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error in a chord estimator
dimension.: the “rule of five”
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Turab Lookman
Dqmrl nwnt oj A pplird Mratlwnatics,

[lniwr,u;hy of 11’cstwn On/ario, Laidon, (Mario N6A 51?7, CANADA

(Rrvisml SqJtmllm 1, 1!)!)2)

ABSTRACT

‘1’1)0statistical prm-isiotl of a rhord nwtlmd for cstitnating ditnmwion frcml

a correlation int{’gral is dcrivml. ‘1’lw optilnal chord Imgth is dctmminml, and

a comparism is madr to otlm esllilnalf’ ‘1’110sin]plr chord ustinmtlor iH only
25% lrss prwisr t.l]a]l tlm optimal mtillh] t,r which usm the full rcsolutim and

full rangr of tlw corrolatim illtrgralm I’lw nnalytir calm Iittims twc Imml on the

hypotlmis that all pairwisc distallcrs IMIWX*IItllr points ii] tlw clnlmldirrg space
arc statistically ill(l(’l](’litl{’lit,m‘1’11{’a(lmlllary of tl]is ill)l)roxilllatioll” is asscwwd
n[lllwrically, illl(l a sllrprisilqq roslllt is olw.mvml ill which (Iinwnsim] vstittmtorw
r;tll Ilr ir])ol]lnlollsly ]jro~’is~’for s(:ts with r(’ilSollill)ly ullifortll (Imllfracla]) (listri -
I)lltiutls,

Rllllllil]g titlw a clmrd (’stitl liltor of (X)rr(’lillioll di[lwiwion
Krywords: corrclittim (Iillmlsi[m, Sliltisti(’al mr[]r
I’A(’S: ()?.(i().+y, ().$.45.+1)

1. Introduction

I’ht illlillillg I 11(’ f~il(’l ill (Iiillt’llsit)li t)f il S1l’illlgl’ ill t~ltf’lol” fl’f)lll il fiilitt’ Satlll)l(’ {)f lmints is
il ])rt)l}ltvll Illitl ]lil S illl Imd(”l. (’fl (’oil Sl{l(’l’ill)l(” Ill It’I’( ’St ()\ ’,’l’ 111(’ lit Sl, (1( ’(’/1(1(’, I)ilrti(’lllilrly itl 1,11(’

(’(Jill.t’sl. of Iilll(’ s{’ri(’s illl;ll!’Si S. ‘ Ill Sol’ill” ilS (Iilllt’llsit)ll t“;lll 1)(’ ill”(”llrilt(’ly (’{)11)1)111,(’(1,it j)rovi(h

ii v(vy Ils(’1’111111(’il. Slll”(’ (It’ I 11(’ Iltl(l(’rljfitlg collll~l(”sil}” t)l’III($(l~llil.llli(’S I)ty (.olllltillg tllf ’ tlllltll)(’r

(,( “il(”l iw” (1( ’gl’f’(% 01” [1’I’(’(10111.

,4 Slilll(lilr(l ill)l)l’oil(”ll (01” (%1 illlillillg 111(’ (Illlwl)sit)l) illvolvfw li~st r(’(.ot]sll’~1(’t,illg 1,])(’ l)llilSt’

Sl)il(’(’ 1)~ (’llll)(vl(lillg 11)1’ (Iill il ill il llj~ll(’1’ (Iilll(’l lsi(lllill S1);1.{”(’; Illis glvlf’ral]y illvolvt~f: tlw IIW

of I illl(’ (1( ’li\J’ (“()( ll”tlillill(% [I)ill’kill’(l f/ (/i,, 1!)s[1] ():’ Illtlir lill(’il~ (’ollll) illilliolls” [lll’()()lllll( ’;1(1

—. .—

I S,w. ‘]},lIg [1!)!) 01, ( iri~ssllc,rgt.r 1,/ 11/, [l!l!) 1], IIIItl ( ‘lwll{~~li rl d/, [l!~!K2] r(w rlqwtll rf’vi~w~ Id’ I.illw wriw itl

Kwlthrul, 111111‘I”lltlilt,r I I!l!HIII] I(w :) r,’vif’w IJ ,Iitllt’tltiitltl l’slitll;llitltl it) I):lrl iclllhr



and King, 19S7]. ‘1’he issues involved in making a good embedding arc beyond the scope of
this brief article; see Saucr cl al. [1991], Casdagli el al. [l!)92b], and Gibson et al. [1992a]
for recent expositions. For our purposes, it will bc iussumcd that we have a sample of N

independent data poitits in an r-n dimensional phase space: {xl, . . . . r~} G R“’.
One can rirfine a pointmise mass function I?(x; N, r) which counts the fraction of points

(not including the rcfcrencc point x) that are wit ilin a distance r-of the point x. The scaling of
B(x; N, r) with r for large N and small r defines a pointwise dimension: B(r; fV, r) - W).

Averaging the pointwise m,ass function over all the poi~ts z leads to the correlation
integral of Gra9slwrger and Proracria [1983] and ‘1’akens [1983]. IIere C(f’V, r) = ( f3(x; N, r))=
is ~he fraction of distances smaller than r bctwwm all pairs of points in an n point sample.~
If, in the limit of large N and small r, the correlation integral scales aY r“, then the expmmnt
u defines th~ corrclaticm dimension. IJornlally,

v = Iilll IiIll
log C(fV, r)

r-() IV+CQ log r
(,1)

Ill practice, v is usually Millmttxl i-w tl]c slopr in a log-log plot of C’(N, r) versus r,

rrstrirtcd to SOIIWrang(’ of r ovt’r which “good scaling” is olmwwml. Wllilc there is still a fair
hit of art to choosing this scaliug rallgr, tlw actual fit of tlw skqw is fairly straightforward.

[t is tllc fitting of Lllis slopr that will I)(*il(l(ll’(’ss(’(1 herv.
om= vu-y cot]lllmn apl)roticll is to rstill~atr tlw Hlqw I)y taking a Icast squares fit through

the points along sfdiw SrgIIItIIItS on ttw ( !( N, r ) cllrvr. This is a rc4wonal)lr approach, as long
as it i~ dmw projwrly [Ihwkm slid Kollvr, I!)S6; Cutlm, 1!)!)1], hut thu nwthod is oflon almscd.
SOIIWauthors arr Id to Iwlirvr tiliit it is ol)tiilml hrcamw lmst squarm wwl enlploycd. Even
nmrc dangvrous is ii tvll(lvncy to fissociafr tlw standard error of tlw Illlwvightcd lmwt-sqmwcs
lit with tlw %rrur bar” oil tfw diilwllsioll itlsr]f; [111(*two illl’ llttvrly dilfwrtlt.

1.1 Takens Estimntor

‘1’tik(’IIS[l!lt+~)]1)1’01)OS(’(1”il “l)(wtl” (Wtilllittor for v (Iir(’ctl,v f’rotll tlI(* S(41of Imirbvis(’ (Iistnn(xw.

(Sil]ilh [l!)!)2il] lmilllml ollt tlliit tlw smllt’ mtillmllor WilN ,Irrivml l,lllcll varlitv ill anotlwr
cwltrxt, lM4)r(s I)(”iilg “rc’[lis(’()\’(’l.i’(1”1~~‘1’ak(-lls, t,lIOIIglI ‘1’i~k(~l)~ wits tlII* first to it])])ly it

to t II(*I)rol]l(vl, of (-stii]lilt il]g I Ilr (litlwllsi(~ll of” it (.lliu)ti(. att,ra(’tor.) ‘1’11(1‘1’ilk(~tl~(wt, illlator
rmlllir(w 111(’(’!il)i(”(’ of” it sillglf’ fr(’(’ I)il. rillll(’t(’r, //,,, tll(’ Ill)l)cr (’~ltofr (listi~l~(’(’, All lmirwis(~
(li Sliilll’(9S lill’~!’r t Ililll /f,, ill”(’ (liS(’ill’(l(l(l,illl(l illl (li!41illl(”(% 1’ wlii{’11ill’(’ 1(’SS I,llilll //,, arv ill’(’l’il,g(h(l

ilc(x)r(lillg to



and the correlation integral is strictly proportional to r-”. 3 St-wCawlcy an~l I.icht [1986] for
some numcrica] cxpcrimcnts with this cstirnator.

An quivahmt form of thr Takcns mtimator, in tmms of the correlation ilitcgral, is given
hy

C(Ro)
;=

JJtOIC(r)/r] ffr
(3)

1.2 Chord Estimator

Arguably the oasicst way to mtimatr a slope of tlm correlation integral to choose two points
on the curve, at say /?O and I?l, and n~eiwurc thr slope of tlm chord tlliit is drawn through
those two points. ‘1’lIat is,

log (“(N, R,,) – log (~(N, 1/, )
;=

log //” – log If,
(4)

‘1’his may srclll t(’rril)ly indficient, Iwcausc so milch ill[orlllatiou is thrown away, but for a
well chosml r.hor(!, Ilw statistical mror is only lx’ 2fi(XIworse tlwui for tlw optimal ‘1’akcns
estimator, whirl) usw all III(’ in foriuation in tlw (“~(/V,7“) functicm.

111choosing III(*ol)tilmd clmrfl. two t4fccts arc trmlcd ~)fragail)st cac.h other. First., the
“length” of tlw chord S1-ould ho M Iargr as possildr , so that the skqw is Icss smlsitiv~~ to

small fluctuations ill tlw rndpoitlts. Smwnd, tlw clmrd AOIII(I Imt 1)(! so kNIg M to reach too

far into tlw Slllilll (Iislfillcm, whm-r 111(*flllctuatiolls of the m](llmint is particularly large. III
what fol]ows, tll(’ opt. inud clloicr of chor(l will IN (Imiw’d; tlw rlll(’ for o[)tilllal clmiw can 1)(s
(Ixl)rmwd ill(l(’1)(’11(1(’llllyof // iIII(l of tlw ul)]h’r ruldf //(,.

IIwauw E(I. (,1) l)r(wi(l(w ii sillll}l(’ illl(l (’xl)li(.it (~xl)r(~ssioll for (wtil~lat(wl (Iillmlsi(m, a
Il:ltlllwr t)f allllmrs IIav(’ IIS(YIit for IIIUM*g(’llt’ral (“;ll(”llltitlioll::which atlt(’llipt to (wtilllatt’
tll(’ nllinlm of (Iiltil Imints r(yllipd to ;Id)iw(’ goo(l (Iillwl)sioll cdcu]atioi)s [Nmwllwrg ili)d

Essrx, 1!)!)[);]tssrx itml Nrrrnl)~*rg, 1!)!12;Nliijski +it](l I,ooklllall, 19!)2],

2. 13erivntion of Statistical Error ~nd Optillml Chord

S111)1)OS(” 111(’ (“(11’1’(’lill iol] illlt’gr;ll is (’VHlllilt(’(1 ill tl\V() (liStilll(”(’S, /1,, illl(l Ill < /(,,. 1)(’fiii(*

‘1? =: 11,,/li: ‘> 1. I,(’t .l~, illl(l .V1 1)(’ 111(’ 11111111)( ’1’ of (lislililrt*s ltw~ 111;111/(,, illlll 1{1 r(wlwctiv(ly,

l“illilll~ (1~’lil](’ /1,, - .V:, -- ;trl, ‘[’11(’ (’11( 11’(! (’S1 illlill(’ of (liill(’llSh)ll is ~i~(’1] 1)~~

(!$)

NOW, API illl!l .\~, ;11’/’ 1101 *I ill isl i(”illl~ ill(l(~l)i’il[l(’ilt, IJIII ~’, illl(l 1/,, Af, --N, /11{’, l“lirttlrr,

sill(”(” [lit. r;lll(l(jlll Vill’iill)l(’s .471 ill)(l 1/,, llil\’(’ ii I)oissoll” flisll’il)llt,ioll, W{’ (’;111 writ, (’ tll(’ v;lriiltl(’(w

.—— —

“’1’lllh d rl(’1 llrllllllrllllllllli~~ ~hil r:lll 11(’l”llll P+f’ (If ll~lk’ ill fill. (Illllt, !lllllll(lllr~ (’1rl’1’lk, or “1ll(’lllll Lril,Y, ” ‘l’ks

l:kl II( Iluw’ lIim I,,,,*II ll~wril)lwl 11~II Illllld),,r ~lrnllllll)r~; n rwotl[ 1111(1{.,)lllllrltllflll~ivt, I rwllllh’tlt of IllII. irwlw
ILU it III II IIIIIH 1{1 {I II IIIIIIAIIIII ~’slllll:ilit)ll i~ I)r(wi(lwl I)y Slllilll [I! I! Y21’],



Var(fll ) = Afl and Var(*lO) = no. Then, wc can compIIte

()au 2 ()
2

Var(v) = — Var(Nl ) + * Var(710).
W-l

In particular,

(9V 1

[

1 1

m = “-~ N’, + no N, 1
au 1 1.—

%= [1log 72 N, + 71.. -

‘1’bus, wc can writ(’

Var(v) =
I

([

1

(log n.)~ NI + 7t,,
-+]2N, + [N,:,,,,,] 2,~o).

(-) =
(’(N, //,, )

= No/N, = (lto/li, )“.
(:(N, Ifl )

(6)

(7)

(8)

(!))

(1(-))

‘1’11(”11,Ilw N, = NJ(-) all(l 1/,, = ,~,((~ – 1)/{-), w w(*IIus v iog %! = log G) to rvwritc I;(1. (!1).

[1(-) - I
var(l))//J = J- — .

N,, (log (-))~
(11)



3. Comparison to Otl~er Estin~ators

The Talwns method uses all distances less than [f., where- the chord method ums C(Af, r) at
only two values of r. Qualitatively speaking, thmc arc two diflcrcnt sources of the increased
i.mprecison in the chord method. One results from ignoring distances below the Iowcr cutoff
RI, anti the other results from ignoring distances bctwccn f?l and RD. It is possible to
assess the relative contributions of these two effects by considerii]g two other mtimators,
The first was suggested by Elltmr [198S] (see also CNofscn et al. [1992] for an extension to
multiple emheddlilg dimensions) who derived tile maximum likelihood estimator that uses
all distancw IAwrrn I?l and h!.. Ilcre,

wlmrc the avmagr is ovm all JV(,– ,IUl distanm bdwmm 111 and R,,. Notr that as RI + O,

A’I/~0 + O iiIId tlw origiriti! ‘1’akrm mtilllator is rctricvcd. III tmns of the correlation
inllrgral, this (’SLilllilll)l’ ~~11 1)(’ writtml

q /to) – C( R, )
;= ——- ,

ff[f:(7.)/r] dr
(14)

I}lhmr [1!18S] Ilas sllowll tllliit the varimlcr of this ostillmtor is given hy

1/[1 - (/?,///,,)”]
Vhr(v)/v2 = - ~ (15)

I (-.0

[1= m (-)-l
(16)

h~[( ‘( /(,,) + (“(/(1) ‘1 ‘ m‘ + (’( /{,;)] -. Iug[(’( n, ) 1- ‘ “ “ -} (:( l’i~+, )]
~,. . .——

Iog’/z
(17)

5



For large fi, it can be shown that

Var(v)/# = [1(e-l)’ 1

O(log e)’ m
(18)

In the limit @ + 1, this approaches Var(v)/v2 = 1/~0, which is the same aa the Takens
estimator. In fact, in thr O ~ 1 limit, the A’ -+ oo version of Eq. (17) is exactly equivalent
to the Takcns mtimator. (!F El ~ 1 and A’ + m in such a way that A’ lcg @ is fixed, then
Ellner’s estimator is approaclmd. )

We should remark that the estimator in Eq. ( 17) is not Smith’s only estimator. IIe has
also introduced modifications to account for noisp [Smith, 19921J] and lacunarity [stnith,

1992 C].

4. The Independent Distance Hypothesis

All of the mtirnators described so far were dvrivcd to IN optimal under the assumption that
all distances less than l?O are ill(lf’l)(~l~tlc~llt.Altii(.)ugll this is basically valid for pointwise
dimension estimators, it is not trur for !Ille corrclaticm dimension. One possibility is to ran-
domly choosr N/2 pairs IIsing all N data points; as Imlg as tlw data points arc independent,
so will tlw pi4irs Ix’, Ttlis Illay lx l)hilosopllically correct (1)(2), hut it is very inefficient
Iwcausr it, igllorrs ilms!. of t I](*short distances. 4 If tlwrc arc N illdclxmdcmt data points, each
with rn ill[l(’l)(’ll~l[’llt,tm.mli]lat,rs, one nlight expect that the O(nz N) shortest distances are

‘nvarl}” ill(l’.l~(’ll(l(’l]t; t hougl] tllq uIIdoul)tMlly will not lx strictly indepcnrlmt since they

will IJC ccmslrailml, for illstamw, I)y various triallglr incqualiti~~.~ Snlitll [1992tl] provics

both an inforllml [Slllitll, 1!)!)21)] and a ilmrr forilml [S]llitll, I 9!LZc] argument for the ncar-
ill(lf’prilfl(’11(’(’ of tlw slmbst distamw.

111Fig, 2, wt’ I)lol .+h-rtistical mror in a clmrd mtilllator of dillwnsion for dnta Ilnifortnly
distrihutml 011 !11(’ Iillit s(’glll(’tlt. I’or slilall l{,,, w(* fil]cl that thiq error agrws with the
prmlictioll or I;(I, ( I I ), \Vlii(”ll itswIIII(*s t.lliit (Iistitnc(w im iil(l(.1)(’ii(l(~iit, For Iiwg(’r l?,,, howevm,

wc fill(l !,1);1[. tlw stilt jsti(”il] vrr(,r is Ii+rgw tlKIII prwlictd hy I’:(I, ( 11 ), at hwd for w~]alkr (-),

( I i}r I;lrg(’r (-), III(* ,’rror is flt~l)lillilht[l I)y stlirtislliral rrror of ~.’( /V, l{,), wlwrc’ It, i~ r4111all,so

(Iistiillrt’s Ivss IIIIHII /{1 iirc twirrly iil(ll’l)t”llfl(’l]l; !.1111sl’hlm ( I I ) prmlicts mror at Iarg(’ @ wdl

(’VIv I W’11(”11//,, is lilr~(’, ) 1%’11~’11//,, is larg[~ f’llollgll that. !,11!1ill(lqmlflmt tlist,hncrs Ilypot.hvsis

It%l(ls I,(J d I)()(Jr ill}l)l’(JXilllil tioll, [.[11’ ol)tilllil] (-) t)(W)lll(”S lill”#’1’ t])illl fiV(’,

(i



4.1 Anomalous Precision in Dimension Estimation

It was shown in [Tl~eiler, 19901)] that except for very special cases, the precision with which
the correlation integral C(N1 r) is estinla.teci scales as I/@ for sufficiently large N. It is
natural to assume that dimension estimates based on the correlation integral should similarly
scale. But some recent numerical observations ~uggcsts that the estimated dimension for
some attractors may have a precision which scales as 1/N, even though the correlation
integral itself is (true to theory) scaling as 1/W.

The effect is illustrated in Fig. 3. Two different data sets were grmeratcd, both randomly,
but according to different, distributions. In Fig. 3(ab), the statistical error for the correlation
integral and the chord dimension are both Simwnas a functio]: of N for data produced by
a unit-variance gaussian randon) uumber generator. The correlation integral is evaJuated
at R. = 0.1, and the chord dilnension is estilllated with G = .5. Although the error in the
correlation integral scales as 1/ JN, the err-or in the c]lord dirnemion appears to scale as
I/N.

‘1’hat this is nol a genera] ljropcrty is shown ill Fig. 3(cd). Ilere (iata was generated using
an iterated function systen] [Barnslcy and Demko, 1985]: ~n+l = ( 1/4) T,, with probability

1/2; and .r,,+l = (3/1 ).rn + ( 1/4) with IJrobahility 1/2. Finally, we take ouly every tenth point

(z,, 21,, cIc. ), so that the poiuts arc Mw-tiwdy independent. ‘1’he cfata fills the unit segment

[0,1], but witf] a l]igh]y *ml)unifor*,] {;al]tc,r-stt-lik(’ n](asure.6 ‘1’hc correlation dimension
satisfies 4“ + (4/3)” = 4, for which u = ().733644 is an approximate solution. Again the
correlation) integral all(i chord dil~wnsion is estin~ated at 1?0 = 0.1 and R1 = RO/9, so that
(RJR,)” % 5, lWlat4 wc SC(’il; this case is that estimators for both the correlation integral
an(i tlw corrclat,ioll dilllt’llsioll I)ave errors that scale like 1/m,

This a[mlllalous]y pr(’cis(* (’stilllatc of dillwnsioll for sets with sllltmth iiltcgf~r-dilll(+l~siotlal
rncasures l]lay accollllt for i,llv ol)srrvirtioil ill [’I’llcilcr r~ al., 19!)2 (lJig, 2a)] that the signif-
irallrr of a (Iilll(’l}sioll-l);is(’(1 tj(wt for lwlliinf’aritf,y ill a Iow’-(lilll(’lisiotlal” tillw sf’rics of length
N scalw Ii[l(*arty \vitll A’, Ill that case, t]w gil’cll tillw series is co]]~piuxd surrogate data
s[’(s Wlli(’11arc Iillt’ar corrvlatr’(1 Iloi:st’ (sllrrogat)r’ (Iatfa) wit]l t,llt’ sarllc ;~l.lt,ocoi.r(;latjioll as tile

(Jri,gilli]l (lilt~l. ‘1’l]vsigtlificallcr is tlcfiliwl by tlw difrm(vlcf~ Iwtvvccl] thr intimated Jimrnsiol]
for tllr reiil ar)(l ttl(’ Slll”l’ogiit(” (Idii, (Iivi(l(’(1 I)y tl]c stail(lar(l {Irviaflioll of the the dinlmlsiorl
(Wl,ill]at{$sfor 1,11{*lll;lll~ sllrrogfit,c (l~lt. a Sot S, Sitl(x~ as we Ilavc svvrl, this stlan~lard (Irviatfiol]
Sral(w ;1.s l/,N’, t,liis (’Xl) lilill S }Yliy tll(’ :;i~;iiili(’:tll(’(’ illcr(’asw+ so r;li)i(liy for N.

011(* (still llliitlv(!stig;lt(~(l) itt]i)!i(atioll of this illlollliilollS” Willillg rt’lat(’s to (tic jwi)lllar

:111(1 ill(’I’f ’ilsillgl~ (’ollt{’llt ions Stl](li(w of (I;lt,ir r<’!lllit(~ttl(’t]t,s, Att(vlli)ts to vstilrlat(’ how II)IICI1
(Iat,a OIIC II(YI(IS !() (ol]il)litr” (liitl(”llsi(~tl h~ a i~l’(’si)(’(ili(’(1:I((IIra(’~ ar(I oft(’11 l)as(I(l 011 (i\latlti -

fyitlg t 11(’tril(l(’olf 1)(’IW’(’(’11Stilt i?li(’ill (’1’rcjrilll(l I)ollll(lilr’j ~}(r(l(ts.‘1’llis ol~viollsly (l(*imIds ()]I
t}l(’ Ililt,lll’(’of tll(’ 1111(1(’rlyillgilttl’il(’tol’, I)llt if SIllootll” Ilollft’il(’ti{l S(’tS ill”(’ 11S(’(1 M “tyi)i(.al”



exarnplcs, onc may find that the statistical error is much smaller than actually occur-s in the
truly typical cases, and one Inay therefore underestimate the amount of data that is really
requ ired,

5. Reprise

Assuming the independent distances hypothesis, that all distances are known to full accuracy,
and that the correlation integral scales as a strict power law, then the most precise estimator
of the exponent of that power law ig given by Takens [19S5]. By throwing away information in
the C( N, r-) curve at distances less than a lower cutoff Ill (as one might do if these distance~
are contaminated by noise), the best estimator is given by I;llner [1988]. F’or very small
RI (large 8), not lnuch infornlation is lost by ignoring these sInall distances, but for large
R - }{., the effectof a small lever-arrl~ is evident, and the estimator has a large statistical1-

error.

lf on tlie other Ilarld one only knows the correlation integral C(N, T) at discrete values
of 7- that are m!llally spaced on a Iogaritllnlic scale, then tile rstimator of Srni Lh [19Wb] is
best. in tile A’ + cc Iinlitl it keeps illforvnation that El]ner’s estimator discards, namely the
behavior of (“’(N, r) in tllc sn]idl r Iirllit. It also discards information that Ellncr’s estimator

uses in the Imllavior of (‘(N, r) for dista.nccs l)~tw~(’il RI and R,,. This cstirnator works best
when R1 x R,, (srlmll 6)), I]eca,use less irlforlllation is lost.

Th(~ chor({ est irllator is less prccisr than either Snlit h’s or flllner’s estimator, because it
cotlsiders only t;vo points, and ignores mv’rything else. IIowevm, when those two points are

chosvn so that tl]e rat, io of their correlation] integrals is about five, thcm a very rapid estimate
of dirlwllsioll is ol~taillwl wllicll is only 25% less precise than the optimal Takms estimate
that uses tl]c full r(w)llltion aIld f[lll rar]gc of the correlation il]tegra].

on tllc otllrr !IaII(l, OIIC{Iocs not, expect the il)d(~pe~ldei)t distances hypothesis to be valid;
it is irllpossil)lc to got ()( N2) illdclmldellt drgrx’cs of frecdoI~l fron] N puints. Nurlwrical ex-
perirlwllts i]l([iC:tt{’tllitt, ‘.Ilis llyl)ot,ll(*sis is reasonable if only th(’ smalkst 0(N) distances are

IIsd. nut for (’ert iti]] Im]lfritctal attrddors, we lIavc ol)scrved that the l~rccision of a dimerl -

sioll (’still ]atr)r scith Is as I /N \vit 1; t 1](’Il:ltlllwr of (Iitta ])oilits, (M ijt, t)c ill~lcperl(l(~[lt distances

Ilylmtllrsis w(vtI al)l)li(al~lflc ‘1’11(’ alltll(~l’s ilr($ ])1’(%(’lltly I]llahlf’ to (’XJ)liLillthis anotnalous
Pff(,(”t,

U’(Iar(~ gii)t(’f{il t () [II(*~l(l~i{[l((’(1( ~oi]ll)llti]lg !,ill)orittory” iit tll(~ 1,OS Aliil])os Ni\t,ic)llal l,it,l)()-

rdory for (’ollil)llt (’r rf’sollr(’~’sIls(’(110 I)f>rforlll t II() ll(ltll(’~i(’ill (’Xl)(’ritll(’lltJs sllowti 11(’rt’. W())k
I)y ,1’1’~iis l)iirti;ill~ Slil)l)ort(’(1 1)~ iI ~rai]t fror]) tll(’ NJiltiotliil ltlstillltt’ of hl~’lltal 11(’idtll 1-
1{(}1-hllll?ls 1 01 ;III(I was 1)(’rf(~r[ll(’(1;]t I,(Js AI; III1OS 1111(1(*1 tll(’ allsl)i((’s of tt)(’ I)(>l)irrttllrllt

of I;ll(’l”gy,
DECLAIMER

Thl~ report was prepared us nn UCCOUIII of work stx)nw)rcd by tin tigcncy of the [Inlted SIatCR

[iovernrrrent Nellhcr the I)micd SIMtcs (iovcrnment nor tiny ogerwy thereof, nor iin) of them

cmfrloye.cs, make% uny wurrunty, express or tmpltcd, or IMsunrc~ any Icgal hIIbIhIy or rc~por!ao

tsIIIIy for the tsccuracy, complctcncss, or uscfulncw of Hny Informatmn, uppurHtu~, product, or

procew dtscloscd, or rcprcscrrls Ihu( its MC would no! mfrmgc prwutely owned rlght$ Kcfcr.

awe hcrcm 10 wry spcufic commerclul product, prowxn, (w $crvicc hy Irdc nnnre, trtdcmurk,

manufHcturcr, or otherwise dots not neocmaril) cmrstltutc or Imply ItS endurscment, recom-

mcnrhtmn, or fuvorirrg by the (Jrmcd Stdcs (iovcrnmcnt or tiny agency thcrcd ‘The views

and upmom of authm c~prcaacd herein do no[ necessarily mlc ot reflect those uf the
I I. iad Ck.,-. r:------------ -. ---- -------- .L.. -.. r
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Figure captions

Figure 1. Coefficient of relative statistical error, defined by ~hfoVar( v)/v, for four estima-

tors as a function of@ = L’(i’V,RO)/C’( V, R1 ) = (RO/R~)”. ‘~he relative statistical error itseif

is a factor of I/~ smaller than these curves. The solid line is the chord estimator, which

estimates dimension from the C(N, r‘ curve at only two values of T. The optimum chord
estimator is given at @ % 5. At this value, it is 2.5% worse than tile Takens estimator (dashed
line), and al,out 11’)%worse than the estimators of Ellnm (dotted line) and Smith (dashed
dotted line). Note that the nlinimum is quite shallow; for 1.35< @ <75 the statistical error
is still co more than ttvice the optimal Takens error.

Figure 2. Thcoretica.i (dasld line.) and numerically estimated (solid line) statistical error
for the chord estimator using data generated randomly and uniformly oiJ the unit segment.
In all cases fV = 300 points were used; the three curves correspond (from top to bottom)
to RO = 0.02,0.10,0.50. “l’he agrcelnent wit]) theory breaks down for large RO, presumably
)Iecause the approxinlation of independent distances fails.

Figure 3. Anomalous scaling of st?.tistical error as a function of the number .N of points
in the data set, Panels (a,c) are for the corrcla.tion integral itself, cvaluat,ed at RO = 0.1
for (a) unit, varial~c~’gaussian Iloise, and (h) ratl(lolll data with a higlily nouunifornl Cantor-
Iike distrihutioll. In agrc~>llwllt ~vitll tll(wry, hot h scale as 1/fi-. Panels (b,d) am for the
cstimatt~ of chord [Ii]lwllsioll usil]g It’O= 0.1 and 0 = 5. I1ere, w(’ observe the anomalous
1/A’ scaling for tlltt gallssia]l (listril~lllioll, wllilc wc see t lie exl)ected 1/ W scaling for the

(’antor (list rit~iliioll.
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