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J. Introduction

;YmZsZy~~5~9F ~~p~~;t)l~~-i;
It hns I)een suggested that the

ngaillst breakup lnt.n the two (Q~)
mesons provided the mass m of C) ~s large. Since some of
these papers make purely phenomenological assumptions about
the nature of the interaction in the four qua~k system, the
physical basis for the result is not obvious. KL”have
recentl,v nrgued [fijthat for sufficiently large m the
(Iimeson nwsr t)rI l)ouIIcl, am-l in Section II we show how this
result follows from mlnImnl assumptions that are consistent
wltl~ ~uilntum Cllrolno[lvll:llni(:s.
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lirli~& L1.~c&2rfOL-th:lib,~rween the two l~eavy quarks , T’Ilci r

L_..ll:l Li-,’il mnc ion is dorninatcfiby tl~eir~aulomb attrcc~ion ~:)
7!.L*cnlor I state. ;lnd Cheir rclat ive wave Function bf, cnme.s

11’;drogeni.~. ‘with a reduced mass IL= m/”2and an effect i-~e

coupllng constdnt a
EFF

- 20/3 . The Bohr radius of this
pair is

(2,1’

and the energy associat.eciwith their r~l.i~tiv~motion is

We know that nntle (I! the other r.nergies (apnrt ‘:om
rest mass) in the four -l}nd.~svst[tm is prciportinnal to m for

the very same reason Lhat khe eriergy of a single meson ((l(-IJ
Ls not proportional to m, l]arnely,the kinetic energy [S

governed by ; in the large m limlc. The only assu~ption
about the confining potencfal that is needed to complate
this ar~Ltment 1s the triv!al one that it remains finite
when two particles come close to~ether, Finally,

B, m . 1;
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,.01.i7.,.idr”,’condicion n“F;. - IIon the surface. After solving
for :he ~lue field and”~he correct hag surface, the energy
is r,?:arded as che potential energy in which the quarks
:I!o’:e. In Fig. 1 this approximation is contrasted with
Jnother extreme approximation to the bag model, the
‘cavity’ appro::imation, which has been used to describe
systems containing only light auarks. In that approach it
is the >oundary condicion on che quark field that
detsrmiles their allowed modes; and the total energy is

regardei as the actual mass of the hadron.

CAVITY !50RN-OPPENHEIMER
A?PROXI!4ATION APPROXIMATION

u,d s c,b,

o8#u

FI1(ED s:~her~cal Ci~vity.

Boundar:# condition on QUARK
CIPICI.

Vlilrks IIIlowest mode.

r.,. Illlllronmass.

FIXED quark positions,

Boundary condition on GLUE

field,

Solve for glue field and

bag boundary,

E- static potent~al (hnrr%’:,
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tf one tries to crest heavy quarks in the cavity
dpprosimation it is n~cessary to mix high mode numbers into
:IICwave function because the small increase in kinetic
oner,gv c.inbe more than compensated for by the gain in
color Coulomb attraction. On the other hand, if light
quarks are treated in the Born-Oppenheimer approximation,
there may be important non-static terms in the potential
energy. We assume that t i~-~ is not the case and will
calculate systems like (b u ) just using the static
potential.

We st~rt at the classical level with a set of quarks at
position r

&

with color charges F? enclosed in a bag

described y surface parameters i. Since color magnetic
moments are negl-$cted at this sta~e, the only boundary
condition is *9E - 0, and this Neumarm problem can be
solved for an arbitrary surface. Adding together the color
electrostatic energy and the aag volume ener~y gives

(3,L)

Since the surface parameters are not dynamical variables
they must he el[m[nated, leading to

(3.2)

WIII(SIIis c:<I11o[I[Ilecquatinn of constraint or the pressure
I)ill:lllceC’olditloll. Khtln the solllt~on of thi~ equation is

il]soll.edinto (3.1) the result is the potetlL ial energy

[ 1‘] ‘w ‘i.!’ ‘l”FJ’ ‘n(rLj ’Fi’Fj) .
(3,3)

energv

to rl)(’
illl(l
‘Or Iht’
mil[r:s
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suriaces. If we were dealing with molecular-tvpe states ii~
-*-I,:,:~,~pe (Qa) pair were rather well separated from the
ocher, then bag deformation would be an important
cons idemtion ~see Fig. 21. AS the states discussed in

~his paper are not of this type, we expect a spherical
approximation to che bag to be good for the parts of the
wave function having large probability, and since an
analytic Green’s function is known for a sphere i= is
possible co write down an analytic expression [7! for W in
(3.1). If the interparticle separations are small,

‘ii
= 1 FIU, then it is sufficient to keep just the dipole

ce m from the homogeneous part of the Green’s function, and
this leads co [7]

where

i

(d

(3,4)

(3,5”1

oeo

xx

h)
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is che colcr dipole moment operator. The string tension is
given by

k‘ [~ ‘m.11’2

and the bag radius, which is also an operator in color
space, has the expression

(3,6)

(3.7)

There are two no~eworthy fearures of this potential
energy. First of all, (3.4) has the same structure for any
n’lmber N of quarks and/or ant.iquarks; we can use it,
therefore, to calculated both mesons and dimesons to see if
the latter are stable against breakup into the former. The
second point CO note is that the second term in (3.4),
which Is the confining potential, is a many-body operator.
We have argued on theoretical grounds that the confining
interaction must be a many-body potential [8]. In
addition, phenomenology does not tolerate a sum of two-body
potentials because lt gives rise to unphysical van der
Waals Eorces between hadrons,

When (3.4) is sp~r’laltzed to the (Q~) system it becomes

(3.8)

which has the same Coulomb plus linear structure as the
pntentIal derived from lattice gauge theory and also the

phenomenological potentials that have been used to fit
IJ (c;) and T (hb) spectra. Note that there is a confining
term ovrn at small dist,ancl~s,but the slope 1s only -0.8 of
frs ‘.’alueiit large dfstanct’s, r > 1 Fm, where the bag
IIevclnps into a tube of flux ~7,!l].

,,1

I 1;’1})’(1/’)1’”

L’
ti

I (I:n%’tly ,
11.’11



-7-

where particle 1 and 3 are quarks, and 2 and 4 are
antiquarks.

Since. some of the four-body wave function extends into
the region where the spherical approximation to the bag
breaks down, we use some physical arguments to write down
the potential there. The most important region is the one
in which one (Q~) pair starts to separate from the other,
If the separation R between the (12) pair and the (34) pair
becomes large, in the representation (3.9) we require that

“(2)
“(4) *

[

(r12)+V(2)(r34) O

0
1

C8R “
(3.10)

The significance of the various matrix elements is as
follows. The diagonal element in the singlet-singlet state
is the sum of the two potential energies within the
individual (Q~) pairs with no interaction between them.
The diagonal element Ln the octet-octet state is the
confining part of the bag model potential energy between
two octets, Concerning che off-diagonal element O, it must
fall off sufficiently rapidly with distance so that there
are no van der Waals forces, and this means at least

:=;;;;9;$;1Y”
We actually use a Gaussian form,

to make a smooth transition from (3.4) to
large distances, so O Ls itself a Caussi.an and we expect
the parameter d to be approximately L Fm. The details are
given [n [Ill,

[IJ }l~son and Dimeson Ene~ a

GIs:en the.potential energy described in Sectfon 111, the
next step is to solve the Schrodinger equation for the
inesol~ :Inddimeaon problems and compare their energies. We
(Ild :11[.sInitially USlIIg the nonrelilt[v[stic expression for

:t~rKilwrlc energy of t:hequarks, but since the Ilght
‘111. Irk:; [m = 0.’15 CeV) are quite reliltiviStiC ..*yll rlpi/2
Ilhs’11:“:+rppnrted here were obtained with X (pi L In~) ‘ ;1s

,
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To actually solve for the energy of the ground state of
each sysrem we have performed variational calculations and
also Green’s function calculations. The latter also start
wir.h a trial wave function, # , but then let it evolve in
(imaginary) time, and the gro~nd state energy is projected
out via

<*V IHe -’”l#v>
E. - lim (4.1.)

7 -bm <$vle- ‘Hl$v> -

The Monte Carlo technique for doing this is described in
[11!.

The variational wave function for a single meson is
chosen to be

#v- exp (-ar) , (4.2)

and for the dimeson

$“ “ (exp[-ac(r12 + r34) - a13r13] + [1*3]) *3

(4.3)

+ cm(exp[-ac(r~2 + ’34) - a13r13] - [1-3]) #6 ,

where a, a , a , and c are the variational parameters,
The coLor ~tat~~ @3 andm#6 are defined by the couplings

.

‘3 - 1[(13)3 (2iA)3]l>
(4.4)

‘6 - 1[(13)6(24)$1>

and arc antisymmetric and symmetric, respectively, under
*!1F ~ntcrchangc OF either the two quarks or the two

:il~t Lqtiilt-ks , According to the discussion in Section II we
..:{pr(:t~:lleterm in ((+.3)containing VI to be domLnant for

l.~r!’,~’ (11.lilrkmass ,
I and that is why it was assigned a
,;.l-;l!mr:rl(!spatial wave function.

“llucorrelations rhnt are hunt into (4,2) and (4.3)
ctllltl[nsufficient fl~,xll]ilitvto describe, on the one

lMmi, [l~eexpected large m Iikit in which [see (2.L)]
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’13 - m~/3; and also the limit of two separated mesons,

“’iRh corresponds ‘0 ’13-0 and ‘c ~n=ad~~~;o~l- ‘J3making each meson a co or singlet,

correlation between the two light quarks would complicate
the variational calculation, but is not essential for the
Green’s function calculation.

For the bag model parameters we choose a - 0,370 and
&4 -

0.245 GeV, which leads to the string ?ension having

the value k - 1.07 GeV/Fm, In conjunction with the quark

masses m - 1.364 GeV and
‘“b

- 4.781 GeV, this results in a

good fltcto the c; and bb spectra. [61 In Table I we show

the masses of four mesons obtained by solving the semi-
relativistic Schrodinger equation with the potential (3.8).

Table I. The masses of some
parameter in (4.2), and E is
semirelativistic Schrodinger
(3.8). An estimate has been

mesons. a is the variational
the eigenvalue of the
equation with the potential
made of the hypsrfine

splitting in the T-qb system.
‘1)4

energie~-are in GeV.
The parameters are o - 0,370, B - 0.245 GeV,
m - 1.364,
c %-

4.731, andm -m -0.350
u d

Quark
Content

-1,
Q (Fin E M

%PT
— — —— ——

.
cc 4,1 0.32 3.05 2

4(*) + :(qc) - 3.07

b~ 8.2 -0.13 9.43 3
4(T) + ~(~b) - 9.44

3,3 0,54 L~:u 2.25 ;(~*) + 4(D) - 1,97

1)(1 4,0 0.43 5.56 ;(B*) + :(B) - 5,31
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AS the hyperfine interaction is not included at this stage
the comparison with experiment is made in terms of the
appropriately weighted masses of the vector and
pseudoscalar- particles. Since the mass of the qb has not
yet been measured, an estimate of the hyperfine splitting
has been made for that system.

It is seen in Table I that the calculated ground state
masses of the (c;) and (b;) systems are too large. If the
mass of the light quark is reduced from the value 0.350 GeV
that was used there, then the discrepancy with experiment
is reduced, but even with m - 0 the mass of (b~) is still
too large by about 0.13 GeV” While this indicates some
deficiency in the present approach to mixed light-heavy
systems, nevertheless, we proceed to calculate the dimeson
systems and expect that there is some cancellation of the
error in the energy difference.

Table II shows the results of our calculations for the
energies of three dimesons. These were obtained from (4.1)
again using the semirelativistic Hamiltonian described in
Section 111. The dimeson binding energy is with respect to
the two separated mesons

9inding Energy - M(Q~) + ll(Q~’) - M(QQ~~’) , (4,5)

The column labelled “NO Hyperfine” o~tts thfs interaction

in both the mesons and the dimeson, while the column “With
Hyperfine” includes it in both. Note that before the
hyperfine interaction is turned on there is very little
difference in the binding energies of the various dimesons,
there being a spread of only LO MeV between the values in
the three rows, This already shows that the b quark is not
heaw enough for the term in (2.3) that is linear in m (the
Coulomb term) to completely dominate. This is consistent
with the known fact that the confining potential is quite
impnr:nnr in the (bb) system.

After the hyperflne interaction is turned on every one

IIF ::IIP dimesons in Table 11 becomes less bound; this is

bPcnusc the h~perfine attraction in the mesons is larger
rh.in [n the rlimeson, In fact, those containing two c
quarks become unbound ;Ind those with one b ,andone c are

marginal..
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Table 11, Dimeson energies. E is the eigenvalue of the
,semirelativistic Schrodinger equation; the statistical
uncertainty in the Green’s function Monte Carlo calculation
is flo ~ev, The binding energy as defined in (4.5) is
shown without and with the inclusion of the hyperfine
interaction. The final column gives the spin quantum

numbers of the lowest energy dimeson state.

Binding Energy

Quark
Content

?;o With Spin State
E Hyperfioe Hyperfine

‘Sm %’ ‘)

0.07 101
0,77 0,09

0.03 110

0.87 0,09 0,00 110

o,~!l n,ofl 1(-0,57) ., 1 0

The final column of T:lble 11 contains the spin quantum
numbers of the two heavy quarks, S the two light
ant~qu~arks, S- -,, and the total spH’S of the lowest ener~v
StiltR, A dlm~~on containing two distinct light quarks ((l
,l[NI;IJdmss not have n EIaLIli principle restriction on tlluir
spin s~:lt.eand mny, therefore, have a Iowcr energy thnn this

corr(’::pnndlngdimesnn with ld~ntlcal Llghr qu:lrks, This I:;
Indoo(l [he ca~~ for rlIe dlmosons cent.alnlng twn b qtiiirk~,
f“rlr wlllrh (bbm.1) Is Imuml by approximately 4(IM(+V mor~ tlI:III
(Ilbl-1(1), Tl}e det:~lLs o!,’III(IIlvprrflue c,lLculntlnn ii~~ ~l\o(’11

Ill :11:.
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We h.we shown that fo: sufficiently l~;~e quark uass m and
fixed antiquark mass m the dimeson (Q q ) must be stable
against all strong decays, due to the colo~ Coulomb
attraction of the two quarks in the color 3 state, Eq,
(2.3) is the mathematical statement of thi~ result.

Using the confining potential derived from a Born-
Oppenheimer approximation to the MIT bag model, we have
obtained the ground state energy of a number of dimesons.
Those containing two b quarks and two light antiquarks are
indeed energetically bound against decay into two mesons,
but the b~~ding energy is not great, In the most favorable
case, (bbud) is bound by 70 31eVwith r~spect to the two

mesons (b;) + (b~). The corresponding system containing
two c quarks is not bound, and the mixed system with one h
and one c is borderline, The numerical results show that
the mass of the b quark is not large enough for the bb
Coulomb attraction to completely dominate the energy. Fnr
the t quark this would indeed be the case.

This work was performed in collaboration with
J. C.arlson and J, A, Tjon, and a more complete account will.
km found in [11]. ThLs research was supported by the U, S,
Department of Energy.
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