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ABSTRACT

The Boltzmann- Fokker-Planck (BFP) equation can be
used to describe both neutral and charged-particle trans-
port. Over the past several years, the author and several col-
laborators have developed methods for representing Fokker-
Planck operators with standard rnultigroup-Lege ndre cross-
scction data. When these data are input to a standard
S,, code such as ONETRAN, the code actually solves the
Boltznlann-Fokker- Planck equation rather than the 1301tz-
nmnn equation. This is achieved without any modification
to the Sn codes. Because BFP calculations can be more de-
nmncling fron] n numerical viewpoint than standard neutron-
ics calculations, we have found it useful to implement new
quadrature methods and convergence acceleration nmth-
ods ill the standard discrete-ordinates code, ON ETRAN.
We discuss our BFP cross-section representation techniques,
o~]r improved quadrature and acceleration techniques, and
prrscl~t rrsults from BFP c~uplec! electron-photon trrtnsport
rnlrutntions performed with ON ET RA.N.



I. INTRODUCTION

Fokkm-Planck operators are asymptotic approximate ions to tht= Doltzmitnn S(.ilt -

tcring operat m that apply in the forwm_l-pe&d elastic scattering limit. 1 Hiuhly
for\~id-p~akd scattering kernels arc often quite difficuit to nummicul]y appr(~xi-
Inate, whereas Fokker-Planck operators. which am differential opcrntors, mu] oftrn
Iw ;l~q)roximiatccl Ilsing straightforward diffcrencing tcchniqlms. Hence chargrd-
part iclr transport, which is dominated by highly forward-peaked elastic COI11OII1I]
scat tering, is often described with a transport equation that has Rdtzmnnn opera-
tors dcscrihing the %rgymgle”’ scattering and Fokker-P]rmck opmators desct-ihing
t hc “’small-angle” scattering. Such an equation is known as n Bolt znmnn-F~)kkrr -
Plimck ( BFP ) equation. Nluch attention has been given to BFP uq~mtions (nw t IN-
last smx-ral years. 1‘2’3These equations have been used for hot h charged-particle ilIl(!

Iwut ritl-particle trnnsport calculations. Sevmal years ago, we demonstrated thnt t lIC
Fokkrr-Planck cquntion for charged-particks transporting in fully-ionized plasruns
can hc solved in 1-D slab and spherical gecmwtrim lwin~ stnndard discrete- or(linates
r(drs, 1 No code modifications arc necmsmy. The Fokk(l Planck npvrat{m nrr rcp-
rvsrntcd in trrms of mldtigroup-Lcynrlre cross-section cotd%cients. Th~ls, one ntwwl
sil:lldy illl)ut nppropriiitc cross-section data to pm-form a Fokker-P!nnck cnlculntion.
Over t hr Itwt scvmtd years, we have been investigating the generalization of (wisting
fliscrctc-~)rt!itltltcs cmlcs to allow both Fokkt=r-f%mck and Mtzmmm-Fokkm- Planck
Ci]!Clll~tiOnS in all geometries. In addition. we have snllght to improve our mldtl-
group moss-srwtion rcprcscntations for the Fokker-Plilllt”k oprrators. The purpose
of this paper is to hridly rt=tkw our Fokker-Planck operator rcprrsrntntions MI(1
t lW now Sn m(’thmls thtit wtu have developed, and to dcmonstratr thr rffrct ivtmcss
of f)llr apprmwh wlwn npjdir(l to coupled rlcctron-photon t rans; ,)rt cidrulnt i(ms.

11. MUJ:~IGROUP REPRESENTATIONS FOR FOKKER-PLANCK
OPERATORS

(1)



momfmt um transfrr is commonly rcferr(vl to m t hr t rm]s Imrt -t mrrct ml cross sort if)Il
in the nrllr mn transport literature. The .~D cqwrator causm a Imrt icle to rmlt ill-
ImIIsly fliifIuw in (Iirection space rather than discrctrly scattrr. TIN’ C’SD op(v-ator
nppro.ximatcs tll~ Boltzmann scattm-inq opcrat. or in the limit as the scattming cross
sect i(lll goes to iIlfinity and the average energy ]CSSpm unit pat hlrngt.h g(j(~s t o mm
iu sIIch n ‘.vay that t hc average ermrgy loss per unit pathlcngth remains constant aIld
is given Iq- the stopping power (ener~/pathlength ). The (3D opcrat or CmMW n
pnrticlc to m-mtinuousl}” lose energy rather than lose it in (liscretc-scattt~fillg mx-wts,

Thr multignmp Boltzmmn cvpmtion solved by standard (iiscretr-(]r(liIli~tf*s cmlcs
is:“t

/1,,, ‘~’lll,g + ~f,g4’’m,g
a:

[

= ~ ~ (Qf + l)~k-,,,*k,,~, (Pm)

k=l {=0 1 (~)
+Qg,m , m=l, iv , g=l, G ,

whcrr m is the direction index, g is the group index, N is the total numhrr of direc-
tions, G is the total number o{ groups, L is the ctrgree of the Lrgendrc cross-section
expansion, 3(,9 is the total cross section for group g, uk-~,t is the (“th Lrgrndre
momtmt of the cross section for scattering from group k to group g, O~,t i~ the
[’t.h Legcndrr moment of the angldar flux for group k, and P(( x ) is the Legendre
[ml}”nmnial of degree /’. To .wdve Eq, ( 1 ) using Eq. (2), we must appropriately de-
fhw rhc moss-section corfficicntsm We fist consider the AD nperntm. !fote that
this oprrritor chnngtw thr particle direction, but not the particle crwrgy. Thus.
tlw cross-section mefficirnts comesponding to this operator must be within-grmip
sent trring coefficients. Thr kry to approximating the AD opcratm with the lJ{Jt z-
mnnn scat tmin,g opcmtor is found because hot h of these operators Imvr t hr WUIW
t’igf’xlflltlrtiorls. INWM*ly. the Lqqmdrc polynomials:

IT,, ;l. (/,11) (“;)



From Eqs. (5) and (7) we obtain the desired definition for each mmncnt:

D( = ;[L(L+l) -U/+1)] , ?=O, L . (s)

It can be shown that if one uses the moments defined by Eq. (S) and a Lcg-
cmclre expansion of degree N-1 in conjunction with Gauss qurdrat ure of or(lcr N
in 1-D slab geornet.ry calculations, the resulting S,V solutions will be rqlliv,ahmt to
P ,v- ~ solutions (spherical-harmonic solut ions of degree N-1 ) to the Fokkm-Planck
cquetion.’

Next, wc ccnsidcr the CSD operator. The first step in obtaining coefficients for
this opcrat or is to difference this opc rator using a first-order f~rward di fFcrcncr.
Xrglecting the angular discrctization and the AD operator in Eq. ( 1) and assuming
a mifonn group structure for simplicity, we obtain:

[s(Eg-l )d’(Eg-l) -s(Eg) *(E,)]
+’(Q=

iE
9 (!))

:
whmc g is the energy group index, g= 1 corresponds to the highest enerkgv grollp, E~
flcnntes the midpoint energy for group g, and AE denotes the group width. !Nrxt
wocrulatc tlm mldtig~oup and discrete fluxes as follows:

ti~ = ti(&)A~ . (10)

Using Eq, ( 10), wc transform Eq. (9) from the differential to the rnultigrmlp basis:

(11)

F“inally, wc rc-write Eq. (11) in the following way:

“:’’g+(%)@~=l:’(=)’(’’”-l)~g-’’’’f’”f’”m “2)
Eqlmtion ( 12) is analogous in form to Eq. (2), Thus, the cocff,:icnts for thr CSD
(qwrntor rnn }Wot)tainecl by direct comparison of Eqs. (2) n.nd ( 12). Rrcallil]g tlllt.



III. LIMITATIONS OF MULTIGROUP FOKKER-PLANCK
REPRESENTATIONS

The derivations of the preceding section dmnonstratc the basic approach that
is taken to derive muit igroup approximations to Foldwr- Planck operators. TIN-SC
approaches are useful, but !imited. For instance, th(’ CSD operotfw reprt-wnt(aticm
rrqllires that Gauss quadrature be used. Since Gauss quadr:l tI Ire only exists for
1-D slab and sphetical geometries, this representation can only be used in these
gcomct ties. .41thougI; it is not obvious, the AD aperator represent at ion cannot I-M
cxpectrd to bc accurate undm all circumstances unless Gauss quadrature is used.
Thus, further extensions of this approach clearly require an improved qumlraturc
treatment. ~l~e have developed such a treatment and it is called the Galm-ki]l
qlmdrature method. 5,6 \Ve sh~ not describe t~s Metilod in detail hrre. Instead,

we simply note that it offers many advantages relative to the standard quadrature
mcthml. Most importantly, it can be applied in both one-dimcnsiorml and multi-
dimensional problems, and all “Galerkin quadrature” give an exact t rcat ment for
straight-ahead delta-function scattering when they are used in corljlmction with
Lcgendrc expansions of appropriate degree. Thus, the Galcrkin quadrat ure method
allows us to Iwe our multigroup 13FP npproach in all geometries. Finnlly, we note
t?lat it can be important to use Galerkin quadrature whcncvcr highly forward-
peakcd scattering is presc~it in a problem because it has been found that stu.n-
dard q[ladratu.re techniques can lead to unstable scattming matrices undrr such
renditions.6

\\7e have !ex-ived a first, -order nppro~imat ion to the CSD opmator, Imt highm-
(mlrr nppmximations can be used. In particular, the sccoml-oidcr fliamond-
(Iiffmcucr scheme can br applied to the CSD opmntor rind rcprcsentcd in multi-
grmlp fm-m.7 \Vhml this is ckmc, certain of the Mcctivc group- to-grollp t rnusfrr
rocfflcicnts nre ncgat i“;e, These coefficients appmr in such a wny thnt tlwy [lo not.
intcrfmr with tim convcrgrnce of the standard smm-c itmrntion Inrthml, but tlwy
rim cntw l)rol]lrms with the negative flux fix Ilp schcmm that nrr illl~)l(*rtlf*llt(*(lit]

I]mlly (list.r(*tt*-or(linntcs C4S. Thus it is bmt to m+orm Fokkcw-Plnm’k cidrtlln
t i[ms wit 11llighrr-ordm spatial differemw schcmcs such M tlw linmw-(lisrollt inlm~w
schvmr rl]~ld[)yr(! iil ttm ONETRANe cm-k, that can Iw usml witlmlt ncgntivr flIIx

hxup. Tlw Iilwnr-(lisn-mci. II1OUSdiffrrrnrin~ schemo rnn ah) ho npldiml tf) tlw C’SD
[q:.rrntor all(l r(’prwumted in mldtigrcmp foc7n. Howcvm. this nl)])rt)xill:iit.ior~ ll{)t
(~llly Irmls t(~ Iwgntivr cm+licicnts I)tlt to Illm-nttrr m well.f] L~llfortll:ll~t,(*ly, tll(’
illfilllt(*-lllt*(liltI1l s]wrtrd rlulius of the t)lltvr itrrntif);l opm-tt.(~r ih Illli?y with I}lis
ty]w t)f Ilpscnttrr, wl(l t)w C(mt”crgmlro rnto ill lll{~st.l)rlu.tird l)r(J)l(*ll]s is ll,uwcc])l-
nlJy slow, A syntllrtic nrcrlrrnti(m w.hrmr hm Ixwn {lmvshqwfl wllirh r,~llmw t IN’

sl)~’f”ll’d rmll~w to 0, 1.!) I)llt tl~is ncwh’rnt ltm srhfww nl)l)ii(w fMIly t () t,]lft II IM(. I1t tl*r

r~’sll]tillg fr(ull t II(’ LD-CSD (qwrnt.(m. SiIwo it cnllllot Iw npl)lir(l to gclwrnl tyl)~’s
of lilwnt tt’r, it, is ll{jt. shit nl)lr f(w n gonrrn] l)llrlNNr Sn c(lflr vvlll$. thft hflqt 111)

..)



can be efficiently solved by treating it like an extra spatial derivative (and explicitly
sweeping the space-angle-energy mesh. 10

If the stopping power in Eq. (1) is small and the system is optically thick, the
spectral radius of the inner it erat ion process approaches unity. Thus. accelera-
tion is required under these circumstances. In the limit as the scattering be-
comes increasingly forward-peaked, standard diffusion-synthetic acceleration be-
comes ineffective. 1* Improved perfommnce can be obtained by usir.g the P I equa-
tions as the low-order equations in the synthetic scheme rather than the diffusion
eqllation. This approach represents a straightforward modification of the stan-
d,ard DSA scheme and is referred to as two-moment DSA. This nomenclature arises
from the fact that only the zero’th moment of the scattering source is acceler-
ated in standard P5A, but both the zem’th and first moments are accelerated in
the two-moment scheme. Like standard one-moment DSA, two-moment DSA ho-
comcs ineffective in limit as the scattering becomes increasingly forward-peaked.
but two-moment DSA is always significantly more effective than one-moment DS.4
in t!~e forward-peaked limit. 11 Thus, while two-moment DSA does represent a sig-
nificant improvement relati~”e to standard DSA, it does not represent a complete
solution to the problem of accelerating the Sn equations with highly anisot mpic
scat tering. Testing of the tw~moment DSA scheme has shown that negative flux
fixup schemes are much more likely to destabilize the DSA algorithm if the stutter-
ing is very forward- peakeu rather than isotropic.’1 This difficulty can be avoided
by using higher-order difference schemes that do not require negative flux fixup.
However, DSA with higher-order spatial difference schemes prrsents a problem in
itself because the derivation of the spt.tially-differenced diffusion equation from the
sljatially-dffcrcxlced Sn equations (reqllired to ensure unconditional stability of thr
DS.A method) can he quite difficult even in 1-D slab geometry. 12 To avoid this
(Difficulty, nn S2-synthetic acceleration method for the 1-D S“ equations has hcn
d(’v(’lopml. ‘~’14 The central idea of this method is straightforwrud. Ilat her than
IMP t hr P ~ eqlmt ions dircctl y as the low-order equations in the synthetic scilernc.
twr n similarity tramfrmnation to put the P 1 equations in an SJ f(Jrmm-d diffcr-
rm-c t ho rmult ing S2 rquations the same way that t hc Sn eq!lations me (liffcrencrd.
C[msistmwy Iwtweetl the spatial differcncing of the Sn equatitms and the Iow-ordrr
mllmtions is thlls trivially rtchi~vrd. Although it is mmtiiderably more expcnsivr t~]
(Iirvrtly SOIVCthe S2 rq~lations than the diffusion equation, tl){’ 1 D S2 rqlmtiolls
nrc rvlnt ivr]y illrxpmsive to directly solve. For instance, tll{’ {Iifhlsion rqllntion
Irrivml fr(ml the Sn Collations with lillcw-(lis~orltillllf)lls spnt i:!] (Iiffrrrnrillg givm
ii tllr(’(’-(ling(jlllll mntrix V(ll Iiltio Il witl: om -ldm)wn I)m spflt iill ~-t’ll(xlgr, wlwrrns
r)w S: c(llmtions with lillt’tir- (liscollti lll~t)lls spatial (liffcrrncing givr a W’1’(’11-(lingolllll
Ilmtrix vqlmti(m with folm IIIIlim)WIIS pfv spntid cdl.

TINS ~nollwnt rcpnwmt Ilti(m for t hth AD ()[JOr~.l or cm ~“id(i ncgncivc nngldnr fillx
MJllti[llls Iultlrr crrt. nin cir(.lll)lst[.,l,rrs, T)w.sc m’gntivr rmgulnr fillxrs nrr Iislin.ll:;
sllffirirllt Iv silmll t lmt t Iwy (lo tl(it n!%ct :hr nccllrnry of tIk wulnr fl~lx s4d[lt i(m,
[Illt if wx.llrntr nnguhu’ !lIlxm iu n]] (lirf”rt itms nrr rvflllirr[l, tlww’ lwgntivr I.nglllnr
Illlxrs r:ill l)rwvlt u lmjld(’ltl. 011(1-(lilllf”llsi[)llnl sin!) wl(l sl)il(~ri(’;ll gtv)[lwtry fillitv
(Iiff(’rl’llct’ w) IIIIIS fiJr tlIfI i\D fqwrnto~ lIttvr I)(vvl (Irvrlfqml wllirl~ :.rv (*xm.t ill t IN’
[lif~llsi(ul Iillllt 1111(IUivr IIlll”(l[l(litif)ll[llly Ivwitiv(’ IuigIllnr fllw. solllti.uw. 15 I{tmwvrr.

(;



fillite-diffcrcncc .42 operators cannot hc rrprcscmtxl with a {Iing(m:d matrix ill tlw
I,rgend.re basis, thus they cannot be represented in terms of effective rr(ws-srrti(nl
momcwts. These, then, can only be implemented in Sn codes tlmxlgh mo(lifirati~)ll
oft he codes. Furthermore, the development of AD difkmcing schrmrs for st;kll~litr~l
mul t idimensiomd t riangu]ar quadrature sets is not st might forwar(l, C’onvmsrly. t.IW
mon-wnt representation for the AD operaior is very versatile in that it cim lx’ al)l)lii’fl
(in conjlmctiori with Galerkin quadrature) in mult iplc dixncnsions.

I%’. MODIFICATIONS TO ONYZTRAN

We h~ve implemented the Galcrkin quixlraturc method and the S2-synth{tic ac-
celeration method iil the discrete ordinates code, ONETR.A~! 8 We stress that :11-

though these mctho~!s were developed for BFP calculations, they reprr.sent ~ wrral
Sn ucthods that can be applied to standard neutroni: and photonic calculations M
WO1l.We have also implemented a new angular differencing scheme for the streaming
operator in ONETR.4N that eliminates the classic “flux-dip” problem. 16 However,
this improvement is of milch grtiater significance for rmutronics calculations than
for charged-particle calculations.

V. COMPUTATIONAL EXAMPLES

i-
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Fig. 1. Energy Deposition Profile for Fission Electrons Isotropically Incident
Upon a Slab of Aluminum.

Thesrcond problem consistsof thesame spectrum of electrons isotropically in-
cident from the left upon a 1-D slab model of a shielded integrated circuit chip.
This model is referred to as the RADPAK model.lg The RA12PAI*~ geometry is
shown in Fig. 2. The energy deposited in the silicon region per electron entering
the slab wns calculated with both ONETRAN and ITS-TIGER, The ONETRAN
calcl lation ga, ,? j.92 x 10-5 MeV and ITS-TIGER gave 5,7+ 0,3 x 10-5 hfeV, Notr
ttmt [Ile cnlcuhttions agree to within the one-sigma deviation quoted for the Monte
CM1O cdrulation. The ONETRAN calculation required approximt-dcly 62 minutes
of CPU time on a VAX 11/780 computer snd the TIGER calculation required np-
~m)ximntcly 1835 minutes. Thus, ONETRAN’/CEPXS gives the swne accuracy M
TIGER for this problcm, but is about 30 times fastrr.



The tbird probh’m is iclcnt ical thc the second except t l~at w-r perffmm’(1 w] ;Lilj( )illt

~ddatk)~ With oxETR.~.x to ~d(’date the f?rkf!r~ (k])ositiorl” ill tk Sili(”,)iiil<d
flmction of energy for both electrons and photfms isotropically incident from tlit~
left. The group-dependent response values are plot tI -d in Fig. 3. Each histogr;un
corresponds to a group. Let R; and R: denote the I iectmn and p]lot(m re+polws

associated with e)cctron group g and photon group k. respectively. The mm-gy
dcpositccl in the silicon per electron in group g entering the slab is givrn l~y $11~.
Similarly, the energy deposited in the silicon per photon in group k entrrin,g t iw
slab is given by 4Rj. Thus, the response curves oht ainecl wit h a singlr OXETll .+S
mljoint calculation allow one to obtain the ener~ deposited in the silicon for an
arbitrary electron or ,photon source spectrum. This adjoint calculation reqllircd

about 90 minutes of CPU on a V.4.X 1] /’780 computer, Standard coupled elcctron-
\Ionte Carlo codes su~h as ITS-TIGER do not offer an adjoint capability.

10-2

10-’ — ELECTRONS

10-’

10- ‘
o 1 2 6 7 8

E: ERC4Y (M:V)

Adjoint Solutions for Electrons and Photons hotropirally Ixlciflrnt
Upon thr RADPAK Configurate km from the Lrft. Thr dose to tlw
silicon chip in the RADP.4K configllrn$ ion ran be ralcldiitml for any
smmce spectrum of electrons and/or photons with t lWSCrlm-rs,

f~)llrth problmn consists f~f a plane whvr of lW-IWV I)ilotons illci(hmt frolll



times arc constant at abollt 60 seconds whereas the ITS-TIGER CPL~ times stca{lily
increase from about 100 seconds to about 10000 seconds. Thus, OXETR..4X gives
the same accuracy as ITS-TIGER but is over 100 times faster. \ constant C’P~
time was achieved with ONETR.4N by using the same total nlunbcr of spatial cells
in each calculation ad varying the spacing such that the right edge of the slab was
always WCIIresolved. The ITS-TIGER calculations were carried out with a special
version of TIGER called IFS-TIGER, which was developed specifically for this type
of problcm.

?\

10-’:

10-a‘

~ IFS T[CER
5 VARIABLE MESH ON ETRAB

#hick;ess ~mea~ free4p~th~)

Fig. 4. lhnsmitted Electron Photaemission
Yield as a l%nction oi Slab Thick-
ness for 100 keV Electrons Normally
Incident Upon a Slab of Graphite.
The slab thickness is given in pho-
ton l]lcan-frc’(~-patils.

10
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Fig. 5. CPU Times for hfonte Cnrlo and S“
Nfcthods for Photoemission Calc-
ulations as a Ilmction of Graphite
Slab Thickness.

The fifth proldrrn consists of a plane-wave of CO-60 gamma-rnys incid(wt upon
n two-lnyrr slab of lithilun-flumide and lead, We hnve calculated the energy (lrpo-
sition profl.lr for tliis problcm using both ON ETR.4N and ITS-TIGER. The corrr-
spoll(lillg curvcw nrc plotted in Fig, 6, The tigreemem brtwrm the cnlcldrtti(ms is
qllit.c good. The ON ETRA,N calculation reqllirrd about 2 minutw of CPI_~ tilm’ on
n CR .4Y-XhIP and ITS-TIGER rml~;ired nbout 20 minutm (if CPU timr. This rnl-
rlllntii)[l wnY prrftmllml with n vrrsiml of ITS-TIGER tllnt WRSmo(lifir(i sprrifico.lly
for this protdmn to nchicvo tlw highest dficirnc y possildc. The rhnrgr (Iq)ositioll”
wns nlso rdculntrd for this proldrm with ON ETRAN nn(l ITS-T I(3F,R, H[mvwm-,
tvv wvrr lltlnl)lr to ol)t,nirl nm.wmnldc st:~tisticnl nc(llrncy with ITS-TIGER mft.m n~l
IUNWof CPU tillw 011 n C’RA}’-X\fP. All chnrgr (Irlu)sitiotls vnltws wm(’ cstillmtwl
to lluvr ,)Iw .sigllln rvh~t,ivr (It vinti(]n~ [)f (nwr 1()() Iwrcrtltm It wns (wtimnt.wl tll:lt
:It hwst 10 )ifnws f~f C’P[J titlw wollhl I)(’ rwlllirrd tx) ol)tnin rvns(mnt)l stntistirn[
P,’(’lllury. mills. fwfw tlloligll tlw hio;ltr C’nrh) Im’tluxl is rrwol]nl)ly vfiicitvlf for
c;llr:dnt i]lg t lw (~11(’rgy (Ir])(wt i[m ill t,llis ]mJ)hvll, it. is ]m))lil)it.iv(’ly rx]wllsit’r for
r;llclll:itillg rlm:gr (1(’])ositif)tl, (’t)llvwx(’ly, ONETRAN lmwitl(.:~ IN)l11tllf’ ~vKvKy
:111(I(mllnr~(’{It”])f)sti(nl Imdilrs wit 11~v{llnl I’fficivtwy, (’f)tlsi[l(vitlg t II(’ rf’slllts tvllil”ll

II
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wr lmvr ol)taillm!q it scwns q:litr fair to rxpm-t that 0XETR.4. N wOII1(IIVU](N1t lW
fmlcr of 1000 timrs faster than ITS-TIGER on this cimrgr (Ivp{’:iti(m rahvd:ltiol~,
however, W(?ca.mmt confirm this Imrallse of the rxpense of pcrformixlg t 11(’\l(Nll(~
Carlo calculations. The charge deposition profi]r calmllatml with O!’iETll.4N is
ph)ttml ill Fig. 7. Xotr thr rapid variation of the sol~ltion ill tlw }mlmtlnry Inyrrs
Iron-r t lw mat mid iiltelfac(! and t hc ollt m farm. .4 \’cry non-llnif(mll S])ilti;ll 111(’s11

\\*/L+ IWCd to resolve this behavior,

VI. CONCLUSIONS

ollr rrsults clwwly (Ilmmnst r~tc that coupled elm-t r~m-])llot on BFP (.~1(.llliit iotls

‘“illl Iw Micitmtly find accurately pmformcd with stanckuxl (iist”rrtr-or(lil)at(’s C(MIOS
{1(’sigllc(l only to s4dvr tlm Ilolt. znmnn rquation. For n large rhws of renlistir l~r(J!~-
](’111s,t.hr (liscr(mtc-orC{ill[itm mrt hod is very nl[lch more rfficirnt thnn t lw ~folltr
C’nrlo mrt Iml. In t hc nrm future, wr hope to apply mlr D FP m(.t h(Nl to ot lwr
types of transport calclllations. In particular, wc intend to comparr t hc (Iiw-rf’tr
~miinates mrthmi with stamhud ilontc Cnrlo methods for im) t,rnnspf)rt Im)t)hvlls
of i:ltrrrst to lllntrrinls scientists.

Tlw nccurm-y ()f thr approximations for Fokkm-Planck oprrntors tlmt r;m Iw
Ilsc(l with strmdnrd (Iiscrctc ordinhtcs code~ is limited hy thr rrstrirt ion t hnt t.lwsr
;]i)l)roxillltit.i(Jl~s IN*reprwwntnhh= in nl~lltigrotlp- Lcgcndrc form. Tlwsr npproxima.
t itms nppmw t(1 he adrqlmtr f(Jr a widt= rxmge of mmplwl olcctron-phot on t rnns])(mt
lm)lhw]s, I)llt grmtrr nccllrncy is desirable for othrr ty]ws of cn.hvlhitifms, This
cnfi only Iw ,lcllivvwl Iy rxphcitly writing disrrrtc ordirmtm r(xlrs t[i solvv t II(*

Bf)ltz;lln:ll~- Fr)kkt~r-Plnl]ck rquation rnthrr than jmt the D~dtzlntmn oqunti:m, \\”v
l)t]ita~w tllnt t IW rrslllts t]mt wc li~v~ ot)tti]ir(l for ~OIlphvl ~~lf~ctrf)li-~)llt)toll 13FP
f.:\!,,.lll{lt,if)l~~jllstjfi(ss tll~ ({(~v~](y)[n(~nt of ~~1(’~1c~(lc~. Ill t]le nr~r fl~,t,llrfl,Wr Ilol)(- to

(l f’v(*loI, sIIrh n c()(Ic for 1.D slnh gronl(>try cnlrldatiolls M1(l tisr it to tmt thr ncrll
rnry of ollr 13FP mrt hmls for ion t rnnsport cFIl~Ihtions of illtmrst t~) t.lw Il]ntcrin]s
sri(”tm~ c,~ll];lllulity.
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