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RADIATIVE COLLAPSE OF A BENNETT-RELAXED Z-PINCH

Leaf Turner
Los Alamos National Laboratory
University of California, Los Alamos, Nev Mexico 87545

ABSTRACT

The global evolution of a s-pinch has been studied vith the
assumption of a relaxed state consisting of ions and electrons, each
in a rigidly drifting isothermal Haxvellian distribution. This
speculative approach has the pragmatic feature of possessing
phenomsenologically useful global parameters such as drift velocity
and temperature that vary in accordance vith global physical
quantities such as energy and entropy. The plasma gains energy from
a time-dependent electric field by means of Poynting’s vector.
Coulomb collisions betveen electrons and ions is calculated vith a
Fokker-Planck treatment analogcus to that used by Dreicer to
calculate runavays. For a variety of 1initial conditions and
time-independent applied electric fields, the pinch evolution alvays
culuinates in a time-independent (attractor) state vhose current is
the Peure-Braginskii current and vhose final radius is proportional
t2 (line density)3/¢/(electric field)!/2. Before the final state is
attained, the pinch wmay bounce tovard and avay from a highly
collapsed state. For the case of a Bennett pinch, the classical
limit of the resistivity is attained vhen the line density is much
greater than 4na /e?y ; i.e., 3.55 x 10!¢ m7l.

INTRODUCTION

Ve have modeled the radiati’e collapse of a z-pinch by adapting
Dreicer’s treatment of runavays! to the case of inhomogeneous
geometry; namely, the cylindrically symmetric geometyy of a straight
2-pinch. Ve thus commence our study by representing the distribution
of electrons and ions vith separately drifting Maxvellians of the
form

; o.ivz + Qq,44(r) - Ve, 1Pz,
1]
fq,1(r/v) = exp - L, ||

in vhich a ara the electron and ion masses, q, = - @, qy = ¢, ¢(r)
is the quasineutral electrostatic potential, Tq, 4 8re the electron
and ion temperatures (assumed to be spatially cédnstant), ug 4 are the
electron and ion axial drift velocities (alsc spatially éonstant),
and p.. 4 are the electron and ion canonical momenta:

]

Py = By 1V * Qg,4A.(r),

e,i

vith A (r) being the magnetic vector potential. This distribution is



associated vith a scalar pressure for each species.? Integrating over
the velocity coordinates, ve obtain the electron and ion number
densities:

elugA,(r) - O(r)l}’ ay(r) = .xp{fluihz(r) - O(Y)l}'

Re(r) < ""’{ KT kT,

vhere k is Boltzsmann’s constant and vhich satisfy the equations of
fluid equilibrium:

qe,i"e,i(')lg(r) + Yo i X% B(r)] = kTe'1Vn."(r)
vhere B(r) = - g%égl r and B(r) = V x [Az(t);] .

Ve obtain the quasineutral potential ¢(r) in terms of A,(r) by
set’ing n‘(r) = ny(r). If ve study the pinch in the center-of-mass
framc in wvhich uy << u,, ve find that ¢(r) = Ugh (r)/(1 «+ Te/Ty). Ve
shall simplify our nnufysis by letting the ions be cold, i.e., by
setting Ty = O so that

A,(r)
Ne(r) = ny(r) = n, exp - [—ei.ﬁf’—r-] y

in vhich n, is the on-axis number density of each species [because ve
are free to set Az(O) equal to zero). The self-consistency condition
on the vector potential is therefore

2 eu A (r)
VeAL(r) = - gy J,(r) = uoenju, exp - ——-ET:_-_ ,

vhose solution yields the Bennett number density distribution’,
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vhere r, is defined by r_?a 8kT /uoo’u.’no and vhich characterizues
the plasma radius, and vhere u, !u the magnetic permeability of
vacuum.

We can define a line density N(r) by setting



r
l

We
N(r) = 2n r’'n(r’')dr’ = —
1-0--":—2

vhich prescribes the current vithin a surface of radius r by means of
the relationship I(r) « - eu eN(r) and in tuzn the magnetic field by
means of Ampere’s Lav:

U, eu U eu_n
Bg(r) = - ‘2’“° N(r) = - °2‘°[1 J 2]. (2)
+

I
2

To

Ve shall choose the vall bounding the plasma to ba located at r = &
end define the parameter @ by

8RN kT r 2
e —— =145, (3)
Volo

in vhich N, ®= N(a) and I, = I(a) specify the total line density and
total current ronpoctivcly This clearly yields the usual Bennett
relationghip betveen total current and to:al line density in the
limit of infinite vall radius.

THE BENNETT-RELAXED Z-PINCH MODEL

Ve shall assume that varicus high-frequency relaxation processes
occur that, on the time scale of profile evolution, maintain the
pinch in the Bennett profile. Instead of using the variables, ny(t),

ug(t), and T (t), to specify the mean plasma state, ve shell use the
;!obal vnrlabloa, N (t), B(t), and T_(t), tc specify the state more
conveniently. To dotorlin. the Qvolut’on of these three varisbles,
va shall utilize three oquations that in the absence of collisions
betveen the electron and ions and in the absence of bremsstrahlung
are expressible in conservation form. These equations, wvhich can be
derived by taking the appropriate moments of the PFokker-Planck
equation and vhose integrals express the evolution of the total line
density, the total magnetohydrodynamic energy, and the total electron
entrapy, respectively, are

he(!'t)

m + 9 lg.([.t)n.(;.t)l = denrity source/sink terms, (4)

n.([.t)u'z([,t) !ez(Evt) 3P.([vt)
+

2 ‘T )

2
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+ 2pg(E gy (x, )

e (£ U2 (K, ug(r,t)
+V°[‘ 2

't
{] = energy source/sink terms, (5)

m + 9 lg'(g.t)a‘(g,t)] « entropy source/sink terms, (6)

in vhich g, represents the electron kinetic energy flux density,
vhich ve lha!l assume to be negligible (since wve are sssuming no
thermal gradients), P represents the electron pressure,
(;,t)kT (t), and 8, represents the entropy density of the electrons
vﬁich 1- equal to n (r, t)ﬁn[p ¥/3(g,t)/n sN(r,t)], or equivalently
to n (r.t)in[(k? (t)"/zln (r, t)] The oquat on for the ensrgy
evolution is nccutnte to loading order in m,/m; and is describing the
situation with cold ions in the center- of-lass frame of the plasma,
vhich is essentially the rest frame of the ions.
Ve shall assume that £ - vanishes at the cylindrical surface,
r = a. Beczuse the zeroth vefocity moment of the Fokker-Planck
collision term vanishes, ve find from Eq. (4) that the line density
is conserved:

— = 0. 7

Because the left-most bracket of Eq. (5) represents the energy
of the total system, accurate to the order of interest, it varies
only because of energy flow acrass the boundary at r = a. This flow
consists of bremsstrahlung and a generally nonvanishing Poynting
vector. From the Bennett profiles of Eqs. (1) and (2), ve obtain,

a
2
2n 1 "n;u' NckTe "m; . 3.55 x 1014g-1 |
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Thus an integration of Bq. (5) within the boundary, r = a, yields
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in vhich E; is the time-dependent axial electric field at r = a. Ve
have used the fact that the bremsstrahlung radiation rute is given by
By (kTg) /3n2 watts/m® in vhich By = 3.79 x 1072* in SI units.
br e br
ve ncxt integrate the evolution equation for the electron
sntropy, (6), observing that the diveirgence term vanishes by
virtue of the boundary condition on y,, to obtain:

] N2 [ga3 3
k2 ..q - 8 e (B --1)
Ng 3t n(kTg) + (1 - 28) Qn[ ]J LMZ [ TCRRS)
2 V172 N.)1/2
4n | e n wll_ ¢ L -1/2
{.kT [ARC ] o (A)[ 0ﬂl OkT-!J .[[m 0] ] Bbr(k’r‘) } .(9)

g -1

The bremsstrahlung term on the right-hand side {s an electron entropy
sink term obtained from the volume intezral of the bremsstrahlung
radiation rate divided by kTo. The first term, on the right-hand
side is an electron cntropy soucce term, stemming from the
Pokker-Planck c¢oliisions of the electrons with the c¢old ions,
calculated to leading order in m /my. It |is merely the scalar
product of - y. vith the collisional torcc density divided by kT, and
integrated over the volume. The @n(A) term is the Coulomb logarithm
and has been set equal to 10 in the numerical calculations discusaed
belov; the function Y vas defined in Rof. 1. One can verify that the
sbove argument of Y is equal to (mg/2kT,)}/2u This Pokker-Planck
treatment vas shovn to yield rolulfa thag are in accord vith the
results of classical calculations of resistivity to within a fev
percent vhen the argument of Y is much less than one!, which is
cectainly satisfied vhenever No > N, = 3.55 x 1004 g1,




DISCUSSION OF RESULTS

If N, << N, ve observe from Eq. (9) that vhen BI, = 8.35 x 10*
A, the rate of collisional generation of electron entropy is exactly
cancelled by the loss rate through bremsstrahlung. For the case of
high compression, r, << a, # = 1 and ve obtain

I =8.35x 10° A, (10)

the Pease-Braginskii current! for the cold ion case, or equivalantly,
ve obtain

L 3.48 x 104

kT, 5

' (11)
0o

using the Bennett relation, Eq. (3). Similarly, wve observe from
Eq. (8) that the total energy of the plasma vwill be constant vhen the
rate of electrical generation of energy is pracisely dissipated by
the rate of bremsstrahlung, vhich occurs vhen:

N 374
Iy = 3.00x 10-17 g 172 : (12)
Z

Equations (10) - (12) are expressed entirely in SI units and are the
conditions for steady-state operation at high compression.

Using the constancy of N, Eq. (7), ve can numerically integrate
Bqs. (8) and (9) to dctcrngne the time evolution of 8 and Ter from
vhich ve also can extract the time evolution of the plasma radius,
r,» and the plasma current, I,. In code comparison runs, ve found
good agreement betveen our code predictions and those of a
one-dimensional transport code developed by Nebel using a tvo-fluid,
quasistatic model.® A virtue of our Bennett.-relaxed z-pinch model 1is
its efficiency in tracking rapid radiative collapses, such as that
shovn in Fig. (1). Ve nov vish to demonstrate some of our results.

Figure 1 dewonstrates that for conditions of steady applied
electric field strength, €,, the pinch radiatively cecllapses down to
a small but finite radius, fn the neighborhood of wvhich point the
electron temperature is decreasirg, and then rebounds, suffers some
oscillations, and settles into a steady-state governed by
Bqs. (10) - (12). No matter hov strong the steady applied voltage,
Bgs. (10) - (12) govern the final state. The «ffects of relativity,
opacity, fusion, endloss, and inertisl terms in the radial
acceleration are, of course, absent in Egqs. (7) - (9) describing this
collapse and must be accounted for in s more thorough treatment.

In Pig. (2), ve compare the effect of tvo steady applied
electric field streng:hs on the initial radial evolution of the
pinch. Again, REqs. (10) - (12) are observed to govern the final
steady-states achieved at high compression. Indeed, we have found
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Fig. 1(a). The evolution of the radius, current, anrd aqlectron
temperature of a radiative collapse vith a steady applied
electric field of 1.19309 NV/m shovn on & 10 us time
scale. The initial parameters are r_ = 2.5 x 107¢ m,
a«1.0x10"? m, Nj = 4.24 x 10! m™!, and T, = 15 keV.
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Fig. 1(b).
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The evolution of thke radius, current, and electron
temperature of the collespse shown in Fig. 1(a) exhibited
here during a period of only 1071? s approximately
centered on the instent of collapse.
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Fig. 2(a). The radius, current, and electron temperature of an
evolving pinch vith a steady applied electric field of
1.19309 x 102 MV/m. The 4initial perameters are
r, = 1.C um, a = 0.01m, N, = 5.6 % 1028 71, and

(o]
Te - 3809 kev.
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Fig. 2(b). The radius, current, anrd electron temperature of an
evolving pinch with a steady applied electric field of
1.19309 MNV/m. The initial parameters are v = 1.0 um,
a « 0.0l m N, = 5.6 x 10" m™, and T, ~ 38.9 keV.



coaputationally that at high compression for a variety of initial
conditions and time-indeperdent applied electric fields, the pinch
evolution alvays culminates in a time-independent (attractcr) state
Gescribed by Bgs. (10) - (12).

Althcugh absent in the above discussion, ve have also included
the effects of external inductance and resistance in our code. On
the analytical side, ve can explain certain features of the collapse
to extrem¢ly small radius, such as the declining temperature at
maximum collepse, as vell as the final damped oscillatory spproach to
the steady-state configuration.

Pinally, ve vish to remark that isothermal models vith a uniform
current density®, implying a parabolic number density, are
pathological. As a result of u jg/ng» one observes that
imgnguirdr ~ [{1 - r?/a?] 1 rdr vhich t-plies e fluid kinetic energy
thlt dfvcrges logarithmically near the boundary.
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