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GENERATING CATALOGS OF TRANSVERSE MATCHING SOLUTIONS*

G. Swain, P Busch, and M. Burms,
Los Alamos National Laboraiory MS-847. Los Alamos., NM 87545

Programs such as TRANSPORT or TRACE can find
transverse beam maiching solutions one at a time when
given appropriate starting conditions. In the present
work, an algorithm is described which rapidly finds a
catalog of approximate iransverse beam maiching
solutioas. For a given iuitial beam, the algorithm finds the
gradients of four quadrupole magnets such 28 to get four
Twiss parameters (alpha and beta for horizontal and
vertical planes) waich are close to a set of desired values at
the exit of a constant-energy beam line with no
horizon:ial-vertical cross coupling and no space arge.
The beam line may contain bending elements with edge
corrections and otker eclements for which the r matnxes
are kaown. The algonthm transforms the entrance and
exit beam specifications to waist specifications, and uscs
the propertiecs of waist-10-waist transport to reduce the
problem from a four dimensional search 10 a t(wo
dimensional search.

At the Los Alamos Meson Physics Facility
(LAMPF) acceleru:or, transverse mutching :s impornant in
the low-energy tranipont lines (0.75 MeV), where beams
from the H*, H-, and polarized H" sources must be tailored
for injection into the drift-tube linac; and 1n the transition
region (100 MeV), where the beam from the dnfi-tube
linac is injected into the side-coupied linsc. Space charge
has significani cffects n the low-cnergy transport, but
1s sull valuable to get no-space-charge maiching solutions
as a starung pownt for solutions with space charge.

Meihod of Salution

The problem we w:sh (0 solve may be posed as
follows: We have a secuon of constani-energy beam line,
as shown 1n Fig. | Four quadrupoles occupy the four
spaces between position 2 and 3. 6 and 9, 10 and 1!, and 12
and 13 We know the r-mainxes relatirg the input and
output trajectones. such as (for the honzoatal plsne)

Xo 1 r2 1( LN
- [ [ (1)

o' Y n2 ) L
for all the remainiag intervals. ! to 2, 5 to 6, etc. CGiven the
Twiss parameters a;x. fix. a)y. B1y st pomtion 1, whai are

the sets ol 4 quad values such that for each set. the [wiss
parcmeters u powwvon 14 we agx. fox. aoy. Boy’

Us Qv Q¢ Q4
et - ——t————|
Posion | 1 S 6 9 101112 1y 14
Fig 1 A section of beam line with four guadrupcles ()

tPosiions 3. 4. 7 and § will be added later when we
conmider thin lens equivalents jor Qg and Qn )

Qur first step s (0 replace the above problem hy

an  cquivalent pioblem mvolving waIsL L0 waIst transpon

and replacing the L.rst two quads by cquivilert sets ol thin
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lenses and dnfts. By adding an appropnate drift at ecach
end of the section of bean line, we may start and end a a
waist (a=0). The length of drift we need to add s

d=alr, (2

which we need to find separately for both the honzontal
and the verucal planes, and where

ys(lvaz)m‘ R
Equation (2) applies cither at the stant of the section of

beam line (where we use a; and B,), or at the end (where
we use ago and f,). We then use the r matnix

1 d
R= 4
0 1

10 represent the added dnft from or 10 a wast.
we then have a B of

At the waist,

Bwaist = Iy

We now find the thin lens equivalent of a
quadrupole. The clements of the r-matrix for a quadrupole
are given o terms of s strength facter k and an cffecuive

length L. The factor k 1s related o the field gradient G n
the quadrupole:

k= ViKI 15
and Gepy %ix . 6

where ¢ 15 the velocity of light. m and g are the mass and
charge of panicles n the beam, and B and vy are relativistic
parameters for the beam velocity and energy (not Twisy
parameters). If the quadrupole has a lield By, al a radius 4,
from the beam axis, GmB,/ay For the plane in which ihe

quad 13 focusing (K > 0),
cosckl) k' einikl)
R-[ VT
k sia(kl) cos(kl)

and for the plane 1n which the quad 13 defocusing (K - ')

coshikL) k l\nnh«hl,))

R-’ i Xy

tk winhckl) coshikl.)
The « matne for a dnft-thia lens dnft combination
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where d is the length of cach of the drifts, and f is the
focal length of the thin lens. We can make the drift-thin-
lens-drift equivalent to the guad 1 we set

fl=uKL, (1M
and compare corresponding clements in Eqs. (9) and (7) or

(9) and (8). For the focusing planc (K > 0), we find u and d
values of

up = smkl.; n
kL

1 - cos(kl) -

and dr=L Tkl e

and for the defocusing plane (K < 0), we find

ug = m:l‘&)‘ (13
Sosh(klL) -1
dg = L cosh(kL 1 (14)

kL sinh(kL)

The d's and u's are different for the focusing and
defocusing planes. and are funcuons of the quad strength
k. However, 1n cither plane, the d's and u's are slowly-
varying functions of k. and for smali k,

de L2,
and usl1

We can use a3 procedure in which the u's are set to | and
the d's are set to L/2 imually; and after we determine
approximate values of the k's for the quads. we can find
more sccurate values for the d's and u's. Then we go back
and find more accurate k's. etc. In the cases we have (ned.
this process converges 1n three iterations or less

Our equivaient problem now has two sections of
beam line, one of which 13 shown 1n Fig. 2, one for the
horizontal plane and a shghtly different one for the
vertical plane. Positions )} and 4. and pomtions 7 and 8

represent the cntrance and exits of the thin lenses,
respectiveiy
D, Ty Ty Qe Qa4 Do
. Il 4 4 —4 T !
L L T T T A T A L 1
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S—— A v
R Matnx: N P Q

Fig. 2 Sectionm of beam line wuih thin lenses T, and Ty
equivalent 10 Qg and Qp at posiuons 3 and 7 Dnflis D,
and D, have bheen added in order that the beam
stans and enis with wasts st positions () and 1§

The r mainx (rom posiion ) 1o ) is denignated the
N matnx and its clements are found by combining the
matrines for the imtial drat Dy, the matnx for going from |
to T n Fig 1, and the matna for the dnft d (the imual dnft
in the dnft thin lens drift  represenuing  quad  Qy)
Similarly matnz P represents going from 4 1o 7. and matns
Q. from R w0 19 Since we are going to search over a !
Jimensional gnd of srengths for . and (}g. we assume lor
the current gnd point that the r matnes for Q¢ and Qg are

known. and thus we have cnough nformaton o calcuiate

the matrix Q.
marrix

For the horizoniai plane, we then have an r
Ni1x  Ni2x ! Oy/pPrix Pi2x
R=
M21x N22x ! 1 P2tx  P22x )

] 0 Qi1x  912x
. t15)
fo-! 1 )\q21x 422«

and for the vertical plane

Nyiy B2y 1 Oyipity )
R=
n21y n22y JU-fact 1) p2y przy !

1 Oyrqity quay
l . 16y
Pyttt /a2y 422y
represeating trajectones from the waist at position 0 to the
waist at position 1S,

In order 1o solve for the sirengths ! and fy !
‘and hence the sirengihs for Qa and Qb). we now take
advantage of the “sct that an r-matnax for waist-to-waist
trensport has a panticular form. !  That form s

,v'lr-l(vfIAh-l)OS v-lr-l“-l
Rn= ) B RA
11 s lvi2 y, 20 5 )

where s =+l or -1, v = y,/y;, and v, and v, are output and
mput Twiss beam parsmeters y = (1 » alyp The quanuty t
here relates to the focal length of the whole system trom
waist 1o waist, not 10 any paruicular jquad. Equations (15
and (16) give us the r-matnx c¢lements in terms of the yuad
strengths of Qa. Qb. Qc. and Q4. Equating thcse (o the
clements 1n (17., we then have i1 equations in the
unknownr fy fy. Kq. Kp. Kc. and K¢

Fiin = save Mo Hvalyd oy 908 BT
fidn ® Va Mo Yrig? ]
rae = Myt (IO
My -iyvy"fy 'tvyfy2 Tiy 3,04 I

1 A

N2y = vy My vy
rny = 1y
tAnother psir of equrtions nvalving ry2 and 13, e not
independent of Eqs (18 1o (21, wince the determinant oi
the r matnx 13 unity ) We mry climinate the 'y hy uwing

Egs «20) and (2)) to get the v in termsy of the 1> v Ihe
remainsng  cguations hecome

Flie ¢ %ave '2hdvel2ie © Toe
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T2y +vylyiydray =0 127)
When the matrixes in L.gs. (15) and (16) are muluphed out,
we find Egs. (25) and (27) have the form

CabxKaKp + CaxKy + chxKp + ¢ =0 (28,
CabyKaKp + cayKy + chyKp + cy =0, t29)
where

Cabx=ugxlaubxlbiganyiap12aq22n +
N 2aP12x412x)

Can®-Ugxl gt @xf11xP22x422x * BxD11aP12xq21x *+
M2xPi2xQi2x * M 2xP12x4911 1)

Cha=-ubxLp((gxN21xP12x * BxN11xP112/422x *
M22xP12x ¢ M12xP11x)Q1 2k}

Camgxl(N21xP22x *+ NaP21x)A22x * (N21xP12n *
N xP1I)Q2ix] * (N22P22x*N 1 2xP21 01 2x *
(M22xP12x * M 2xPl1)Q)1x

Caby=UeylubyLpigeny1ypr2yq22y +
Ni2yP12yqt2y)

Cay=uayL a(Byn11yp22yQ22y + ByR11yP12yq21y *
M2yP22yqi2y * B12yPI2yq11y)

Chy=ubyLnligyn21ypP12y * SyD11yP11yI422y *
N22yP12y + M1 2yP11y)q12yl

CymByiiN21yP22y *+ B11yP21y)Q22y * (R21yP12y *
NiyPliy!qQ2lyl * IN22yP22y*+N12yP21yIq12y *
M22yPl2y * N1 2yPlly)qQlily

: 2

RIS gy * Vy lYny
li we now solve the honzontal plane Eq. (28) for K, and
substitute the result in 1he veruzal plane Eq 129). we are
left with a quadratic equation for Ky

2. /(P <
* . 10)
Kn = 2a (Zn a ‘
where 8% Coha Chy * Cha Caby .

h = (g Uhy * Caba Cy ¢ Cha Cay ¢ Cx Caby -
snd C® cap Uy &gty

We can then find K, from Eq (28) or (29) The quanuues
Ky snd Ky may ve positive or negative ifocusing or
defocusing). but will not be complex for a vahd sclunon for
our 4-quad probiem

Our method for finding possible soiutions s then
as follows For the current point on the gnd of Q¢ ¢
gradienty to be searched. we know the values of K. and K4
fur Eqs (%) and (7)-(8)  We use these and other known or
approtimately known values 10 caiculate the elements of
the N, P and () matrines 1n Egy (1%) and (16) Next we .an
find the values of the v n Fqs (28)-i29) as shown above
We now calculate two sets of values (or K, and Kpn uvung the
quadrsuic discussed sbove  We find better values for the s
and d's of Fgs 111 14y put these values in the N P and Q
matrizes, and terate  unul our values of Ky and hy
converge We find gradients corresponding 10 Ky and Ky

from Eq. (6).

If the solution of the quadratic 1s complex. or the
values are larger than the lLimis of attainable guad
strengths, the sets of Ky and Kp are discarded as noi being
solutions. Otherwise. the second condition for waist-to-
waist transport, 18 checked: we fiud if the quantity on the
left side of EqQ. (24) 1s zero or has a nearby point with the
opposite sign, and similarly for Eq. (26) H this test s
passed for both, the set of quad sizengths s recorded as
heing on or ncar a solution.

Preliounary {mplemecntzuon and Tcsung

One of us (PB) has wrniten a computer code
called MATCH4Q which implements this procedure tor
sections of the LAMPF becam line contaimng dnfts, bends,
bend edges. quads. and general r-mainx clements If the
Ky from Eq. (30) 1s complex, the code tnes a ncardby real
value. For all sets of K values found by the code which are
within the lLimits specified by the user. the code [linds
mismatch factors reclating the computed [wiss paramelers
a and 8 o their target values. and can generate maps
showing the regions of low mismatch factor

We h.ve run a nember of lest cases using the
MATTH4Q code. and bhave always found at least the number
of solitions that we expected. Sometimes MATCH4Q listed
several sets of soluhon values which tumed out 10 be
Jifferent approximations 1o the same exact solution (as
determined with the TRACE code) We also tned running a
full 4-dimensional search for soluttous in a few cases.
using & code wrnitten just for this purpose No solutions
other than thkose which MATCH4Q had cataloged were
found

MATCH4Q provides for searching a gnd in K. Ky
space of up to 112 by 112 poiats. The time it takes 10 find a
catalog of approtimate solutions 1s about 3 minutes on a
VAX 3700 computer for tkz full 112 by 112 search gnd Il a
grid of 70 by 70 pomnts 19 used. the sesrch time v just over
one  minute

Canclugions

This method appcars (o be & visble wav ot
finding approximate (ransverse maiching solutions, which
«an then be refined using TRACE 2 We have just added the
procedure to the TRACE packrge used by the LAMPF
accelerator opetators First indications are that use ot the
procedure will resuit 1n ugmifi-ant tume vavings when the
aperators are  determining the best way o match the heam
nto one of the linacy
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