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GENERATING CATALOGS OF TR4NSVTIRSE MATCHING SOLUTIONS*

G, Swain, P Busch, and M. Bums,
Los Alaznos Nauonaf Laboratory MS-847. Los Alamos, NM 87545

Programs such as TRANSPORT or TRACE can find

transverse beam matching solutions one at a [line when

givers approprime starting condi[iorrs. In the presen[

work, an algorithm IS described which rapidly finds a

catalog of approximate Transverse beam ma[chlng

solulioizs. For a given ]t,ltlal beam, the algorithm finds the

gradients of four quadruple magnets such :s to get four

Twisa parameters (alpha and beta for horizontal and
vertical planea) which are close to s set of des}red values al

the exit of a constant-energy beam line wl[h no

horizontal-venical cross coupling and no space argr..

The beam line may conmin bcndirsg elements wtth edge

corrections and other eiementa for which Ihe r matrixes

are known. The algorithm transforms the entrance and

cxlt beam speclficauons to waist spwclficallons, and uses

the properties of waist-to-waist Iransporr to reduce the

problem from ● fouf dimensional search to a Iwo

dimenmonal search.

At the Loa Alamos Meson Phys}cs Facility

(LAMPF) ●ccelem:or. trussvcrwe mtitchmg :s Important In

the low-energy tran~pon lines (O 7S Me V), where beams

from dte H+, H-, and polarized H- sourcs must be !allored

for mjcc{iors into Ihe dnft-!ubc Iinac; and In the transition

region ( 100 Me V), where Ihe beam from the drift. tube

Iittx la mjcctad mto ~e side-coupled IISSSC, Space charge

has slgtrtflcatat effects us the Iow.energy !rarssport, but II

IS SIIII valuable to get no.apace-charge matching solu!lons

u ● slsrung point for SOIUIISMS wtth space charge

Uf&A af-SnlJUMl

The problem we w,sh 10 solve may be posed as

follows: We Eave a ~ctlon of conslam. energy bsam Ilne,

aa shown In Fig. I Four quadrupolcs occupy Ihc four

$pscea Lretweww poamoss 2 and 5. 6 and 9, 10 and 11, and 12

aad 13 We know [he r.mainaca rela!lrrg the Input ●nd

output Irajectones. such as (for the horrzorsml plane)

L]=[::::;:][s’:1 (11

for all the remmmog mtervala. I 10 2, 5 to 6, CIC Gtven the

Twlaa par$metem ati. 131x. LSIY. PIY al poalll~ 1, wha[ MC
the $eta of 4 quad value, such that for each set, [he 1WISS
parcrne:em as POWIIOSI 14 am so”, Pot. soy. BOY ‘

%t++#z-t3+%+
Posmon1256Q I 0 II 12 11 1.s

our fimt IIep IS 10 replace the abowc pn)hlcm ht

an cqutvalcm pmblcm Il,volvln[ walsl 10 waIIl tran~pa,rt

and rcpl~lng {he I.rsl two qu.uls hv cqu Iv JIcfil W(I III Ihln

●W,)* supporrcd hy I A,NI ln*tttutb<jnal \\jppt,nlng

Rcwan h md [kvelt>pmrnl f und

lenses and drifts. By adding an appropnaie drift at each

end of the secuon of beam line, we may sIars and cnd at a
waIsI (a-o). The length of drift wc need [o add IS

which we need to find separately for both [he horizontal

and [he verncal pianea. and where

y=(l+a2Vf!. (1)

Equa[lon (2) applies either SI [he starr of [he section of
beam Itne (where we use al and ~1), or at !hc cnd twhcrc

we use a. and ~o). We then MC [he r matrix

Id

R=

[) 01
(4)

10 represent the ●ddwd dnfl from or 10 a WSJSI, AI !hc wal$[,
wc then have a ~ of

fJwam = Ih

We now find the thlrr lens equivalent of a

quadruple. The elemenra of the r.matnx for a quadrupolc

are given m Ierma of ● mrcngth fact~r k and ass e(fecllve

Icngrb L, The factor

Ihc quadmpole:

k=~

and G+K

k la relued IO the field gradlcnt G In

Ill

>61

where c IS the vclatty of lIghI. m and q are (hc mast wrd

charge of pamclc.o m [he beam, and fJ and y are rclatlvlstlc

parameters for !he beam veloc!!y and cnerty ~not T* ISI
parameter). [f Ibe quadnapole hsa a field B. AI 4 r~dlus +,

from the bexm ●als, G= Bo/ao For the plarre In whtch Ihc

quad IS focumog ( K > 0),

[

cos(k L) k ltlnlkl.~

R-

k sln(k L) tos(k L) 1

md (or Ihc plane In which lhe qud IS dcfncuslna

i

k~)$h(kL) k 1 llnh{kl.~ ,

R-

k tlrrh(k l.) toshfkl.)

“,

(K . 1,

v,

Ihr r matrtn f~}r a drtf~ !hln Icns drll! ,Ijmttfnalt,jn I.

,Id

It-l ( ‘ ‘“l’ “

‘ II l’1lll,’ 1)1

I l/f :d ,1.’/1

II I $1 I
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where d is the length of each of the drrfts, and f is the

focal length of [he thin lens. We can make the drlfi-[hlrr-

Iens-drift quivalem 10 (he quad If we set

f-t= uKL, (10)

md compare corresponding elements In Eqs. (9) and (7) or

(9) and (8). For [he focusing plmc (K > O). we find u and d

values of

I - cos(k L~
and

‘f-L kL sln(k L)’

and for the defocusing plane ( K

Ud = slrrh(kL~

kL

cosh(k L) - I

‘d ‘L kL slnh(k L)

(11)

(14)

The d’s and U’S are different for the focuslrrg and

dcfocuaing planes, ●nd ●rc funcuocss of the quad wrcngth

k However, In elticr plaoe. the d’s azrd u’s arc slowly-
varyurg funcuoaa of k. and for small k.

d-u,

and u-l

We cao uaa ● procedure 10 which Ihe u’s are WI to I and

Ihe d’s ●re set 10 L/2 Irrmaliy; and af!er we dc!cnulne
approximate values of Ifsc k’a for the quads. we cars find

more accurate valuca for rba d’s and u’s Tlseo we go back
and find more accurate k’s. CIC. 1ss k cases we have Irred.
this process converges in

Our equlvalem

beam Ilne, one of which
horizontal plane and a

vcrrtcal plane, Poslllorrs

represent the cnlrancc

rcspe Cllvciy

D, 1-a

three Ileratlons or less

problem now haa Iwo SCCIIOSII of

IS shown in Fig. 2, one for (he

!Ilghlly dlffcrcnl one for !hc

1 and 4. and Posttlons ? and 8

and calls of I he thin lenses,

Tb Q. Qd Do

~tt——+++
Poaluas !) I II 12 13 14 15

~-~
R MmrrI N P Q

Fig. 2 SCCIIOO of beam I!nc wtth !h!n lenses r, tid rh

rqutvdent 10 Q, and Qb at poaruorra I and 7 Dn f[~ D,
Jrrd Do have heesr added tn order {hat the beam

IIarIS and cnt!a wIt.b wums ● poIItIorIs () and I $

lye r matrrx frrrm pnmIIctsI O 10 I IS dewgnated the

N msinx #nd IIS clemenls are fcrund hy ~nmb!nltrg Ihc

malrtscs for Ihe lnlllaJ drl,i Dl, the malna for going Irnm I

10 ? In FIg 1, and the malrcn for (he drift d {the lrrill~l drrfl

[n the drlfl thin lent drtft rrpre!enltn~ quad (), )

$Imllarly matrrl p rcptescn!s fiotnm ftom 4 to 7 and mmttx

Q from H to I < SIncc wc aw golnt 10 wirch ovrr a .’

Jlmcnswnsl gr~d ~lf *lrcng!hs (or Qc and Qd, wc tssumc lIM

lht turrcnt gnd pmnt that the I mtrlntc~ lt~r OC and (){! arr

kno-rr and Ihuq we havr rnouzh $nlormall(m 10 ( ~l~~ilalt

[he matrix Q. For lhe horizontal plmc. wc then have an r

matrix

o

[f: 1[
qll:ql~x

1 q21x q22K 1

and for [he vcrucal plane

rcprcaentlrrg IraJcclones from (he walu at position

waist as POsmon 15.

[n order 1,0 solve for the slrcngtha f, 1 and fh” 1

‘ md hence the slren@r# for Qa aod Qb ), we now [akc

adv~rrtage of the ‘act that an r.malrla for walsulo-waist

!ransporr haa a parrlcular form 1 That form IS

[

Sv”lf”l(vfz y, .2)05 v .If. ly,. z

R. ) ,( 17)
.f. l $f”l(vfz ~, 2)0 5)

where s = +1 or .I, v n y(}/~, and Y. and y, arc mstput and

Input Twma beam parsme!em Y ■ ( 1 + a2 I/~ llsc quarrllly I

here relatea 10 the focal Iengtb of !he whole systcm trom

watst (o waist. not 10 My parucular quad. Equations ( I f)
and ( 16) gIvc us the r-matrrx elemema In Icrms of Ihe quad
strcngtha of Qa, QLS, Qc, and Qd EquMtng these 10 the

elemenla m ( I 7}. wc then have !II cqusllons In [he \Ii
unknowrrr f., fy, Ka, Kb, ~, and Kd

rl]x = $XVR “Ifx I(v, f,z ‘ ,() 3YI1 “ (In)

rl~~ = v. If, ~yl,”z (IQ)

rll, - f, I ! .’01

Illy ‘Ify Ilvyfyz 2,0!
= ‘YVY Y!v ‘1!,.

rl~y -vy Ifv ‘Y,, z ,!. ,

r:ly * (y I ‘\

(Anmhcr patr O( tqutttona Involvttrg r:>. and 1::} tirr 11911

lndependcnl of Eqs t 1111 10 1.?~. \tncc Ihc dCICrMIn~III It

(he r mbtrrx IS urrdty } Ne m~y cltmlrrmc !hc l-t h~ II\ ItIU

Iqs IN) and (21) to get Ihe fs In wrmt (II th~ f> ~ I !Ir

frmalntng cqualtmr$ hccomc

rlll + ~tvt lt:l~(vnr:t, ‘ Y, Q
:Il}f .,,

:
f,:, +’+, ‘7, ! r~lt -1)

!,, ” .$ *VW ‘ I: I, IV, l;I, . ?+ ,,, () 7 - ,,



r12y +Vy”lyly “Lr~]y=f) (27)

When Ihe ms;nxcs in ~.qs. I IS) ●nd ( 16) are nsul(lplled out,

we find Eqs. (25) and 127) have the form

Cabx KaKb + cax Kt + CbxKb + Cm = ~ (28)

cl by KaKh + Cay K.+ CbyKb + Cy = ~ , (29)

where Cabx=Ua xLa Ubx Lh(~xn\l ,p12mq2~K +

n121p121qi 2x)

cam=. uaEL. \g. nll Ep22xq22x + gznllapl~lq~lx +

n12zp:21qi2x + n121p121q 111)

cha=. ubs Lb[(gxn21a P12 s + Exnl11PIlx~q22x +
ln~~xp!~x ● n12EPllz)q12x J

cl-u Il(n21zp22x + nltlp21x)q22z + (n21.pl:R +

nl.1p111Jq2111 + (n22xp22t+n12~p2111q
(n2~,p12~ +n12zpllx)qilx

caby=uryLaubyLb(Swnll yP12yq22y +

ni2yp12yq12y)

cay=uayLa(gynl lyp22yq 22Y + 6ynilYPl:Yq21

n12yp2:yq12y + n12yp12yqlly)

Chy-ubyLtd(gy021 yPl 2y ● gynilyPllyN22y +
~n22yp12y +n12y011y)c112yl

21 +

+

Cy-[yi(n21yp22y + nltyp21yk122y + (n21vpi2y +

nllyplly~q21yl + (n22yp22y+n12~p21y lqi2y +

fn22yp12y ●n12yPlly)qlly

g,. v,”’ h,”~. gy =Vy ‘Yly 1

II wc now solve the horizontal plsna Eq {28) for K, and

mhsutum Ihe result In Ihe vcmcal plane Eq 129), we are
Iefl with a quadmoc equasmr for K~

, 10)

We can then f7nd Ka from Eq (28) or (29) The quanuues

Ka and Kh may or Posttlve or negallve lfOCUSlnS or

defausln~), bu! WIII nor br complex for a valtd solutmn [or
nur 4.quad pfoblcm

Our method for firsdlng pnmtble solutlon$ II Ihrn

13 follow!” Fnr (he current point ors the 8rrd of (.)C od

gradlcn!s 10 be searched. we know Ihs VSJUCS of K, and K,l

irom Eq. {6).

If [he $olumxs of the quadrm]c IS complex, or the

\311Jcs are larger Ihmr the Ilmlls of al[alnabie quad

\trcrxgths, the SCM of K, and Kb arc dlxcarded as no! hclng

~olultoos. (Xher-wise, Ihe second condlllon (or walst.lo -

waIsI t:anspofi, IS checked: we find If [he quanuly on I!, C

ICII sldc of Eq. (24) IS zero or has a nearby poln! wllh the

,Jppos Itc sign, and slmllarly for Eq (?6) If lhts ICSI IS

passed for bolh, the sel of quad slrcnglhs IS recorded M

hclng on or near a $olulion.

~ ‘~

One of us (PB ) has wrt~lcn a cornpu[cr code

. allcd S4ATCH4Q wblch tmplemcnls this procedure ltlr

\cctIon# of the LAMPF bcsxsa Imc conlalnlng drifts, hcnds.

trend edges. quads. and ~eneral r.malnx elements If the
K h from Eq. (30) IS complex. !bc code Ines a ncar>v rc~l

kaluc For sII sets of K vtlucs found by Ihc code which Jrc

within !he Ilmtla specified by the user, Ihc code Ilnds

ml$maich factors rclatlnt Ihe computed rwlss parameters

a usd B 10 their target values. and can generate maps

showm~ the regions of low mismatch factor

We h.~e run a rw?nber of lest cases using lhc

WA T~H4Q code. snd have ●lways found as lcasI the number

of $olluons iha! we expected. Sometimes MATCI{4Q listed
\cveral lels of soluuon values whlcb turned OUI 10 be

Jlffereral approalmallons 10 [he same cxac I solullon ( as

dctcmrmed Wlltl the TRACE COdC) We also lrred runntng a

full 4-dimcrsslonaf search for SOIUIIOI. S In a few cases.

using a cork wntlen Jusl for Ihts purpou NO iolullorrl

other IJaan Iboas which MA TcH4Q had caialogcd were

found

MATCH4Q provIaka for searching a gnd In Kc K,j

\p=C Of Up 10 I ! 2 by ] 12 pc)lall. W I!mc 11 takes 10 find a

~alalog of approsmsmc mlulloras IS about 3 mlnutcs (m *
VAX !)700 compwcr for Iha full I 12 by I 12 warch gnd II 4

gnd of 70 by 70 pomls 10 used. Ihc scm’ch ltmc It jutI I~$c:

t)nc mlnutc

Thts method appears 10 be a viable *av II

IIndlrxg approximate Irmssvcrae mmchtrsg solulmns. whl, h

( an (hen he reflncd usirsc TRACE 2 We have JUSI adkf IIIC

procedure 10 [h@ TRACE packr,ue used by the I. AMPF

accclemtor opemlom First Indlcsllons N? that UA II thr

procedure WIII reuuil In !Igntfwanl time savtn~s when Ihc

,~pcrsmrs we detc.=tnlrs~ the &s: =*Y to ,ma:ch :hc ‘~am

tnm one of the Imacs

1,
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