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COMPETING INTERACTIONS AND COhlPLEXITY IN CONDENSED
MATTER

.4. R. BISHOP
Thiwwcical Division ,and Center ft~r Xonlirwar St~ldim
Los .+lamos Xutimml Lah(]ratory
Los .+hlIllOS. XM S~S4~. US.A

.$ BSTR.+CT. %rne maj’)r t Iwmes of spuce- t ime complexity in condmlsed matter
contexts are reviewwl. They are ill~lstri~rt’d t hrmlqh nNJ&l and pl]ysicid syst.t~xlls.
analyscd by both rmalyticnl wd munerici.d techniques.

1. Introduction

Two of the main directions thnt cnn he clearly discerned in current dynamical
systems resenrch are: ( 1) .4 rctllrn to the r~ality of spatially eztended dynmnical
systems st Lldied by ii variety of novel techniques, iucludiug neural networks, cellular
autotnutn and coupled mn~ lat t ices, as well as direct numerical integration of part iid
difkential equntions (pale’s ) and cmlplecl ordinary differential equations (ode’s );
i\I~~.1 ( 2 ) Recognition of the central role played by competing interactions ( h h of
Irngth and time scnles ) in Imt Wrn formnt ion tmd complex dynamics.

Here we will introduce examplrs of, and approaches to, these issues in con-
dtnsed matter contexts. Complexity in both time and space are important i~l
umdenswl mattw for flevice pwformttnm. response tmd transport properties. etc.
H(nvmwr, comh=nstvl nlatter Ao provides vxcelknt vehicles to probe general iss~w
ill (Iynurnicnl systdn]s, This is l)t~ciius(’ of the avmiluldity of cent rdlwl materinh.
‘lllilll sruk exlwrillwnrs, IIIM1 sophist icutr(l prolws of both time and spnr.c [1,2].

13roWll~ ! Im’1’ (’lilSSt’S of ])tX)l)h’lllS Illigllt I)t’ (Iistinguishwl –- tllfAW iNP St’]) il-

[ilt!’(1 nmstly !)y n:,storied th’veloplllt’llts nld llttppily thq’ arc growing t(qyth(’r ilS

lvt’ f(w{ls illcrtvmil]gly (w the M*III Illillrri[ils provi(ltd I)y Imture. Nevrrth~hw, it is
(I;tsiflr to ;ll)~)rt’(.iiit~ prtwious lit,(!riLtlllV! 1)~ sqmrating:

, il strwif~rd ~07npfezIiy ill i:hssuwl rqllilihriunl Hnnliltonian sysrr]lls wif Ii
c[}l’~lpt’ting ( ill{”()[l~lllclls{lrate) intrrnctiolls or pmi{xls -- the Iumlog of t(tnptwnl
[jr(~l)l~[lls \vit II ~fro or []lore iIi(’()[111:1(’IIS!lriit,P fr(’(ltml(.irs. The ronl]wti;lg h’ligt II
5(’;111”sIt’:ltl to ii V:iri(’ty t)f mmfrivinl, qmtinlly ililioll]ogelit”olls grollll(l Stlltt’s illl(l
I [;lllsltio[]S, :111(1 f ~lr~t) ;Ire I>y [lo\V ll],I[]\” l)ll~si(.,~ ol)st:rVilt ions ill widrly vnryillg ~’S
[11’ri[llcllNs‘3~, ‘rhf~illh~mmqenw)lls grt~;illfl stntt”s ~)ftvll lmvr tlw fornl t)f !4111)(’rlilt ti(’1’

*t III(’1 Ill(ls I I’, g, If .x)litoll ilrrliJ’s) Sllllllill 10 !f’xtllrilljg ill Solllt” Illt’t[lllllrgi(”ill (“ollt (’S1s



com rived t>.sperinlt)xl[ ill st relies w-llirll ;irt’ rlost>ly llliIlli~.ktxl by slwh pdt’”+ ;in{l rllt’ir
equivalents (wlildar iilltolllrltil. (’[C. ) ~1).

(C) (/l~u!//lL7ll ~un~z/tonzu7~J4Cilll il]~() iirlSt’ Ilit[il~illl~ ill soli(l state ;LIIC1 st;lt~s-

tical physics. Ti.{w’ offt~r solnt’ IIe\V ~~~)~oiicll~s to probing the poorly understood
arm of “-qllii Ilrll:ll (-hiws,”” i,t’.. (lllitllt 11111 bPhZtVh)r of integrahk ad nonintegrable
models with interesting (e.g. chaotic) rlnssical limits, Recent examples here in-
cluck quammn spins [7] and exciton-phonon ccmpkl systems [S]. T}w f’ecus is (m
gaining cult ml of nonintegrability zuld h as ‘-ttming”” pararncters, aIKi stll(lying
fvave-funct ion structure a,ud Cvollltion as wrll as energy level distributions.

I’,”eshould also emphasize the probablp interconnecttw!ness of the t-lasses above.
Inched in a uumber of cases forlual mappings can be identified between time-
(Icpencient and equivalent Hamiltonian systems (in a higher spatial ~limension) (m
quantum models. In this way the central role played by competing interactions is
rew=alcd. Thus, for example. the inhomogeneous “ground states” referred to in (a )
contain the character of ‘hintermittency’- ohserved in appropriate regimes of (h).
The reader is referred to [9] for more details.

By way of illustrating some of the above phenomena, techniques ancl outstand-
ing issues, we nminl}’ focus here (xl the sine- Gordon ( SG ) and closely related cubic
nonlinear %hrik-liuger (XLS ) equations in the presence of various lunch of pmtur-
bations. SC has been a template of nonliilear pale’s for many years because: ( 1 )
In its pristine ( 1 + 1 )-dimensional form it is strictly integrable. This mearls that
r!egant armlytic techniques (e.g. ll(J1llinear spectral analysis 15]) for isolating true
‘“sol itiwls” ar~ avnilable. whit.% Ims given insight ict~ ideas of ‘-collective roordi -
nntm” nnd ‘“pftrticle-like”’ soluti(ms of wider applicability. Further, we are able to
identify the deviatim from intcgrability as a controlled parameter; and, equally
important Iy. (2 ) SC represents a clu.~.qof nonlinear Klein-Gordon equations which
arise naturally in many branches f‘f physics [10]. Nature is often quite clmwly
modekl (on many spatial scales ) by coupled nonlinear oscillators, and solitons (W
wdit ary waves ran cent rol transport,. statistical mechanics, locrdizaticm, radinti(m
;tl)s(mpt ion fr{~flllellcittst t*t{.,

.+s a simpk exalnple t-onsickr t lw lmddenl of “rllrrent oscil!~tionsq’ in t lw (Iy -
Ilill]li(.s of 11(’ii~-t”o lll[]l(’llsll rtitt? s!”stl*lll~ [1 1]. TIM 1 + 1 (Iimtmsioilal (Irivrnq (liull])l\ ’(1

S(; l’fllu~tioll,

I.’:(.rd)+(J l,ir,~) --I;;(.lm,t)+.slrl I.l(r,t) = r. (Al



x): thus ~t(x) = \I o + JI tiq x and F(1(h’tmnines (he ho~mda:y mmiition iu (w]. ( 1 ).
In the case l~f ~llt’ vortex lattice ~!(x,c ) is a center of ]nass field. the pinning force
-- sin ~’ is (I:w ‘t) rhe t hickness ruodldar.ion, and t~q. ( 1 ) corresponds to devirtc ion
of the v(>rrt>:..il\.~.ritKe ~pacin% (dettmllixlwi I)y ml npplied Itlagnet ic field ) fronl t ht~
period of t h(’ t !iit.kl~ess nN-Aulat ion. Further det ails i-tlKlreferences clmctv-nin,g Ix)t h
of the above problems can be found in [11].

There are now- numero M numerical ancl analytical studies of t lw SG equation
in (Iitierent dimensions and under a variety of physically relevant perturbations.
n-r record here only a few reprc.~cntatwe source references [1,5,12].

The remainder of this report describes a selected sequence of proldmns in morr
~letail. Section 2 is devotecl to the ( 1+ 1 )-din~en’jiontd SG with spatially uniform .AC’-
driving and damping. Sect ion 3 considers the same problem but with DC-driving
instead. Section 4 introduces a discrete SC system but with nonconvex interpart ick
interact ions, admit ting an internal compet it ion of length scales. Section 5 returns
to a single particle problem but, by including quantum effects, raises questions
of whether the scaling and statistical approaches to “chaos” developed for classical
problmns can be useful in the quant urn (Iomain. Section 6 contains a brief summary
and some concluding remarks,

Although. we are concerned here \vith problems motivated by condensed mat-
ter. the dynamical systems iss[l(’s are of course much more general. This report
should be read in conjuncticm with those ot e.g., Coullet, Ghidhalgia, Newell, Ri-
botta nnd Porneau.

2. Sine-Gordon Equation with Damping and at-Driving: A Quasi-Periodic
Route t~) Chaos in a Near-Integrable PDE

“II ‘.”’l’r ‘ ./’f, ‘ [“.lr/(&t l;, .1,
I I ,’1/ ,,



d.r + It) = 0( ’,r. t). (2.lh)

~(J”.t ‘()) = f3i,](~), (2.1(’)

Here O <:<<1. axN1the cent ml parmnet ers. are o ( the st rwgt h of the dissipation).
r ( the amplitude of the ac driver), A (the frequency of the u driver). L (the spatial

period ). and the ini~ial data (~in, ~-in).
For the purposes of illustrations we further specialize here to the case where

the frequency ~. is near. but less rhan, unity,

This choice places us in a ‘-nonlinear (cubic ) Schrodinger (NLS) regime”; that is,
when ~~ % 1, one can use singular perturbation methods to approximate a class of
equations. which includes the sine-Gordon equation ( 1.1), by a NLS equation. Else-
where [13], we have studied lower driving frequencies (e.g. J s 0,6) for ~vhich the
X LS approximate ion is not valid; in these regions of parameter space, tLe c, aotic at-
tractors are dominated by “breather” to “kinlc-antikink” transitions (see 2B below ).
Here. in the NLS regime, we will see that the attractors are dominated by similar,
lmt distinct, collective-mode transitions, namely breather-radiation interactions,

Classical dynamical systems diagnostics applied to the results of careful nu-
mmical mperiments hav~ identified (in a particular parameter range) intermittence
Iwtween quasi-periodic and chaotic states. We have used soliton modes to begin axl
(~llktive roordinatization of the attractors. capturing both their temporal and spa-
tial structures. This is donr throllgh a nonlinear spectral transform which permits
s(’vernl Ilt”w”conc!llsions. It: ( 1) confirn~s that even the chaotic attractors can IN’
wrll tlescribed by a few Aiton modvs; ( 2 ) establishes the existence of homoclinir
f)rt)irs ill the Iltlflerlying iri:rgral)le prohlenl: (3 ) meaqurm t he presence of h(mlo-
~.lilli(’ f.rossillgs ill t:lt~ Iwrturht’(l syst~lll: and (4 ) shows thr in~portanrr of sfditoll
illt(’r;writms in tlw trallsitious hetwt-wl metnstahle parts of the attractor, Thlls. f;ir
[11(lr(~l)rrcisr il:forllli~tion is now it~;~i]:tl)l~ iil)otlt the nature of the Ollsrt t)f (’i]ii()S ft}r
rilis m’nr illtvgritt)k example chnn can mm b twpectml for pale’s with less strllctllr[’.

First w(’ slmm)arize the results of t’xtensire numerical exp(’rimt=nts [5], l’ln~
KI!)IxJ I)ictllrv of trimsitions in the XLS re,gime is depicted in the schmmtic (I:ngrnll)
III h~, 1. D(lf(m’ {lrscribing t !le spacr -t inw st r~wtlmw in rach rvgion of this (liiigrillI1.

t{’t’ tirsr w’f rINSstftgc for these expcrimmlts. Tlw lmrameters ill tilt’ sy’itmn (2,1 ) w(Ir(I
~.111)~{”11;{s: - ~ 0.1. c1 = (),4, and L = 24, Tlw rt’llmit]illg purmmetrrs iiI~ tl],t~ll\’;lri(’(1:
-’ ;< ~.;,~i(,,l ~MIIINV,I)llt near. unity, :~1~(1r is \“nrit*(l lwnr (). TIw illitiill (’~)lltliri{jll,-
,“,,,,IJ’1, f’,,,, r I nrt’ tilk{’tl to Ilr ;1 \vllolt’-litltl si[lt’-cor(lo[l”l)rt~n!ll(’rlo(.;ilizt’(1ill~itl(’
tli~’ 1),’ri~}(lf., ;uitl (’xcoldml periofli[’illly to tlu’ W’ll(dr Iilw.

[ii rllt’ “(~ll;l.si ~wri(dir” rvgilllt’ [11 [~f fig, 1 rll(’rv ;trf’ ;l[so Jvill[lt)u’s [Jf hlil)ll; I1’
Illoll:l” Iijl”killq r;lttl(”r tlmll trlw (lllilsil~c’lioili[mity – -- n filllliliilr %itlllitioll ill ru~l
(1’1’1111(’111’f’(l~”l.illlli(”;)[ 5J’Slt’lllS (t’, g, (Oirl’h’ Illill)?i ), Ill fit(”t ;Irotlll[l & + ().!I !111’ ([II;I-;

..
11,’ll{j(li(”lt}’ I+ ,Ill)l)ltlsstvl(“ollll)l(~tt’ly ( +(’t’ tiq. 1 ) iIII(l IIIi IiIIIISIml tr;ilhiri(ul fullli

11’giill(’ II r(~ I\” .II’I’IIIOS (li~t’l ,]y,

P(’1’rilu’llt rllll+ti[)lls :Itlolir tlIcI l)iflllt-;lri(~li ●fvlllt’11(’it’hill tiq. 1 ill(’lllflt’: \flIiI!
Is ~11!’{li’1~111 I)!’ r Ill’ +t’11)11{1fl’t’!lllt”llf’}” III tli!’ IIllilsi-])r’l)ll)(li(. tvgI(JII’.’: IIIW (lINI* rlll~

-III 11111 i[!(ll’l)tvltlt’!)r fit’(lllt’llt’}. IIIJI’IIII;III,\\irll t! II, illl”ll,;lw,t I *l)ilfi;ll .r~lltrli,t”, III,



Figure 1. % mi-schemat ic hlfurcat ion clia-
q,rarxl for thy at-driven damped SG equa-
rloll :) the >LS regime. Other parameter
Val1. . are sa = 0.04 and L = 24. The

: 32. fiil~.i attractors are shown as functions of
\ driving frequency (e’ ) m-d strength ( sr )

and labeled as: I. period, locked to the.-
driver (x-independent ): II. period. 10cIwcI
to the driver (one localized breather): 111.
cluasiperiodic ( weak period L/2 state su-
perimposed on 11); and If-, chaotic, vith

~ intermit tent larninar regions (competition. .- 3
between two breathers and enharmonic
L/2 radiation).

these spatial structures have a meaningful. quantitative interpretation in terms of
the exact sine- Gordon theory ?: does the dynamics in these regions (including regi(m
IJ. ) admit to a perturbation analysis of the integrable sine-Gordon equation?

TCJbe specific we focus on parameter values L = 24, : = 0.1. sa = 0,04 and +!
= 0.s7. with initial data a SG breather ~~ith frequency parameter ~t~r = 0,77. The
,.[)ntrol parameter for che experiment is r. the amplitude of the ac driver - — ( sr )
rimges over (0.0. O.116). For purposes of orientation. this experiment is represented
by a line in fig, 1.

The attractor in this bifurcation experiment may be represented as r increases
1,JV rhe symbolic sequence

(

FL.4T.

)(

PERIOD 1,

PERI[>DIC - PERIODIC )

(

- PERIODIC;

) (-

PERIODIC~
- Q[”.4SI-PERIODIC + )CH.KMIC ‘

ivlili”llw-etiht)re\-iate by

IF, P)+(P1. P)+(-P; ,QP)- (- P:, c).
:

F~]r slllall (Iriving amplitudes (O < <I’ < 0,0585) th~ periodic spatial strll(.tlltt’
()[ r )W irlitiid brrathvr (Iecays as a transient, and the actrrtctor is an x-indt’pemkllr
tl;~r st;trr ~vith 11(Jspatial stmcture. \\’hich is pericxlic in time. This state is hwkwl
!() r~lt, .4c ,!rivc’r .w-ith its temporal ~wt-iud. The ~xistence and stability (}f rlli+

ltII’kP(l -r;lrl’ 1,111 ~IV !’~t;~t)lished with l.lii~si(-:~1 mathematical amdysis, lN~rh wirh ;I1lll



-~,,-\”m~) = ~t-dl-J)7/2 .

where tht> [.1,Illilj~’~(i.t~r,s[allt C sacisfks

[–(l-J) +3 CC’*]C=ia C+

.A rvpical h}-sttwmis diagram depicting the solutions

r’ . (2.6)

of this algebraic equation.
tog~t”her wir-h the stabilitl. of the idcd state (2,5) to arbitrary p&t urbat io-ns with
spat ial period L. is shown in ref. [5]. Xote in particular that the flat state on the
lower branch is stable to all perturbations. while the state on the upper branch cm

become unstable, at large enough I’ values. to spatially dependent perturbations.
These instabilities are long wavelength modes: the short vvavelengt h modes are
alwa}-s stable. .4s the amplitude of the flat locked state increases. the most unstable
mode changes from a flat (~ = O) state, to a Kl = l(2m/L) state, on to a KZ =
2(2r/L ) state. etc.

.As we increase r. the amplitude of the flat attractor rises along the lo~ver
hmnch. until it reaches a ‘-knee” in the hysteresis curve at ~r s 0.1015. For large
values of I’, the attractor must change. In fact, for :r G(O.0565, 0,1015). one
stable attractor is a single excitation within each period, superimposed on a flat
Imcltground. The existence and stability of this (P1 .P ) state can be established
by mathematical analysis. I’ is further increased, all of the attractors develop
instabilities at shorter wavelength. The first such instability is a K = 2 mode, with

O(‘JT/L ). Thus, we anticipate that the locked breatherspatial wavenumber A-2= . -
srare will become unstable. as I’ is increased, to Pi states.

.1s ~ is further increased beyond sr = 0.1015 the attractor becomes q~lasi-
periodic in time and appears to Iw characterized spatially by the same singlt’
l~reat ht~r, but now accompanied by a N = 2 racliation-like excitation. .4s :r ~p-
I)roilc.llt’s 0.1053 fr(ml hdow, the llpper t hreshokl of the ( - P ~, QP ) attractor. rIN
;~xllplitude in the N = 2 radiation visiblv increases and initial transient times in-
rrtme. The long t ransimlts, btxause of ;h~ir large K = 2 compcmeut, often appear
ii~ ilpjx(Jxinlat ~ P ~ spatial st ruct urt=s in the sense that two coherent excitations ar(’
llrvst’llt in the spatial period. Indeed. at larg~ dissipation, a locked two-bmathrr
St ii[t~m pt’ri(xiic in t irne. is achieved. instead of a quasi-periodic state —— energy is
]) f’I’Illil Iil’Iltlj’ trnnsferre(l from ~ = 1 ro ~ = 2,

For :1’ z 0.1053. the P! tendency ill the above transient persists for all t illltl
,., ..

;111( 15 \ l.- 11)1 J- ~’tdlanrml: at tiltws tilt’ iLttl_il(. t(_)~ iipp(stirS as two Ioctalizcd })rt!atll(’rs

l)(Ir simri; ll lwriod. iixld and at othrr tiltltw ~s t~xcty]l(ledK = 2 anlmrmonir riltlii\-
!it~ll. Tilt’ ~J~,”lirallt(’lllporal heha\”if.w is I~(Jw (mli:IOtIc, \vitll inter n:ittcnt visitatit)ll of
JI -[11:111llll]l:t~{’r of (Iisrillct lliCtilSlill)lt’ I)ill[s f) f III,: iit t ri~~tor, BI(xt(ll~ slwakillq 1111’
ill tr;[(”t(~r~ ,, ,l15i5r of at least tiv[) 111(’tilStill)l(’ lxkrts: ( 1 ) striking ‘.larllilmr”” r(’~i[ll{’~,

i}”lli[.11;114’ f,+.~f,llfifi]]y t]l~’ S;lIIIF iIS fllII [~ll;lsi-l)t)rio(iic ;lttra~.tors ( + P$, QP ) of fll{’

[)[’(’(’]l;l(l!i(” rf’,gi IIl(’. Ivl]idl ocrllr ;1! !iIllil.llf ’t’ d= vidlws: and (?) il~tvrtll~ttrllt (“llilol i{.

l, IIr>rs. H(m(~\”,Ir, ll~NjlI t“li)st’r ills~)f’tmlii~ll.t Ilt’st’ rhatltic bllrsts r~V(’id slll)st rll[’t 1114’
{-ll:ll’l(”t(’riz(’fl 1)~ ,1 (l~lliiltli(”ill f’11(’rgy l’Xl”llilll# I)t’twt’t’[1 (a) [)rr(l(]ltlill;tlltly h’ = 2

I“;lflllI~ll)I1. illl[l [ l)) !\V(J-l)t(’iltIlt’l Stilt (’s 1)(’r ])(’rio(l, 111 il(l(lit iOIl SOIIW t)f ttlr’ (lJ”llillll
if”= ;Illil trilllsirit)lls Ilt’tu’(’t’11111(’t;lst;ll)ll’ l};~rts of t)lt? iittra(”tor arr il(”(’ollll)~llit’11 l~!”

Irt.l(~l,lf?v Illotiotl” t~f ~l~t’\xJi(Irt’111(.t)llll~f)liIIIlrl t~t’I)kt’N Pq stll~t”tlllt’, .As t)lt’ tllr’1’~ll~~ill
“1- ~~(I 1(13Uis ill)] )lllil(”l)l’{1 fr,,[ll ;Il!,,\I,

,ti
11111fI”;II”lIIIIl of IIlllt,~[)f’[ltillI:lllllllilt’[’1’l:ioli.
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These feat urcs of the bifurcation sequence ~arc substantiated l>! the usr of
many standard diagnostics from dynanlical systems theory. Namely: ( I ) time series

of spatially il\-t?raS~Cl q(lancities (H = ~ C$ + ~ o; + 1 - ros Q, and displacement
o): (ii) phas~’ plauvs for P(t) = ( CJ(XI .t ). o(x~.t)). lvith xl and xz arbitrarily chosen
points on the !:hain: (iii) Poincar{ sections (using variables as in (ii) to {iefine a
plane in a t hree-dirnensional phase space); (iv) temporal power spectra. S( S- ,~.), at
xl = O ( the center of the chain): (v) leading Lyapunov exponent (computc~l from
two initially neighboring trajectories \vith a distance norm n = Jf(o: + 9W):

(vi ) the correlation dimension ccmputed according to the algorithm of Grassbergcr
and Procaccia. Complete details may be found in [5]. .4s an example we show
simple time series in fig. 2. Note in particular: ( 1) in the quasi-periodic cases. the
modulation of the time signal by the second (lower) frequent y and the growth of
the amplitude of this modulation with incre~ing r; (2) in the chaotic case (fig. 2a).
tempor?,l intermittence characterized by the presence of larninar regions separated
by ( chaotic) bursts: (3) the quasi-periodic nature of these laminar regions (cf. figs.
?b ) and the linear growth with time of the moduiational amplitude; (4) the very
similar <H> values (or modulationcd amplitudes) at which all larninar regions are
exit ed.

These and other [5] conventional dynamical systems diagnostics yield temporal
in.format ion. For a partial differential equation such temporal data should be corre-
lated with spatial information. One possibility is a linear spectral analysis in x-, as
well as ~’-. space. For near integrable nonlinear pde.s such as that discussed here,
more insight is gained from a non finear spectral analysis, correlated with space-time
profiles.

First, \ve briefly describe the nonlinear transform. For more complete clet ail.
see refs. [14], The method mav be summarized as follows: at time t; we take
the (numerically) generated spa~ial profile {O(x. t) IVx c [O,L]} and nurnericallly

pelform a spectral transform to obtain {& ,\q t )1VA}. This transform maps the field
from its spatial representation onto a representation on a basis of solitons, in terms
of m-hich the unperturbed sine- Gordon equation is ~-cactly separable. Thus the

sl)e(.t rill represelltat ion O(A, t ) rlleasures precisely the number, types and physical
t.harnct~lrist ics of t lie sol irons ( the loccaJized coherent states) which are present in the
\v;ive at time /. If the temporal (lynamics w-me the perfect sine-Gordon equation.
tll(w ,Iwctral properties would be iuvariant in time. However, because of tlw
]x’rt urlmtions, they change with t and must be measured successively at t increast)s.

This transformation from the .’spat ial representation” { 0(x)} to the spertr;d
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first and second qlwlrants. and their ctm~plt’x conjugates. hl the XLS rt’ginw.
~vhere displa~wuwnts of ~ .lre sxxmll \ ctjlllparetl ivit h 2r ). oIdy breat ht~r t r;~ius :irt’
accessible.

Given ~(.S1. i lw spectrum of the linear eigcwvalue problem is actually deter-
nlined throll~h r~l!’ ‘mF1oquet discritnimmt”” J( .\. o ). an ana.lyt ic function of both o
and the spectral pu-ameter A. The spectrum cmllprises those curves in the complex
,\ plane for w-hich 4( A) is real and -2 s A(,\ ) s 2. It is these curves of spectrum
tvhich are depicted in the figures shown below. Se~eral additional remarks a, c
necessary in order to iut erpret these figures:

i ) Typically. bands of spectrum OH the real axis are very short. If one baud
were to degenerate to a point in the upper half A plane ( which cannot happen
for periodic potent ials ). a soliton would be present in o. An isolated point on the
imaginary ais A = iv ~vould indicate a kink (or antikink ) which would evolve under

sine-Gordon dynamics with velocity ( 1 - 16v2 )/( 1 + 16w2). .An isolated point in the

first quadrant would inclicate a breather with sine-Gordon velocity ( 1- 1G[A12)/(1
+ 161Ai2) and an internal breather frequency v = cos[tan-l ( Al/AR )]. Because the
I)ands of spectrum are so short, these facts about solitions are useful qualitative
approximations even in the periodic case.

ii) Excitations with spectrum inside the circle of radius $ travel to the right,
w-bile those with spectrum outside this circle travel to the left.

iii ) Symmetries of 0 imply symmetries in its spectrum. Since o is real, its
spectrum comes in quartets: lf A belongs to the spectrum, so do -A and ●A*.
Thus. it is sficient to examine the closed first quadrant in the complex A plane.
In addition, if o and Ot are chosen to be even functions of z (here about I = O) this
additional symmetry induces another symmetry in the spectrum about the circle
of radius ~: namely, if ,i belongs to tlw spectrum so does 1/( 16A),

iv ) In these figures, ‘m”denotes a band of spectrum where -2 ~ A(A) s 2.
Points ,\P, where & ,\P ) = +?, are denoted “M”: points Ao, where A( Jo ) = 0.
are (Ienoted “-0”’:points A(l. where 3( ,\a ) = —“2,are der~oted ‘-o”. Note also that
rhr associated spatial profiles o(.r ) and of (x ) are induced as inserts in the sper[ri-d
I)l(JCS,~vith the solid lines represelltinq o imcl the dotted lines fit.

II-F now return to the bifurcation sequeuce at ~. = .87. First consider r =
().101 ~vhicll is in the ( P1.P ) reginw (If (me excitation in each spatial period. locked
r(”luporally to tlu .47 driver. Fig. 3 shows the noniinear spectrum of the lockwl
srnr(’ iit rhree ills[ants in time. It (Icrccts one breather at rest in the laboratory
f’:lult~. riding (J\w a flat ( ~ = O) background. The curve of ~pectrum associattxl t t)
r,,ls l)rt’;~r]lt’r is ~t~cated on the circ!e of r;ulius ~, at an angk of ,- 300 with t lN’ l(lid
;Isis, No ra(lii~t ion nmcles. other ~.llall K = (). ;Irti visibh’, altlwugll Illlmt=ric;d IIilr:l

I* II J\V+ rh;lr h)w h“ Inotles are very W’(’ilkly I’.scltwl. !ncrr;wln~lly s() as ~-r ap[)rlxl( ‘11(%
111(’(Ill:isi i)t’l”i(~ili(”tllrtlsh~dd (:~ ~ (). lolij I, This sptw.tr~lxll is not I-illtlqwmk’llr . ik.s

ir is !’t)r (.l)llll)htr~lly integrable SC il~:ll;lll~i~”s. l)IIt it rxm.utcs ()(s) !lIlct,llati(uls, For
ill~rill]~xl tlA(I I)rt’ather spectrum os(-lllilrt’s I)t’rif)tlically with tlw (Iriviug frr(llwlir)”
l~t’rJvtl~’rl~ 29° ;lI1(I - 3Z0. Tl)is ~lllil11 ])(lrio(lir flllctu;itit)ll ill rllt’ ~l)(lcrrtllll is
lv)llsisr,t’llt \vitll rhe SIIIml tc*Inl)oril] f)srill:ltioll of <H>, fig, 2.

.4s :~ i> il~rrtmn.smi into the IIllilsi-l)t’riotlit” rvgillw to a Vnllw [)f 0.104. tlN* PA
f’llar;l~”r(’r ;i(’(.f)llll):lllyillg t]le sillgl~’ I)rf’;lr]!,ftr is ~“1(’ar]v \’isil)l(’ i[l tilt: S]);lti:\l lILt~ti\I15

1 -(’1’ tilg. .Iil ]. III t tw Ilt)lllillfwr rrilllsf~)rlll (If rlltw l)I:OtihIs. rlw N = 2 IIM)flv is IIt~\v

~’isild~ovxcittdm ;U uwll ;is Ivdtiker llN)tkIs (J =ll(nt~r u-;tv~lt’llqrl~, 111ti[l(iitioll, H l);~l.-.
rif.lll;lrlf” illr~’rf’stillg 11(Iwf~’;irllr~’ is l)[l=i,llr ill tll(’ [Iolllilll’iir +[)(’(-t~il tt)l” tlll~ 1’:1+’

S; II IIIlj:. ;Ir rill)f’- rllt’ ~l}illt’ of +! NII. tIIII II ;I - .lIII; IrI, (l ro rlIII 1,[(’iirllt’l’ II It ItqIiS \\’irll rll;ll
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2(A). Correlations Betweeu Chaos iu a Perturbed SG Equation and a
‘Ihncated !tlociel System

Here NWsllllu:::lri,:l’ i~ U’LTIN StIdY ’21] of tlw some high frequency (hiving. llnnqml
\SG s:wmIl ,1= ;I~JIjvrlmr wirh n Amrtrr ]ine (L = 12). This !cmgth is fl)lu~(l to

support only nnr Imat her excit Mion nnd thus tinchi an even simpler ro[bt[’ to IQIInOK
~l~pcifi~n]ly, \vit 11svmmet ric illit ird data and periodic hm.mdary romlit ions. H {li~-.
crow ( I]imoth’1 ) symmetry Ims btwu impostd -- it breather may synclmmim rqImlly
IVC’11nt it~ SOIV1II,~sition or n distnncc L/2 ~\~ii~, Chaotic dynamics nppvnrs ns il

Hilttcring IWW (n these locnt imls via n ‘-flnt‘“st Me. The same nmdinem spocr rid
nmdysis M Aovr supports this picture nnd again identifies intermedintv N ntt’s rhilt
nrr ()( 1 ) unstable and cm-respond ro homoclinic states in the integmlk ( i ,P. 1111-

pwturkl ) limit. II is then naturnl ro surmise thnt the chaotic dyntunirs (m thtw
ut t rart ors is due to t!le pert urbnt ion of thew’ homoclinic mmfigurat ions. Thr ptI r-
lNme of this section is tu introducr a model dynamical system that Inimim sII(”!I
tdmvior and which hns ymveu nmdyrir nlly tractable. The model is tlmivt*(l I)y
ii low-order lineur rnodv trm;cnt ion [If the nonlinear Schriidinger ~quntion. SIW1l
h t rummtion is gent’rnlly very drmqtmms. However its regimt=s of vrtlidity CXI1IN*
monitored hvtw hy rhe ptmdlcl US(Iof tLb nonlinear spectral transform on the full
p(lc’,

C’tmsi(lming qsm( 2.1 ) itgnin W Ilsv s(t = 0,04 nml *I = 0.S7 but, ns meuti[nlwl
IIIM)W, L = 12. .+s vxptwtwl t k sysrwn rr:timntes wirh n low mm Iitm-lt=hrmt hm-lilio

Y.I)llr iid lll(J(h’ il(:Colll~:\ll ~ill. g il k = [) ~ilt. Illot ion, 111this k)W IUnp itllde rPgilllt? WP (“ftIl

Iwsily tlrrivr n pmtlmlxxl n(}ldin(vw Srhriidiuger rnvelopc as a gfxxl lll)prOXilllil! icm:

(2,71

k ‘): I
‘\ 1.\ Ll?uw’

I 1,,



This 4-dillu’:..li ,I1;J [l~I]i~Illi~d systtwI~is of ctmrs~ not iwl~ecred to Iw in qwntitaiivc
ilgr{lglllt’lll “.”:i”~l ~!II* lull p.tl.e. nml the dfmt [If inclu[ling nn nddit i(mul modt’ is
{Iiscllssed ill I!l’i. .21]. However: (i) it hns gui(lm-1 intuition on the tm[di;mitr stdit (m
Inode lmsis in rIN presence of the smne pert udmt ions. hot h in terms of gcmwt ric
l)llilSt? qmw Mrlmluw and connections. including implernentntion nf llelnikmv t(wts
[15.22]: mld (ii) the iUIWtZ (2.!)) Ims provvn uapnhle of mwleling sevmnl ‘)f th,~
fmt ures UIMWVCI in the full p.cl,e.. inciuding the chtmtic fluttmiug of R wtwkly
Imstn!de breather, via an intermediate tlitt ()( 1 ) unstnldc stnte. mrntionwl nlx)v[’.
Spwificidly, the 2-nm(ie ansnt z admits r hr symmetry (r.b ) ~ (c.-t) ). rorrmpomling
co n translation of o Ijy L/2, nnd b = O is an invariant subspare which rorrespmds
to t lW flat intrrrnediatc St ruct ur~. In the nonlinear spin-t ral lang’ St?. t hc LUISiMZ is
rolnw enough to crept urc all t hrec key spectral configurate iont3 of t,. ” ‘“gap””WWe, t 11(
‘mrr~~so”stntc. tmd the intrrmmiintr stnte with complex double points aml astioriiitt’(1
hlmltmrlinir rhmwtm.

\“rry importmltly. the unptrtwbt!d limitof the truncttted sy~tem is an iutegrnhk?
Hnnliltiminu system. with two r(vd iucieprndcmt intdgrius:

(2.11)

- I(y + :(I;W+w+ .

,: 1:{



following rlu’ t~xart mmli~.eiir SG q){~crrllm of o ~t (~arh tinw strp iilltl i(hvlrif~illg
t rmsit ions f:(ml ““~np” to “’rross”’ stilt (*S{t-,f. fig. 4). 111the (1.(i.e. S~st[’1111~1’llil~(’

followed h = H i ~12- I ) and rhwkml for zrro crossings. .45 a firlal (“11(’~k11”(’llil~(’
rm-nbir-wil r~ill-!~ r~vo (Iinqnostim. \\”c rake r(T), 1)(T) during thc flow grm’rar inq
h, reconsr r: II.* , !l(, ,)~,rt~~~}je~SG ~ol~lri(?n ;~ccording LO t h’ nljpr~)ximar ion (‘~.~).

an(l tll(:n l“(]ll~pllte tile SG sp~ctrid components (>f O. The qtwsti(m is w-lwther h
l)assinq t hr(M@ zero corresponds to chc SG l-h’ld o pnssing t hrcmgh a hmmwlinic
spertral voniiguration”.) .4s shown in [21] rhe ngreemtmt is indeml rather goml tlxcrl)t
vmy near to the Iwnmclinic st r~lct [m= (h ~ O). ns mi,ght he expectwl (lue [f) tlu’
ill)])r[J.YilllatioIl ~)y linear F(nlrier Ill[xh’s.

Rtx-tmt analysis of rhe trunrntwl Ill(Nlt’I suggests [22] that n Imtmwlinir h)t)~)
(rnt lwr than a tangle ) is rcsponsihlt’ for chins in thissystem, Intwrstin,qly it al)lwwx
tllilt rh~ gpmetric struct~we of the ImdPl problem vm imkd I)y Iifte[l to +f)iirt)[l
\“;lri/]blt*s mild ap~lied to the full ~wrturbmI SG HIKIXLS p.d,e.’s

Firally, we note that the nmlel problem introduced here is in fact a partictdar
cast’ ( lvit h somewhat different port Ilrbations ) of a general cla~s of problems int rt)-
(Iuctd hy Holrn et al. [23]. mot ivnt d I)y pohu-izaticm dynamics in nonline~r opt it-al
l)~ilnls, Detailed disrtwsions of rwllwt ions to finite-dimensional inertial mnnifolds,
homoclinic crossings, chaos tmd .Arn(d”(l diffusion have also betm given by t IWS(I
illlthorS.

2(B), A Mode Reduction for the Breather –- Kink-A ntikink Transition
and Associated Chaotic Dynamics



IiIi:

16
E,i K = —/=> 16, u~().

Here, ~, XOanti O z tJ <27 are c[mstrmts, u is the t ~ = velocity of the kink W]CI
-u is the t. + x velocity of the amikink. From E s. (2.14) and (?.15), we see that
the breather’s internal frequency. *IB, ;,sCOSO, 7The ]reather soliton can be viewed as
the bound state of a kink-antikink pair. with threshold binding energy AE = 16( L -
sind), and where u ~ 1/(1 tanti) MCI to + -l~~/CO@. .Now, if the system supports a
l~reat her excitation, un:l is extt~r:mlly (Iriven by ~ si~’t, and tiamped by n~ofl /&,

then the rate of chtmge of the systcml’s imergy is H = -1 sinut ~ dx( d@B/~t ) - t.1j’

fi(rl = r+ -:sllld



(2.15

fl(t::l = (.”J/ji J’ = ‘w”~::)
4t(lll-’.+(t)=

illl[ 1

-LiU)
----——

1+.+t+ ‘

(2.19)

[“,,,:, ~,1::., B “,. ! tltl~lflt]l!,. !If Ilplfl(lll !’111 I]IID tlll”ilfl~t’t’ i.{dh’{.ri\”i’Illi)ll(’%..’\ 11111.1 !11,

!Irli:,,i ::1 ‘C :’ ,.!..llr: I, ,,1(:.), .Iltt.r .Illl.r;lllti;ll illgl”l)l”il rllis Illil}. IN* fll)r;lilutl rll

1,1:1 .1. ?l ,1:! .11[ ‘Ii:il;lris.l. iwli’r. illlll. ill!l,lllllf’lll~

z ),, !.,, 1,, Il. 2,
,1

,“;111 Ill” 1,,’,lllll .11 ,1,. f II, ltl~;l)’,{::l~ , 1.1111,,11111111111. I fllillllll. ~1I .} .11’11:
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\f\’ ,{l\.#.1,

. I 1.1



with

Whm?

J 1(2+:2)(’;’+;’)2
{-.*: - ‘“2[(2+‘?‘“’-(1- ‘1’2)o+‘2)1}Jhl+~~2)(1+31,

1
(/(t,, ) = , — .I1(I,, ) . 12.2:;1

,l(’l”’’H,)J)l
K.lllq’li



rr{Df( ~)} =Ot -. -

:=*(t– to)

illl( 1

11’ =*1. I 2,24)

1
x

(/1/,, ) =
- (’+’’)-7’2-x (1 +.$-)

{
lilt +/,,) [(1 +.)(l+~2)t2+

:4, . .1/(1,, ) : +:1”111[” “ -. /Jl*” ‘ .’WL: ,,).).

- fllll, t , 1,,,, - -,-.

(“)
I Itl, l

-(
[“://[

-,— .. . . —.-.
11 1, 1’ .. ,1 ) .) ,1



Since ollr lwimirivr snli t ml xuoclr rn mc;l t ion 11:1scxcludml r11(’1jfxsil )iliry tJ
tvwicing ril(li;irifql :lll~ih*5. th> htm~th’l’ ill th’ fllll l). (!.ti. IIlii~ (k’stitbiljzp at ii h)WTr

.
driving ~trtll::r!l. II] ft-tct, the cmnp(wition Iwtwwn rt single l~rrat ht:r state nml :1
rw(ht)m~rllt,:’ .~;,” . .. Illt-(liiltd by it rrtdiar.iv~ Srm has lJeen observed for periodic SG.
Xutil:(, tllilt : jl~ . .. .. v : ~.#,Silol(l for bH*acIN.I lju’:IkIlp is n monot(mic jIICtWilS!llg flmcti(m of
the tlrivillg fr~q! MSUcy. This can be stwn by rtmlizinjz rhat we am looking at motion
ncmr rh~t &parat rix, so r hat 4 = O is t.l(wt’ ro rlw frequency f)f the hrcnt her. am]
tmer,gy is efficiently fml inro tlw -~-srmn. ll-lwn rlW (Iri ring freqlwncy is nrnrly (rev.
lvr artl far OH rest mitmw. and t II, Iulldi t udc of rhe driving must ht. lttrgr.

From Eq. [2.27) we se(’ tlmt rll~’ Aftw of at,lding DC (hiving t.o the systrm
is always to decrease the threshold for Im !lt~r breakup (mr is positivr ). This
is readil~” understood: The acldit ion of spat udly homogeneous, t inw-inrlependem
driving to the SG ~quat iol~ mny he viewed i~s the adclit ion of a tmm t.)f the form
-ro to rhe potential. 1- COSO. l~hen f-(o) = km~ro is plOt ted VerSUS0. we sw
that snlall an]plit ude mot ions correspond to breather states. while large o solutions
correspond to kink solitons. Siuce the DC contribution decreases t hc potent ial.
thereby nutking kge-amplit ude SOII1t ions Imssible at lower Imergies. a&lit ion of
DC drwing will enhance the soliton conversion.

Surprisingly the numerical wtlut=s of ( ?/a )C calculated by this method ngrce
\vi th previous uumerical work quit r w(s1l. For example, with o = 0.2, ~. = 0.6 the
tkshold for int crmi t tent chitus is ;, a L).!) [13]. i.r. -l/n ~ 4.5. The YIeluikov
crit t?rion developed hme Iwedicts ( ~/n b = 4.4.

3. Sine-Gordon Equation with Damping and de-Driving: A Model Trans-
verse Instabilities on Propagating Interfaces



(3.11

o:(.r. tj = ck(.rtl, l) .

Hue. of =&/d(. ad :=. r or t. In Eqs. (3,1 ). I is the spatial \-ariahle. normcdizml to

[
rhe .Jcxwphmn penetration clept h. AJ .\J = li/2p~t Jcl. where h is Planck.s const mt.
~~ois the magnetic prrnmtbility of t w vacuum. ~ is the electron charge. J is tho
maximum pair-cl mrcmt density and d is the magnetic thickness of the illSUli\t ing
lnycr!. .Wo. t is the time \-arialde. in tmits of the inverse plasma frequency. 1/*I,;

[1/-’J = (liC/2J#2. where C is the capacit ante per unit area of the j unct ion],
On the right-hand side of Eq. (3.1), ru is the DC-t-h-iving, and SQf represents the
(lissipat ion ( this is thr only form of damping considered here). In Eq. (3,1 ). L is
the length of the systm. For olir munerhl studies, we take s=O. 1. 0 < I’~ < 1.0.
L .34 and consider a fnirlv (liscrett~ systmn, with 7G lattice sites.=-.

.As we shall sre below. t l~is s~st t~lii possesses a rich variety of mult isoli ton wnve-
trains and transit ions k ween t lmn. hcluding the same breat her-KIi breakup (lis-
C1lSSA iu .swtion ( .2B ). First wr sllxll:l~itri~v ●he results of a numerical stud! ~26],
Fig. 7 prcsrnts data in rhr form of curreut ( =rO ) versus voltage (=< @t >. m our
mwmtdizecl uuits. where the (Iullblr ilngular brnckets denote averfiges over space i~ll(I
rinw ). This picture was gf’llerilte(l lJy starting with a station~y. Iarge-anqditluh=,
spat ialIy-randonl profile. with ri! = 1.0. \V~ then permitted the system to evcdvr ill
rime mwmling co Eqs. 13,1 I lmt il ir rtmhud a t - x attractor: the honlogeneolts-
%I)ari:ilprofilth. Tlw ([riving. I’l). \~ilS tlw ‘.il!linlJiltiC~llV” reduced to z~’rO, to g~’11.

(’rarr tlw Imrklxnw of tlw rilrvo. Eil(.1~ of t Ile steps \vtas‘then dmvlopml by st n~r il~g
tvirll rhv Sliltt’ ilr whirh :111itl U’111)1 {lr[)i~ ill V[dtnge (m’lwrcd, illl(l then incrtwsing
flw flrivillq I

.,
..ta( ia~)ilri[’iilly llllti~ tlm vl)]t;lg~ :lhrllptly Junllwfl to the ll(~ft’er-l>lllnllt.c’

r,.gilll~. . . - in rllis I)tnwum of rll(’ 1-1- [vlrvt’. t ht~ em’rgy illljllt hy t Iw (Ic (Irivillg
mnrrlws rll(’ rinl{’-iivvrngrtl tli.-sil~;lritm. ITIW ill’tX)W~ ml the mmw in this figllrt’

illtlirilrt’ I IN’ (Iirt.rri{ul in which rl~ I\.ils l“llilll,~(’(1 to rrilCt’ out r.ht~stl!!}s, )
Frtml Fig. 7. wv SIY that t hv syst rlu [lisldii~s a numbvr of im,t’: . r ing ft*i\rl[~~’*,

TIHI Iluwr ]w~mlin(wt [)f thesv is tllt~ ~~xiwtmic c)f t\vo dilfmcm tr:l:lsl)ort lili~l’}lil.

Ili=ms, In tlu! lli~ll-vidr;l,gt’ stq)s illullcvli;lt(’1~ Iwlow rlw lxwcr Imlnmv. (m llcCIII1l.
Illir !.llr\”l*. rlil’ fr;lll+[)( OCCIII’S t lm~llqll l.iiVlt~ [llO1l(sS { Iv]lirll ;lrf~ +r;lll[lillg \Vi\\”l’S I If

l)]lilxtt-]lll’~(’(l, lllllltillll’ill lwr WllvI’ tr;lills 1. \vll(’1’(’rlmvnt tlo\VN I)(t(. illki(i ii sr:liltlillg
\v;lVtl 1- ‘ilillo?’~::,!l(l-i11I (Ml il rllnnill~ ;l\”c’r;,,~,,[ z1’(sFig. S). 111rht’ ]illlgl~ilq{~{}f -ttlitllll.,
~lli- :.,l:l..;. ,, ‘... . . . I’..1:“;IIg(I ii tlIIr to rlll’ fiII. r rll:lr Illlriiiq it~ {w”ill;lfioil. 0[ .r, t I I.rI Is-1”- ;I

l,,,rlq!riili ~‘:, [ :,! ,’;I,.11 ill.-riillt :ll; Ir ir - .Il; ltiill lIrIItih’ is tlitr, 011 rlllw’ sr(’11-. !lII
,. .

;Illl[lllflll:r ,,: .,\; l.. l.llql@ll 111(’ll,il+, 1;I. r II’ ,.rtq~ II II II IIM. r IIIIrrtI;I~lIS, 111rlw rl’situl II(
],,~r ~,i)lt;lut, !:l, I .I:llllli[lq }v;IvtIs ]I;lf”iIi!t,f.t,li)l)t!iI a [11112T ;Illlldirlul(’, ;IIIIl lIiI\-l’ ill
1“11’;I*(III‘l,t’ IIIIIIIIM’1 llf ;Irtiv(c lIIIMltI~!,! ,I,,!{)c.killg tlMI I,I1;IMIs[If t],!, l)r(~;lrlnlr+, “I!LI:I
.Il,-r;lillt.fl [~ Ii ]I;lil= ;III~ llll(.]lhiltl,( I. flIIIII’lJy giving tr;~llsl,f,rr 1,~ rliii /rYItI.+ IIf r.,, :,,

rillll Ilf ki[lk~. Xlltil.~’ rll;lr till’ illl]]tl-ilitlll III’ ; l(,ril~fli(. l](~lliltl;lrv rf~li(liri(llb i“
11].1I ll,w,+~ir;lr,- flIII I“r(’;lrii,ll II( iw’r. id liIIiL3 ;IIIII illlriklll~~.~ ~)11 tli{w~ sti’1~-. ‘!~t

II II I; II JIII (If Ii [i IOtllli.it]ll= I.; II II IIIr III’ .ll.~;,illt’11 ;IS rllc’ f’llrulllt i- I,JJVII1(III fllrrl:,’r

l! II* !iIL;Il Ii K i- .rillh’ ;IIIIAII I.,l ““I! III. ‘:.!I:II IMIIIIIV ‘Iii- I.rlril.;ll (Illt’illg .III :;v’I.
1:‘Im ..ill;lritl[l !I IIllllll;lrl,.m :111111,,1 ,’1;1:, :,” !!,,,1.. III ~!lI lIIW fidt;lgfl I,,gilll,’, ~l,tl, I!III
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5. Quantunl Dynamics of a Pulsed Spin Syritem

III rllis stwvi(ul wt’ illtrr](llw 541uN’rwmlt npprrwlws tt) yuanhm Iuldul[lics {)f sy~
r~’ms wirli illtm’srilig (t*mX, clmt}tir ) (Qliissit’nl lin~its. This fbld (t)ftt’il t. ‘mllllii~ll}.

rt’ftvw’11 r(: :IS “(llllllitlllll l’llnos’m I is !Iss(mihrtvl witli its own rculsi(h”rlli , Ilisrtw}’
iIIIIl Iiri’r;,’lllc’, ( )IIr illtc’llti(~li ill rlll’ IIN)(lIS! !w(]ldcw ilktr(](llwtvl Iwhw is clllit~’ Ii;ll

C r~iiq [ll~tirtlt(, tllllt: ( il I C’~)iil\wilI~irt’11, \\-t~ Wi.+11 rl~ lqlll~ll[lsizt~ ill flit’ ~vtlir~’xt (h .
i;ul’r:ll’r ltlll.~ IIHI I’IIIIIIIIY illil)~)rtlltlr ill Illlhilrlllll lIrI)l)lI*IIIs II* iIl [ Ihski(’111 {)IIIs*: I II I

[r i. ~Ivy i;lll)~ur:lllr rI) 11111-f~ tIIIIIfh Il ~11’ llii)(lt~ls ivllit’11 Iv}llrllill 1111illtt’grill)ll’ Iilliil

illIIl \Vll(”l’1’:I!’c”iilr illllm I’Ixllll illll’grill) ilir},’ I’11[1 llt’ “’tlllh’(1.”’ IIS f~)r rlnssirhl 11111111’I.:

:11111I ‘I I! i~ Ililtlll’111 to try r(l I“li;lr:l(”rlwzc’ +11~’li tlllilllrlllll Im)l)lt’llh I)!” ●t’nlillq ;IIIII

“t’I’;ll’1~ 11’” 1111’11>111’I’*, illllllil~(lll~ to 111(’ ●111’!”1”sS!’111Il])l)rollt’111% Ch’Vt’loj)l’tl fiw I’lils*il’; ll

Iilllir-. l:llrrll~”lllltlll’, t Ilis im’llltl(w ●tlhlyillq WIIVI’ flult’tioll 1111(1 ~1}’lmlllim il~ w{ Ill :1.

lIIIUII ~l:llliti(}ll;ll illv~”~lightit]lls of IVIITgy hw’1 {Iisllilllltilll]s,

( ‘ dl~i!!ltili~ Illlillltlllll dynflnllr,~, \V1’ I’illl I’N])IV’I I IIill I 11(’(’1lll!’1’t’llt●t rlwr 1111’ I d’

::”;I\II1’111,1’flIIll~ :* glI*; Ii])’ Nlfti(’tr’fl 11)’ IIllilllllllll illt~dtw’llrt’, Icw(lillq t[l rllt’ ●IIlq III’

.It,l I t d’ ,11111:11,11,,11, ~[lirilsit)l~ fl~lltIlrIIS I’11111’:lt.tl,llsrit’ !I~ (IIIIIN4 IIIItl i.1’l~lltll:lll}’ III r III,

\:llli. li:l; l.~ ,,!’ 1’, , ,::, IlgIIIIIV ~il)ili IqItl II II\” ;IIIII tlf l~t]liq’ Imll;lrllt’r,.risti(’ I’\~ ,llu”llr< [t’ \\l’

1.. !ll; ,:11, ,,l : ,“, ,,1 ~ .11’:11 I“llgllllt’,llll\\”lN’:v.Ill’\\’lllll’1lllllll’1 111(91111;Ilqlc’;ll . lull 1111’=1’11! ::1

,,’1,, , ‘;,, 11,11 111 ~~ll~~lltlllll Iillllr Ill IIilltil’lll;l l”, ““.l’lll il”lil**ll’:11 SVll~”l’lllll~mllllll ii.lf

‘~’111 1,,,1: , : ,. 1:’ -tItiIIH] ~li*rlll[’rl\l, 11, lI;If I,U . itl ii 11’,”lllrl’llr rllll(’ ItIEIIIIII IMI)III:II

,i,l. ,1,, 11’,1,1 I;III,, f,, ,1’ Wllll’11 f Ill’ I Iill..ll”lll illlll Illl;llltlllll I’1lll”l’%lllllllll’1 11’l’ 1111’; 1:, .

I!mlv,li l:, J!i,, ,;, ,,. II( 11}.111011111]11’ fi..,!II 111 IllIf . ‘III rllll I’1111.11..lhI)lIIllllql’lil,...l;l;lI ::,,,

~11111, f I :.,illlllllll\ l“\l Mllll’111 I ‘“., 1:,111 ‘ I 1s1’1”, 1’ ii, “Xl: ~ 11111 Illi’”.1” lll’ll;l\:l,l

L;, !,,, ;,, , .11 til; Ill I II I,y;llllllllhl .: ll”llli llll’illl )’,Illlhr llll”\”lllll* .tlllllll! 1,11 1]11 l!”,

11,11111,” ‘A:l\ll lllll!lllll. ll;l\l’ 1“11111”11111,1~11 I ,,11 fl,!’ 111111’ 1,’,:11,,!’ t . 1, 1“,11 ;, 1’;”!:

1,1’ :111,~ 111111~ ,11111 .t,lllll’lil,**ll’;ll lll’1l;l’ .:111. ,
,,

.1.
, 11,11,111111 I;ll\ltl ● )111 .\*fl,l[l. 1111~ II* 11,1’:;l, ,’,

I

i’ 1’.II ,iIIIf.I~l,lVIll. 1111’ ;III .11 f III tll;It I I! II; ,I :, ;C,!,,lilf! II(!li,.ll 1{111,,.11 ,1,,1,,1 ,1,111111,. !,!, :
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reflects the coexistence of classicai 1(.AII orbits and localized chaos in a trausiti(]l~id
region leadin,g to global chaos. ‘rhis large fluctuation is reminiscent of tht~ crit ic,d
fluctuations :ir wi txlllilibrium phase transition. The relatively small fl~l~tuilti(lll for
jlB = 1.(I siqllitic> rIw uniform disc rih~u ion of rneasurvs in Figs. 12( h“ ).

Using {)lm tl;lra for f(a ) with q 20, we now estimate the eifective range of
fluctuations ~1- ),,i~ ~ Ct ~ 0* J,lu= : a“ nulr and a ● rn;fl denote tile value at
which f( a ) takes the maxmmm (i.~., fractal dimension) and the value at which

f(n) takes 2/3 times its mwimum (an urbitrary choicp). For pB = 0.2 at n =
W. for example. n“ Inaz = lm!lS + 0.01. (1” ,“i~ = 1.35 + 0.01. The featurtw
in fig, 13, which have now been qlmntified. are founcl to persist throughout tht~
temporal evolution. Careful examinations indicate: ( 1) the etiective range of (i
shows distinctive temporal variations for pB = 0.2; (2) on the other hand. it rm-nitins
almost unchanged for p ~ = 1.0 (despite the absence of dissipation in the prest’nt
system ), which reflects a well-m-ganizcd crgodicity in this case.

The mixing ancl ergodic features of classical chaos have helped to establish re-
lationships with the formalism of e(luilibrium statistical mechanics. In the field of
quantum chaos, most of the literal definitions of classical chaos lose their signifi-
cance, Nonetheless, we have still fmmd here complicated behaviors in the quantum
mechanical treatment of chaotic systems. We believe that the characterization given
here will be a vehicle for more profouml ~mderstanding of these complexities. SmI~-
marizing. despite the complete nbstwct? of classical and quantum corrrspon(ltmce,
the long-t ime behavior of semicliwsical wnvefunct ions maintains the rrgmlic il~id

uonergodic featurrs lmssessed by the mldt’dying classical dynamics. The ~l~l~illl(~t?[i
fillet utit ion of tlwir local dimensions in n transitional r~gion leading to gh)bal [’ham
prrsists throughollf the time ~’v(dllti(m. Tl~is is rmniniscent of rritirtd ll~lrtlliltiolls
:lt ilIl t’flllilll~ri(ltll i ,ll;IW trnnsitioll.

6. Sulnrnary



in the presence of competing interactions [2!3]. etc. lluch development remains
necessary. however. in terms of, e.g.. incorporating collective coordinates in Rt’nor-
malization CJrt~Ilp (w Fokker-Planck descriptions, controlling estimates of center
manifold dil:wu.~ iiumli ty, describing energy t ransfer bet ween nonlinear modes. ana-
ly-zing freqlitvw~. :md phase “-pulling” of coupled nonlinear oscillator. understanding
coexisting honmclinic orbits and their connections, including effects of noise and
(lisorder in nonlinear systen~s [40], describing dynamics in competing interaction
systems, etc.

Finally, while the precision, Plegance and variety of condensed matter expm-
inwnts which probe ‘complexity “ in time and space have increased dramatically,
it should be remembered that a plethora of phenomena in mainstream metallurgy

share similar feat ures [2]. ?Ve expect that a great deal of attention will soon focus on
microscopic modeling of texturing and of nontrivial dynamics in material science.
and on the bridge to condensed matter, where we have gained some underst ancling
via simpler. controlled systems.

l;.e gratefully acknowledge close collaborate ions over the last several years with
many colleagues, including S. .+ubry. .J. Ariyasu, G. Forest, P. Lomdahl, S. \lari-
aner. .4. Mazor, D. \IcLaughlin, K, .Snkamura and E. Overman, 11.
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