnbion of S(Q,w), but with an off-diagonal
density projection operator defined in terms of
ground state expectation values. S(Q,w) can then
be written as a Dyson equation for a two particle
propagator with the Liouville T-operator
generating the irreducible part.

Assuming two-body collisions dominate the final
state effects, the third step is to replace the
many=-body Liouville T operator by an uarenor-
malized two body T-operator. [In the resultant
theory, 1 evaluate expectation values in the
ground state of products of two creation and two
annhilation operators in terms of the g(r) and the
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The final state broadening depends on the radial dis.ribution function, g(r), and
[t has a zero second moment and no Lorentiian wings, satisfying the
Explicit results are presented for superfluid He.

momentum distributions in agreement with the sum
rules. The self energy terms in the Dyson equa-
tion alone would predict quasi-Lorentzian line-
shapes. However, the self energy terms are
exactly canceled by a part of the vertex terms,
which is related to a Ward identity,

The fourth step is to evaluate the high Q limit
of the two body T-matrix using semiclassical
methods [7]. This includes taking the T-matrix
on-energy-shell, JWKB phase shifts, the Poisson
summation formula, and the large L/small angle
representation of the Legendre polynomials in
terms of Bessel functions. The resulting Dyson
equation may be solved analytically.

Details of these calculations will be given
elsewhere.

3. RESULTS:
In the high Q limit of the HCPT, I find that
Q S(Q,w) is a convolution

o

F(Y) = [ dY' Ryeopp(Y=Y') F i (Y') (1)

-00

Q s(Q,w)

where the scaling variable is Y = (w-th/Zm)m/hQ.
and FI (1) is the impulse approximation result for
Q S(Q,&). The final state resolution function,
RHCPT(Y)' is given by

m X
Rycpp(¥) = % { dX cos(YX + J dX' Re T'(X'))
0 0

X
+ exp(f dX' Im M(X') 2)
0
-]
FCK) = 2np [ B dB £(B) g(JK2 + BD) (3)
0
and
£(R) = Q218(8) 5 ,216(B)+iMnQB/2 (%)

M#0

Here, 6(B) is the JWKB phase shift for impact
parameter B and p is the density. T (®) is propor-
tional to the He-He T-matrix. Note that this
theovy satisfies the kinetic energy sum rule even
for hard sphere potentials.

Figure 1| compares [8]) the final state
hroadening of HCPT to a Lorentzian (LZ) obtained
by taking g(r) *+ 1 in Eq. 3. R PT has a zero
second moment and no Lorentzian wl“%s.



R . R A1

wepr VS- R, at 20 A

15 1_7"1—#7-7 *r’T*ﬂ'""'—r ‘-r—~v‘—v———v—1
L — HCPT |

veeeen LZ .

R (Y)

Y (A

Fig. 1 Fing} state broadening function, R(Y), at
Q=2 & for hard core perturbation theory
(HCPT) a?d Lorentzian br-adening (LZ) wvs.
Y = (
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Figure 2 shows cal-ulations of Q S(Qﬂu) using a
theoretical momentum distribution of "He [9] at
T = 0 °K which has an 11.9% Bose condensate frac-
tion. For HCPT, the linewidth of the non-con-
densed atoms is comparable to the IA, but the Bose
condensate peak is not clearly resolved. Because
the He-He potential is steeply repulsive, a dis-
tinct condensagf peak is not obtained even for Q's
up to 100's & °. The LZ lineshape is much wider
than HCPT ana IA. In addition, there are much
smaller hard sphere glory oscillations of Q S(Q,w)
in HCPT than in LZ.
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Fig. 2. Q $(Q.w) = F(Y) where Y = (w-hQ%/2m)m/hQ

for hard core perturbation theory (HCPT),
impulse approxiration (15? and Lorentzian
broadening (LZ) at Q = 20 .

4. CONCLUSION:

The hard core perturbation theory of deep
inelastic neutron scattering experiments qualita-
tively confirms the earlier many-body cumulant
theory of Gersch, et al. [4] and the quasiclassi-
cal theory of Silver & Reiter [5]. The quantita-
tive predictions and the structure of the theory
are new. [ have shown how vertex corrections give
rise to a non-Lorentzian, zero second moment line-
shape for final state effects. The good news for
experimentalists is that, at high enough Q, the
final state broadeniug of the impulse approxima-
tion takes the form of a convolution and is
smaller than the Lorentzian broadening theories
would predict. The bad pews is that neither the
Bose condensate p%fk in He nor the Fermi surface
discontinuity in “He will be clearly resolved in
S(Q,w) in any feasible deep inelastic neutron
scattering experiment. However, provided the
final state theory is known and instrumental
corrections understood, a deconvolution procedure
(such as maximum entropy) might be attempted to
extract the singular structures and other proper-
ties of momentum distributions. There must now be
a detailed effort to reanalyze momentum distribu-
tion experiments on quantum fluids and solids. At
lower Q, the assumptions underlying Fqs. 1-4 (such
as on-energy-shell T-matrix) break down and the
relation of n(p) to S(Q,w) will be more complex.
An  extension of the HCPT should enable
calculations at Jower Q in the future.
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