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[. Introduction

In a numbeE_Ef papers _1-5; It has been suggested that the
dimeson (Q"q") Is stable apainst breakup Into the two (Qq)
mesons provided the mass m of Q ls large. Since some of
these papers make purelv phenomenological assumptions about
the nature of the interaction in the four quavk system, the
physical basis for the result is not obvious. W¢ have
recently argued [h] that for sufficlently large m the
dimeson must be bhound., and in Section II we show how this
result follows from minimal assumptions that are consistenr
wlith Quantum Chromodvnamics.

To actually declde [ a particular dimeson is bound, it
is necessarv to make an assumptlon about the form of the
confining, Interaction. oOur method for deriving the statlc
part of the potential energy ls discussed In Section LIT:

[t is the fact that the two-body and four-body systems are
treated on the same {ootinp, that enables us to calculate
and compare the vnergles of single mesons and dimesons. In
Sectfon IV the method for solving the four-body problem,
and the results, are presented.

LI onagjitative limesons

Y.
Yoo shall cansider the four-body svstem (1) ") camposed ot

two cparks and two o antigquarks tor two speclal cases ol
Qe ko onasses

Vo owlthoa tsed

A e sdwple phesical pletare emerpes In this Timle
hecattve all the relat Tve moment o In the problem remadn
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rinize oxcepr for that between the two heavy quarks. Thelr
relative motion is domirated by their Coulomb attraction in
*i.o color } state. and their relative wave function becomes
hvdrogenic with a reduced mass u = m/2 and an effective
coupling constant acpp 20q/3. The Bohr radius of this
pair is

A - — (2.1

ma_

and the energy assoclated with their relative mation is

)

E(Qz) - - % ma; . (2.2)

We know that none of the other energies (apart ~-om
rest mass) in the four-badv svstem {s proportional to m for
the very same reason that the erergy of a single meson (Qq)
Is not proportional to m, namely, the kinetic energy Is
governed by m in the large m limit. The only assumptior
about the confining potential that is needed to complate
thls argument is the trivial one that it remains finite
when two particles come close together. Finally,

~

200 - MQ%F") - mal + o(n®) (2.3
which proves that for sufficlently large m there must he &
hound exotic dimeson,

B, m - m

All the yelat {ve momenta are comparable In thils case, and
since the Q Coulomb attractlen in the color singlet state
is stronger (%) than the 0Q attr: tion In the } state, the
Oq palring Is the preferred one. while this does not prowve
that there is no bound dimeson for thie system, [t fs
ronsistent with the fact that we have niot found any [0,

e Patent fal l";ll"!'l":'

coderdte the statie part of the potentlal enerpy for o
vatem ol quarks andsor ant Lpirks we use a Rorn

rpenhe bmer approximation to the MIT bap model . The poark
e tret e e statle, Tocal fned sourcos ol the plae fald,
aned the Tatter ts required to satlsty the bap model]
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soundary condition n”F = 0 on the surface. After solving
for the zlue field and“Yhe correct bag surface. the energy
is regarded as the potential energy in which the quarks
move. In Fig. 1 this approximation is contrasted with
another extreme approximation to the bag model. the
‘cavity’ approximation, which has been used to describe
systems containing only light quarks. In that approach it
is the joundary condicion on the quark field that
detarmiies ctheir allowed modes; and the total energy is
regardel as the actual mass of the hadron.

CAVITY BORN-OPFENHEIMER
A >PROXIMATION APPROXIMATION
u.d S clbl

—

FIXED ssherical cavity. FIXED quark positions,

Boundary condition on QUARK Boundary condition on GLUE
tield. fleld.

Marks In lowest mode. Solve for glue field and

bag boundary.

¥ - Hadron mass. E = static potentlal enersv.

dle, | “omparison of two extreme approximations to the
MIT Bag model



[f one tries to treat heavy quarks in the cavity
approximation it is necessarv to mix high mode numbers into
the wave function hecause the small increase in kinetiec
¢nergv can be more than compensated for bv the gain In
color Coulomb attraction. On the other hand, L{if light
quarks are treated in the Born-Oppenheimer approximation,
there may be important non-static terms in the potential
energy. We assume that cB;i is not the case and will
calculate systems like (h"u”) just using the static
potential.

We start at the classical level with a set of quarks at
position r, with color charges FS enclosed in a bag
described éy surface parameters § . Since color magnetic
moments are negkscted at this stage, the only boundary
condition is f*E" = 0, and this Neumar.n problem can be
solved for an arbitrary surface. Adding together the color

electrostatic energy and the nag volume energy gives
- a l -oaz
W(r ,F;.S_) = fdv[ ;T E + B] . (3.1)

Since the surface parameters are not dynamical variables
thevy must he elilmlinated, leading to

W

;E =~ ()
24

' (3.2)

which is called the equation of constraint or the pressure
balance condition. When the solution of this equation is
insertted into (3.1) the result i3 the potential energy

v o~ W[rlj. FL.FJ' Sa<rlj'Fi.Fj)] . (3.3)

Since the bhag forms aveund the quarks., the potential energv
{s translation Invariant.

Atter the kinetle enerpy of the quarks [s added to the
pocential energy (3.3) quartization Is carried out, and
*his leads to YV becoming a matrix In color space. For the
cedtem o two quarks and two antlguarks ftoig a 2«2 matrix
sy there are two Independent color singlet states.

Fo wetually fmplement the program described In o3, D)
Ao requidres solutlons ot the bag model with deformed



surZaces. If we were dealing with molecular-tvpe states in
which one /Qq) pair were rather well separated from the
other. then bag deformation would be an important
consideration ‘see Fig. 2]. As the states discussed in
this paper are not of this type, we expect a spherical
approximacion to the bag to be good for the parts of the
wave function having large probability, and since an
analytic Green'’'s function is known for a sphere it is
possible to write down an analytic expression [7] for W in
(3.1). If the interparticle separations are small,

r, < 1 Fm, then it is sufficient to keep just the dipole
ce%m from the homogeneous part of the Green'’'s function, and
this leads to [7]

F.-F 1/2
V- > a —-"-1+—,.5[(Da)2] (3.4)
/ s rlj J2
i>]
where
N
p? - } Fo ¢, (3.5
i i
i
(a.) (b)
¥is . Bag shapes for the two-quark two-antiquark svstem.
i1: A Jefaormed bag that would be Llmportant for a molecular
*vEe stave.  th) If all interparticle spacings are

comparable a spherical bag is expected to provide a good
ipproximation



is cthe colcr dipole moment operator. The string tension is
given by

(322 Y172
k = [ 3 Bas] (3.6)

and the bag radius, which is also an operator in color
space, has the expression
la 1/6
2% ma 2
R = [AnB (D) ] 3.7)
There are two noteworthv features of this potential
energy. Firstc of all, (3.4) has the same structure for any
number N of quarks and/or antiquarks; we can use it,
therefore, to calculated both mesons and dimesons to see 1f
the latter are stable against breakup into the former. The
gecond point to note iIs that the second term in (3.4),
which is the confining potential, is a many-body operator.
We have argued on theoretical grounds that the confining
interaction must be a many-body potential [8]. 1In
addition, phenomenology does not tolerate a sum of two-body
potentials because it gives rise to unphysical van der
Waals forces between hadrons,

When (3.4) is sperlialized to the (Qq) system it becomes

! a Ay 1/2
vt -% ¢ [%] kr , (3.8)

which has the same Coulomb plus linear structure as the
potential derived from lattice gauge theory and also the
phenomenologlcal potentials that have been used to fit

¥ (cc) and T (bb) spectra. Note that there is a confining
term rven at small distances, but the slope s only ~0.8 of
fts walue at large dlstances, r > 1 Fm, where the bhag
develops Into a tube of flux {7,9].

""illﬂ

). :
'or the (07q"7) svstem the 2«42 matrix TARE determined

trom -} v {s wreltten outr in [10] In the singlet-singlet,
actet soctet represeuntation defined by the couplings
"1 Iétl.nl(smlgl-
t).h
[ (l?.)al'l'c)H l

"'H



where particle 1 and 3 are quarks, and 2 and 4 are
antiguarks.

Since some of the four-body wave function extends into
the region where the spherical approximation to the bag
breaks down, we use some physical arguments to write down
the potential there. The most important reglon is the one
in which one (Qq) pair starts to separate from the other.
If the separation R between the (12) pair and the (34) pair
becomes large, in the representation (3.9) we require that

(2) (2), ..
w | |V F V) 0

o CSR

A
(3.10)

The significance of the various matrix elements ils as
follows. The diagonal element in the singlet-singlet state
is the sum of the two potential energles within the
individual (Qq) pairs with no interaction between them.

The diagonal element Ln the octet-octet state is the
confining part of the bag model potential energy between
two octets. Concerning the off-diagonal element O, it must
fall off sufficiently rapidly with distance so that there
are no van der Waals forces, and this means at least

expone ttilly. We actually use a Gaussian form,
exp(-R"/d”), to make a smooth transition from (3.4) to
large distances. so O ls itself a Gaussian and we expect
the parameter d to be approximately L Fm. The details are
given in [I1}.

V., Meso 2

Given the potentlal energy described in Section III, the
next step ls to solve the Schrodinger equation for the
meson and dimeson problems and compare thelr energles. We
dld this Inftially using the nonrelatlivistic expression for
the kinetlec energy of the quarks, but since the llight
quarks tm o= 0,35 GeV) are quite relntlvlstlcdﬂll rhel/2
restl s reported here were obtained with Z (py * mI) T oas

the kinecle energy operator. These calcu{atlnns that use
the statfe potentlal energy and the relativistic expression
tor the kinetic enerpy are referred to as
"somlrelatfvistic",



To actually solve for the energy of the ground state of
each svstem we have performed variational calculatiouns and

also Green's function calculations. The latter also star
with a trial wave function, ¥ , but then let it evolve in

t

(imaginary) time, and the groxnd state energy is projected

out via

< _[He "Hiyp >
« v v

Eo = 1im H ) (4
70 <¢v|e l¢v>

The Monte Carlo technique for doing this 1s described in
[11!.

The variational wave function for a single meson is
chosen to be

¢v - exp (-ar) , (4.

and for the dimeson
¥, = lexp[-ac(r12 + r34) - a13r13] + [1—=3]) ¢3
(4.

+ cm(exp[-ac(rl2 + r34) - al3r13] - [1—=3]) ¢6 ,
where a, a . oy q, and ¢ are the variational parameters,
The color states w3 and ¢6 are defined by the couplings
6y = 11D’ @20
. .
6
v = 11an®w®hs

and are antisymmetric and symmetric, respectively, under
*he interchange of either the two quarks or the two
antiquarks. According to the discussion In Sectlon II we
axpect rthe term in (4.7) contalning ¢, to be domlnant for
iarre «quark mass, and that {s why it was assigned a
syvinmetrlc spatial wave functlion.

The correlations that are bullt Into (4.2) and (4.3)
contin sutficlent flexlbilityv to describe, on the one
hanmi. the expected large m limit in which [see (2.1)]

)

2)

3)

4)



@y = ﬁas/J; and also the limit of two separated mesons,

which corresponds to a 3 = 0 and a, = a, with c. - -J/2
making each meson a co{nr singlet.” An additional
correlation between the two light quarks would complicate
the variational calculation, but is not essential for the
Green’s function calculation.

1/l‘For the bag model parameters we choose a_ = 0.370 and

B = (.245 GeV, which leads to the string Zension having
the value k = 1.07 GeV/Fm. In conjunction with the quark
masses m_ = 1.364 GeV and = 4.781 GeV, this results in a
good £f1t%to the cc and bb spectra.[6] In Table I we show
the masses of four mesons obtained by solving the semi-
relativistic Schrodinger equation with the potential (3.8).

Table I. The masses of some mesons. a is the variaticnal
parameter Iin (4.2), and E is the eigenvalue of the
semirelativistic Schrodinger equation with the potential
(3.8). An estimate has been made of the hyperfine
splitting in the T-n_ system. A}}aenergies are in GeV.
The parameters are e = 0.370, B = 0.245 GeV,

m, = 1.364, m - 4.731. and m, - md = 0.350

Quark 1

Content a(Fn ) E M MXPT
cé 4.1 0.32 .05 2o + %(qc) -3.07
bb 8.2 -0.13 9.63  A(T) + 2(n,) = 9.44
oy 3.3 0.54 2.25 2w + 2y - 1,97
h 4.0 0.43 5.56  2(B%) + i(B) = 5.11
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As the hvperfine interaction is not included at this stage
the comparison with experiment is made in terms of the
appropriately weighted masses of the vector and
pseudoscalar particles. Since the mass of the n,_ has not
yet been measured, an estimate of the hyperfine splitting
has been made for that system.

It is seen in Table I _that the calculated ground state
masset of the (cu) and (bu) gsystems are too large. If the
magss of the light quark 1s reduced from the value 0.350 GeV
that was used there, then the discrepancy with experiment
1s reduced, but even with m = O the mass of (bu) is still
too large by about 0.13 GeV! While this indicates some
deficiency in the present approach to mixed light-heavy
systems, nevertheless, we proceed to calculate the dimeson
systems and expect that there is some cancellation of the
error in the energy difference.

Table II shows the results of our calculations for the
energles of three dimesons. These were obtained from (4.1)
again using the semirelativistic Hamiltonian described in
Section IIT. The dimeson binding energy is with respect to
the two separated mesons

Binding Energy = M(Qgq) + M(Qq’) - M(QQqq') . (4.5)

The column lahelled "No Hyperfine" or~its this interaction
In both the mesons and the dimeson, while the column "With
Hyperfine" includes it in both. Note that before the
hyperfine interaction is turned on there is very little
difference in the binding energles of the various dimesons,
there being a spread of only 10 MeV between tha values in
the three rows. This already shows that the b quark is not
heavv enough for the term in (2.3) that is linear in m (the
Coulomb term) to completely dominate. This is consistent
with the known fact that the confining potential is quite
important in the (bb) system.

After the hyperfine Interactlon is turned on every one
of the dimesons in Table II becomes less bound; this is
because the hyperfine attraction in the mesons is larger
than In the dimeson. In fact, those containing two c
rquarks become unbound and those with one b and one ¢ are
marginal.
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Table II1. Dimeson energies. E ls the eigenvalue of the
csemirelativistic Schrodinger equation; the statistical
uncertainty in the Green's function Monte Carlo calculation
is *10 MeV. The binding energy as defined in (4.5%) is
shown without and with the inclusion of the hyperfine
interaction. The final column gives the spin quantum
numbers of the lowest energy dimeson state,

Binding Energy

Quark Yo With Spln State
Content E Hyperfine Hyperfine (SQQ Si&' S)
bbud 0.07 1 0 1

. 0.77 0.09
bbuu 0.03 1 1 o0
becud

.. 0.87 0.09 0.00 1 1 O
bcuu
ccud

. 0.99 0.08 (-0.07) 1 1 0
couu

The final column of Table II contains the spin quantum
numbers of the two heavy quarks, S.., the two light
antiquarks, S§--,, and the total sp?ﬂ S of the lowest energy
state. A dimdon containing two distinct light quarks (u
and ) does not have a Paull principle restriction on thelr
spin state and may. therefore, have a lower energy than the
corresponding dimeson with ldentical light quarks. This =
{indeed the case for the dimesons containing two b quarks,
for which (bbud) {s bound by approximately 40 MeV more than

(hbhun) . The details of the hvperfine calculation are pglven
in 11},
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V., Conclusion

We have shown that for sufficiently lig e quark uass m and
fixed antiquark mass m the dimeson (Q q ) must be stable
against all strong decays, due to the color Coulomb
attraction of the two quarks in the color 3 state. Eq.
(2.3) 1is the mathematical statement of this result.

Using the confining potential derived from a Born-
Oppenheimer approximation to the MIT bag model, we have
obtained the ground state energy of a number of dimesons.
Those containing two b quarks and two light antiquarks are
indeed energetically bound against decay into two mesons,
but the binding energy is not great. In the most favorable
case, (bbud) is bound by 70 MeV with regpect to the two
mesons (bu) + (bd). The corresponding system con:zaining
two ¢ quarks is not bound, and the mixed system with one b
and one c Is borderline. The numerical results show that
the mass of the b quark is not large enough for the bb
Coulomb attraction to completely dominate the energy. For
the t quark this would indeed be the case.

This work was performed in collaberation with
J. Carlson and J. A, Tjon, and a more complete account will
be found in [l1]. Thls research was supported by the U. §.
Department of Energy.
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