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The Impedance and Energy Efficiency of a Coaxial Magnetized
Plasma Source used for Spheromak Formation and Sustainment

Cris W. Barnes, T. R. Jarboe, G. J.
Los Alamos National Laboratory Los Alamos, New Mexico 87545

Electrostatic {dc) hclicity injection has pre-
viously been shown to successfully sustain the
magnetic fields of spheromaks and tokamaks.
The magnitude of the injected magnetic helic-
ity balances (within experimental error) the flux
lost by resistive decay of the toroidal equilib-
rium. The problem of optimizing thie current
drive scheme hence involves maximizing the in-
Jected helicity (the voltage-conneciing-flux prod-
uct) while minimizing the current (which multi-
plied by the voltage represents the energy input
and also possible damage to the electrodes).

The impedance (voltage-to-current ratio; and
energy efficiency of a dc helicity injection exper-
iment are studied on the CTX spheromak. Over
several years changes were made in the physi-
cal geometry of the coaxial magnetized plasma
source as well as changes in the external electri-
cal circuit. The source could be operated over
a wid« range of external charging voltage (and
hence current), applied axial flux, and source
gas flow rate. A database of resulting voltage,
helicity injection, efficiency, electron density, and
rotation has been created. These experimental
results are compared to an ideal magnetohydro-
dynamic theory of magnetic flux flow. The the-
ory is purameterized by the dimensionless Hall
parameter, the ratio of electric to mass current.
For a constant Hall parameter the theory ex-
plains why the voltage depends quadratically on
the current at constant flux. The theory also
¢xplains the approximately linear dependence of
the impedance-to-current ratio on the current-
to-flux ratio of the source, ‘The current-to-flux
ratio atsell (the energy per nnit-helicity of the
source) is bounded below by considerations of
force balance.  While the rotation of the flow
is not understood, the density of the sustained
spheromak ik shown to be related to the minas
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Figure 1: Diagram showing the geometry of the sim-
ple coaxial channel flow model. A region of azimuthal
field Bg where the axial flow occurs is bounded by re-
gions of axial field B, , with separatrices of radius a(z)
and b(z).Diagram showing the geometry of the simple
coaxial channs] flow modei. A region of azimuthal
field By where the axial flow occurs is bounded by
regions of axial field B,, with separatrices of radius
a(z) and ¥ z).

flow in the source, supporting the constant Hall
paramcter assumption. The overall efficiency of
sustainment through de helicity injection is lim-
ited by the usual ohmic resistive decay, by the
force-balance limits on the current-to-flux ratio,
by the losses of the external clectrical circuit, and
by the fundamental limitations on the achievable
impedance of flux flow in a magnetized plasma.
Even so, ratios of spheromak magnetic energy
to capacitor bank energy of over 17% have been
achieved on CTX. Ignoring externul circuit losses
the efficiency of electrostatic helicity injection for
converting energy received by the conxial source
to the energy of the spheromak magnetic field
has exceeded 70%.

Introduction The kev to high-field steady
state sustainment of spheromnks by de helicity
injection| 1] in to maximize the magnetic helicity
injection rate K 2V, while minimizing ad-
verse effects due to the current 7. (V7 is the volt



age between electrodes which are connected by a
magnetic flux ®,.) However, in the presence of a
magnetized plasma an arbitrary voltage cannot
be applied at the electrodes. The flux flowing
away from its source is Limited by the Alfvén
speed of the plasma. The result is that the volt-
age of the sourre (the rate of change of flux) is
not the charge voltage on the external capacitor
bank, but has a very strong dependence on the
current of the system[2]. The magnitudes of the
magnetic fields of spheromaks(3], reversed-field
pinches (RFPs)[4], and tokamaks[5] have bLeen
shown to be determined by the balance between
the injected magnetic helicity and resistive dis-
sipation. The energy-per-unit-helicity efficiency
of the sustainment|3] can be raised by increasing
the connecting flux, but such an increase in flux
impedes the fluid flow and lowers the electrical
impedance (voltage/current ratio).

The problem of maximizing the impedance
and efliciency is important for any scheme
for sustainment by helicity injection, including
spheromaks, RFPs, or tokamaks. Understanding
the physical constraints on the flow of flux in a
magnetized plasma, and its relation to mass flow,
is also important to understanding the physics
of “relaxation” phenomenal6]. The observed re-
lationship of mass flow to current is critical in
determining the density of the sustained sphero-
mak, which affects its transport properties|7).

Ideal MHD theory of the flow  The prob-
len: of sustainment by helicity injection can be
treated as a “steady-state” problem, where o
cal time derivativee are negligible (36t 0).
Single-fluid MHD equations with an ideal Ohm's
Law are used to explain the observations. The
basic equations include conservation of mass and
flux, Ohm’s Law, and ieree balance.[8)

The adead Ohm's Law may be violated due to
the presence of a Hall current. The importam
parnmeter is[2, 9]

!
- v [
I em/ A (1)

where 1, is the flow rate of a material with
atomic mass M expressed in units of the current.
The Hall parameter = is also called the “replace-
ment factor” since it tells us how many times
the electrons that neutralize the space charge of
the ions that traverse the accelerator channel arc
replaced.[2] If = = 0 then the electrons and ions
move identically together, and there is no current
flow at all. As = increases the current carried by
the electrons exceeds that carried by the mas-
sive ions, resulting in a net current. In the limit
where the ions are stationary and the electrons
carry all the current the Hall parameter becomes
infinite. If = « 1 then the Hall terms can be
ignored. In the CTX case, = ranges between
about 0.03 and 0.16.

We consider the flow in a geometry such as
Figure 1. The magnetizing axial flux, created
by a solenoid inside the inner electrode, emerges
from the frunt region of the inner electrcde and
returns through the outer electrode of the Mar-
shall gun. Above the lower current sheet |at
a(z)] there will be plasma fiow, electric field, and
radial current density. Below a(z) the axial flux
(with no flow along it or azimuthal flux in it) will
be compressed until radial force balance is satis-
fird. Only some fraction of the axial flux may be
trapped in the axial flow region, and above the
upper current sheet [at b(2)] is another region
of axial flux (of the opposite sign) that is com-
pressed against the entrance region wall.  The
axial flow chaunel expands radially agninst both
regions of axial flux until radial foree balance is
achieved. Our simple model assumes there is no
axind flux embedded in the region of axial flow,
This approximation is essentially that the effect
of the rotational force K, B, is small compared
to the axial force K, M.

The force balunce along the flow (Bernoulli's
equation) determines an energy constant of the
motion.  Differentinting along the flow leads to
the Huginoit equation which determines the ne
celerntion. The receleration earc only take place
when the geometry of the channel changes, or
at a choke point where the velocity equals the
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Figure 2. Gun parameter A versus ) r, for several
different conditions.

Alfvén speed. Since the flow accelerates through-
out the nozzle, the axial velocity is thus deter-
mined at the throat. The geometric shape of the
nozzle is determuned from radial force balance
between the axial and azimuthal magnetic ficlds.
This analysis leads to the following expression for
the gun voltage

2
(‘“() 2 = o
[} 4"2A’ lﬂ “’('T) (")
where z AgTe, Ag  poly /%y, and F(r) de-

pends on Ay /Ay, (8] If there is too much axial
flux in the gun, the tension in the axial field can
exceed the pressmie in the toroidal field and the
toroidal flux will not be able to emerge from the
gun.

The three powers of current in the volt age seal-
g Fq. (2) can be understood as follows: One
power s due (o the gource current determining
direetly the toradal flux mngnitude for fixed A,
One power comes from the proportional increase

in the Alfvén speed with the increase in mag-
netic field. The final power of current comes
from the necessity of constant mass flow through
the source due to the continuity equatior:. This
results in a rarefaction of the density as the ve-
locity of the flow increases since the velocity goes
through the Alfvén speed at the nozzle. Thus
at constant mass input the density drops as the
velocity increases, further increasing the voliage
and adding the final power of current to the volt-
age. The actual experiment only shows 2 powers
of current in the voltage scaling. This is because
the amount of mass flow in the experiment gen-
erally increases proportionately with the current
(the Hall parameter is a constant ), and thus one
power of the current is canceled by the increase
in density.

Experimental resulis The gun parameter

V, 4x? M MY,
- oM e x10e 2l e
I eus My ig

can be plotted versus A, and compared to
SF(Agr.) from Eq. (2) (Fig. 2). The comparison
with theorv is a two parameter fit: first the value
of A, A, where the voltage limits to zero
1s found, and then second the Hall parameter
= is adjusted to match the magnitude of the
impedance /current ratio of the gun parmmeter
A. The scaling of voltage with the square of the
gun current has removed a large variation in the
data, and the throry also predicts the approx-
imate lincar increase of \',,/l: with increasing
1,/%,. When these large variations are removed,
the simplified theory does not have the remaining
curvature of the experimental data quite right,

and the theory vends to underestimate A at small
A, and overestimate A at large Ay,

Using the two parameters Ay, and = deter
mined from the data combined with the value
of the external circuit impedince, the voltage
and current can be uniguely determined given
the charging, voltuge on the main bank and the
applicd magnetizing lux. Figures 3(a) and (b)
show plots of the abserved current and voltage
versus flux, with the predicted values from the
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Figure 3: Gun current and voltage versus gun flux,
compared to the analytic theory with the two ad-
justable parameters A, and Z. Each symbol rep-
resents a given geometry and circuit type, with the
main bank voltage heid constant. (a) Gun current.
(b) Gun voltage,

gun law fit through the deta. When plotted
this way one can clearly see the huge diflerences
1m the observed voltages and currents at similar
connecting flux but for different main bank volt-
ages and circuit types.

(Curves may be calculated of the current, volt
agr, impedance, helicity injection rate, and efti-
cieney versus &, for different main bank voltages
for a given circuit. igure 4 illustrates such a sel
of calculations. The efficiency n and the helicity
injection rate both have maxima versus magne-
tizing flux, but not at exactly the same value,
The maxitna occurs beeause at low fiux very it
tle helicity is ingected by the low connecting flux,
and at high flux very little helicity is ingected by
the low voltage

The magnitude of the density in the sphero-
mak during sustainment depends on the gun cur-
rent. Figure 5 shows how the spheromak den-
sity remains approaimately proportional Lo the
gun current, despite a significant increase in the
magnitude of the “confining” magnetic fields of
the spheromak(?]. Usually the amount of gas
generated in the source is undetermined and m:
is a fre~ parameter of the operation. In one case
[Mode 1984b(5)] a “slow” gas valve was installed
on the source which continually fed 10? torr-
liter sec™! of gas for many milliseconds. Fig-
ure 6(a) illustrates the changing proportional-
ity of the spheromak density-to-current ratio as
more gas was added to the source. Fig. 6(b)
shows how normalizing the gun parameter A by
the n. /I, proportional-estimate of m reasonably
brings the voltage data together, that is, the
drop in voltage as the gas is added is in theo-
retical agreement with the increase in m.

Discussion and conclusions In the CTX
helicity injection experiment we operated with
a wide range of electrode dimensions, external
electrical circuits, charging voltages and magne-
tizing fluxes. The resulting source voltages and
helicity injection rates can now be understood
for cur coaxial source by a simple MHD theory.
Previous work on coaxial accelerators had pre
dicted and found that the voltage depended on
the square of the current, assuming the the rado
of electrical-to-mass current (the Hall parame-
ter Z) remained constant. We have confirmed
this result, and further observed the proportional
dependence of the spheromak density on source
current as expected for constimt =, The mea
surcments of the density and gas flow rates are
within factors of 2 or 3 from expectations based
on the fitted value of =, We also learned that
the geometry of the ingection should he designed
1o reduce the value of Xy to as close to the value
of the equilibrium to be driven as possible,
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tract Noo W7405 ENG-36. One of us (CWH)
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Figure 4: Gun performance versus axial flux, using
the analytic theory fit to the data. Using the theory
shown in (a) with Rege - 16 M2, Ay, 15.4m ! and
= - 0.05, the (b) current, (c) voltage, (d) efliciency 1,
(e) impedance, and (f) helicity injection rate are all
plotted versus gun flux for main bunk charge voltages
from 3 to 10 kV. The curves at 7 kV are dashed,
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Figure 5: Spheromak volume-average density de-

pendence on source parameters. (a) Density ver-
sus source current for two different operating modes.
(b) Density divided by current versus A,, showing
the near constancy of the spheromak density on
the source current except near the helicity injection
threshold when the density drops.
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Figure 6: Effect of external changes to gas flow rate.
(a) Density divided by current for Mode 1984b(5),
versus the amount of pressure in the slow gas valve (in
PSIG). The finite y-intercept defines the amount of m
for the usual uncontroiled case. (b) Gun Parameter
A normalized by the current-to-density ratio versus
Agre for the different discharges with the slow valve.
'l‘!‘u‘ symbols are the same as (a), with added data
from this same mode but with no slow valve and a
constant value of n. /1, 10 x 10"*m *A ! assumed

also shown (Q).



