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I. INTRODUCTION

Liquid crystall/? 1s a state of matter that is intermediate
between t's liquid state and the crystalline state. The
molecules of liquid crystals can be rod-like, disc-like or bowl-
like.3 In the crystal state, the molecules are arranged in a
perindic structure, and there is long range order of the
orientation ¢t the molecules. In the liquid state, there are no
translational and orientational orders, and the molaecules can move
rather freely. Liquid crystals are not as cvrdered as crystals,
but, also not as disordered as liquids. For example, in some
temperature range, the rod-like molecules of certain organic
compounds tend to align preferably along one direction, commonly
labelled by a unit vector n, the so-called director, while their
Fositions are in disorder. These anisotropic liquids are called
nematic liquid crystals. Another example is the smectic liquid
crystals with one-dimensional order. The system can be viewed as
4 set of two-aimensional liquid layer« stack on top of each other.

Liquid crystal is a highly nonlinear optical medium.4 Thia
ls because of the nresence of X alectrons which are extremely
susceptible to electromagnetic fields. 1In addition to nonlinear

rtics, liquid crystal research is important in various areas in
physics, chemistry and biology. Furthermore, there are numerous
industrial applications for liquid crystals, e.g. in liquid
-rystal displays (LCL's) and sensors. At present, the market size



for these various applications is about half killion dollars and
is growing rapidly.

In this paper, we will discuss thecretically the possible
existence of optical solitons in the isotropic liquid and in the

nematic phases. For the same compound, when heated , the nematic
phase will go through a first order transition at temperature T

tc the isotropic liquid phase. As temperature increases from
below To, the orientation order parameter, Q, decreases, drops to

zero abruptly at T; and remains zero for T > T..

II. ISOTROPIC LIQUID PHASE

In the isotropic liquid phase, the medium is isotropic. 1In
the presence of an electric field E (in the X direction, say),

dipole p is induced in the molecules. Due to the torque, pXE,
the molecules reorient and redistribute themselves. Near T,

fluctuation of the order parameter Q is very large, resulting in
large optical nonlinearity.

The induced dipole is given by p=%'E, where% is the
macroscopic susceptibility tensor. Specifically

- 1
xyy'Zzz-Z'El‘Q:

Xxx -i+%z.o. (2.1

where X is the average linear susceptibility (= (1/3) (Rux Hyy*Az2) )
and x, 18 the anisotropic part,

According to the Landau-de Gennes theory, the free energy
can be expanded as

F=Fg+ %a(T-T')Qz + %BQ3 ‘o

- 2(+35,0) 1IE@) 12, (2.2)

where T* is the supercooling temperature, a and E are constants.
Near To, Q << 1, hence Q) and higrer order terms can be dropped
from (2.2). We then have

JF -
Jo - 0 = arr-1)0 - %wz(m)l‘ , (2. )



This implies

2
o-fR LB 2, (2.4)

3 a T-T*

where n; is the nonlinear term in the refractive index defined by

n=n0+n252, n is the refractive index of an isotropic medium, and
ng is the linear term.

For thermotropic liquid crystals, e.g., M3BA, one may have
T-T* ~1K, and so ny ~ 10”2 esu. This is much larger than the case
in ordinary liqu: 's for which np ~ 10712 to 107! esu. For
iyotropic liquid .:ystal such as CgPFO/H;0, cesium perfluoro-
octaaoate in water,> one could have T-T* ~ 2x102K. And a could
be twenty times smaller than that in thermotropics (at least in
the DACLl/NH4Cl/H;0 system®). We then expect ny ~ 1076 esu (or
~10713 mks). This 1s to contrast with a much smaller n, ~ i0™22
mks in Si0,.

By the same mechanism as invoked in ordinary isotropic
medium, ] one expects optical solitons to occur in the isotropic
liquid phase of liquid crystals. Tine only difference is that in
the latter, nj; is much larger and the effect should be much
pronounced. 1In fact, as given in Ref. 7, the distance over which
the effect of nonlinearity appears, i.e. the distance for solitons
to form,

2
g% 0o A3
S T R TR (2.5)

where A 1s the wavelength, S is the cross secticnal area of the
beam, Pp and v4 are the peak power and group velocity of the wave,
respectively. For Si0j, if A=1.3 um, Pp=10 mW, Lyp ~ 14 km.
Instead, if liquid crystal is used, Ly; ~ 1 ym. That is, the use
of a very thin liquid crystal cell is sufficient to produce a
soliton from an initial wave profile.

{IT. NEMATIC PHASE - THERMAL EFF.CT

Consider a homeotropically aligned (director n perpendicular
to tte container walls) nematic liquia crystal cell of thickness
d, in the presence of an electric field R which iz perpendicular
to n. Define ¢,= Q=€ where ¢ ¢, are the parallel and
perpendicular components of the dielectric tensor. 1If t, > 0, and
E < Etn, & certain threshold vilue, the molecules wiil remain



undisturbed due to the boundary effects. For E>E,), the molecules

in the bulk will start to rotate and tend to align in parallel to
E. This 1is analogous to a second order phase transition, and is
called the Frederiks transition.l:2

Below the Frederiks transition, E < E.n, the medium is a

uniform uniaxial material. Nonlinear optical properties still
exist because of the temperature dependence of g and g (Fig. 1).

In this case, ny.de /dT > 0.°% Because of this theimal effect, we
still have n-n0+n2E2 and the nonlinear Schrddinger (NLS)
equation, resulting in optical solitons. Note that n; in this case

is much smaller than that in the isotropic liquid case discussed
in Sec. II.
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Fig. 1. Typical g and ¢ as functions of T.

IV. NEMATIC PHASE - REORIENTATION EFFECT

We now ccnsider the case of E > Eyp (i.e., above the
Frederiks transition) in the nematic phase where the dielectric
¢onstant, &4, i3 given by

£ = e byy tanyny (4.1)

where no= (np,np,n3j) = (sin8, 0, cos@). Egquivalently



€, +£,5in%e 0 % £551n20

(eiy) = 0 £ 0 . (4.2)

%tasinzo 0 £, + €5c05%0

Above the Frederiks transition, reorientation of molecules occur.
If the cell is thick enough, we can ignore the boundary effects
and assume 8to be independent of z. Specifically,

8=0, = 2\/%‘1—- 1, (4.3)

where 8y is the maximum director angle occurring at the center of

the cell, and Eyp = (®/d) (4RK/cy)1/2 .2 Here, K is an elastic
constant. For E 2 Egp, P << 1 and

sinZg=62 = E—:n_ (E~Epp) = é: (E2-E3,). (4.4)

From Maxwell equations (in cgs units),

1 3%
VXV = - , (4.5)
2 &2
where Dy = ¢;4E4. Let 2 be the direction perpendicular to the
glass plates of the homeotropic nematic cell, and assume a light
beam linearly polarized with B = (E(y,z,t),0,0), which satisfies

V-E=0 idertically. From the vector identity, VXVYE = -V(V-E)-V2g.
(4.3) becomes

2 2 1 R
[a‘y'f t 5T ?g:_Lu.sinZO)] E~ 0. (1.6)
Substituting (4.4) into (4.6), we have
2 iz.{.E Pr 32
- - 2
(-aiy-;- * 3 )A 8137 = a3 7IEI%E (4.7)
where
a) ® (3e,-2g)/c?, and  a; m 265/ (E¢hc?) . (4.8)

Followi..g Ref. 9, we set

E=A(y,z,t) eifaot-kzl 4, » o (4.9)



where A(y,z,t) is a slowly varying complex amplitude. By (4.7)
and (4.9), one gets

aA oA oA 2
(a;0?-k?)A ~ 2ik 3= + 2iwa) T ¢ a2 * 202 |A1%A = 0. (4.10)

Consider the linearized case, i.e. A = constant and the nonlinear
term is small, we have the linear dispersion relation, alwz-kz =0.

in the weakly nonlinear region, we can assume o and k still
satisfy the linear dispersion relation. Then (4.10) becomes

A oA dA \

PV aw?|A|2A + 21w 3¢ - 24k = 0 . (4.11)
In the steady state, (4.11) becomes

02A 2 oA

P i aza?(A|2A - 21kS> = 0, (4.12)

which describes self-focussing. On the other hand, if A is
independent of z, or a new "time" variable is introduced so that
after scaling, we have

35% + a,0?|A|%A + Zimalg% =0 . (4.13)

Equation (4.13) describes self-phase modulation. In both case, we
have NLS equation and hence optical solitons. For example, A and
z in (4.12) can be rescaled to give

2A 'n 12 dA
ay2+ 2.Al A-ia?-o, (4.14)

which has the soliton solution?® given by

2n exp[di (82-n?)z + 218y + i¢]
AYE) = T coshimy-yo) - emal (4-19)

where the free parameters are the amplitude 2n, the carrier phase
¢, the envelop "speed”4 and the envelop phase yj.

V. CONCLUSION

Liquid crystals are excellent materials for studying
nonlinear optical effects and solitons.l® In this paper, we show
that optical solitons can be generated easily in the isotropic



liquid phase due to the large magnitude of ns.

phase it 1s possible to generate cotical solitons either
the thermal effect below the Frederiks transition, or threugh the

reorientation effect above the Frederiks transition.
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