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SIMULTANEOUS DETERMINATION OF GAIN PARAMETERS IN STEADY-STATE LASERS
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The optical gain parameters of pulsed steady-state lasers. such as dye and excimer lasers,
are determined from a single set of experiments from either a laser oscillator or an amplifier.
The gain parameters determined by this technique are tk,e small-signal gain coefficient, the
saturation intensity for stimulated emission, the saturation fluence for stimulated emission,
and the non-saturable absorption coefficient. The measured saturation properties of laser
amplifiers and oscillators are used in a data fitting routine that finds all of the gain parameters
simultaneously. The values of the gain parameters are determined with greater accuracy than
by the conventional methods of measuring each of the parameters individually. The
knowledge of the values of all the gain parameters allows for the determination of
fluorescence lifetime of a gain medium.

It is important to laser researchers to measure the gain parameters of lasers very
accurately, Most methods for doing so are associated with questionable approximations. We
present an accurate method for determining the gain parameters of pulsed steady-state lasers,
such as dyc lasers and cxcimer lasers. Recent work in dye lasers 1‘3 demonstrated that accurate
values for the spectroscopic constants of laser dyes can be obtained from measurements of
optical saturation. A method was developed’ for fitting the non-linear data, to the coupled
differential equations Lnat describe the optical saturation processes, to arrive at values for the
spectroscopic constants with greater accuracy and simplicity than by conventional means. We
have cxtcndcd this method to determine all of the gain parameters of a laser gain medium from
a single set of data, The data set can bc from the mcasurcmcnt of output intensities from a laser
amplifier as a function of input laser intensities to the amplifier, or from the measurement of
output intensities from a Iascr oscillator as a function of the reflectivity of the output coupler,
The data from either cxpcrimcnt can bc fit, with our method, to the equation that dcscribcs the
measure mcnt whether the equation is analytic or differential. The gain parameters which can
bc dctcrmincd arc the small signal gain cocfficicnt, the saturation intensity for stimulated
emission, the saturation flucncc for stimulated emission, and the non-saturable absorption
cocfficlcnt. From the values of those gain parameters the fluorcsccncc Iifctimc of the gain
medium can bc calculated. The fluorcsccncc Iifctimc is difficult to measure in some lasers such
as c beam pumped KrF cxcimcr Iascrs. The method dcvclopcd for Iascr amp[ificr
mcasurcmcnts”3 was cxtcndcd rcccntly to Iascr osciHators4.

,!

RwLmuMQdd
The ~ain parameters O( a pulsed Iascr can bc dctcrmincd from: (a) the output ir,tcnsity of an

amplifier as u function of input intensity or, (b) mcasurcmcnts of output intensity from and
oscillator as a function of output coupler transmission, Tha cxpcrimcntal data is fit to the
cquution that dcscribcs the cxpcrimcnt.

WV first consider the case of pulsed slcady state amplifiers in which the temporal duration
of lhc Inpul Iascr pulse 10 lhc amplifier is km~ compared to the response time of the Main
mcdlum (Hain fluorcsccnco Iifctimc), The ampliflcati~m of an input Iascr pulse lhrou~h an
umpllflur IS dcscrihcd by,



[1)

where I is the intensity (photons/cm2 see) of the laser pulse passing through the amplifier, gO

(cm” 1) is the small-signal gain coefficient, lS,, (photons/cm2 see) is the saturation intensity

for stimulated emission, and a (cm-1) is the non-saturable absorption coefficient. The
saturation intensity for stimulated emission is defined by,

1~~= &. (21

where ae (cm2) is the cross section for stimulated emission and ~(sec) is fluorescence lifetime

of the laser gain medium. TPS performance of KrF excimer laser amplifiers is described by ( 1).

The performance of dyc laser amplifiers are described by ( 1) with a -0, since most dye lasers
exhibit no appreciable non-saturable absorption.

Next wc consider the case of pulsed steady-state amplifiers in which the temporal duration
of the input Iascr pulse to the amplifier is sf?&l compared to the response
medium. The amplification of an input laser pulse through an amplifier is

time of the gain
described bys,

(3)

where ~ is the flucncc (photon s/cm2) of the laser pulse passing through the amplifier, and ES
is Chc sa~uration flucncc for stimulated emission. The saturation flucncc for stimulated
emission is defined by,

E,s =.&. (4)

13y ,nca;uring the gain in a laser amplifier (i,c., KrF cxcimcr) with both long and short
temporal PUISCS(compared to the gain lifetime), the values of JsHl and EScan bc dctcrmincd.
ihc fluorcsccncc Iifctimc of the gain medium can bc calculated from the ratio of (2) and (4).

TIVJlight intcnsily inside the gain region of a onc dimensional CW oscillator (Fig. 1)
propagates according to the following differential equation:

dlj
* --J~ = fl(g - Or) (1)

where H is the suturutcd gain of the medium and a is the non suturablc absorption. With x as
the c(wrclln~tc for pusilmn in the osclllalor, incrcasin~ toward the outpul coupler, then f. and
1. refer to Intcnsliics propagatln~ in the posilivc and ncgutivc x dirccticm, rcspcctivcly. The
suturutud ~uin IS rclutcd to lhc smull sI~nul Main H()via

/#()
8 = I + In,,,,, (6)



where 1 is the total laser intensity and lsa~ is the saturation intensity for the gain medium.
Writing the LOtal laser intensity 1 as the sum of 1+and 1., substitution of (6) into (5) yields the

initial equation for the conventional Rigrod6 formulation,

+~=dsz-= go
I. dx 1 + IJIut + Ifiu

- a. (7)
+

It is the integral solution of this propagation equation that ultimately yields the output
intensity of Lhe laser, given by

(8)

where L is the value of x at the end of the gain region and R~k the reflectance of the output
coupler. T2 is the combined transmission of the forward inter-cavity window and the space
between this window and the output coupler (see Fig.1 ).

T. T.

Figure 1, Diagram of a laser oscillator

Using Rigrcd’s catcnary approximation for the sum of lhc forward and backward propagating
intensities in an oscillator, the outpui intensity is given by,

where h’d ,Ind R~ arc cffcclivc rcflcctlvitics (or the intensities as seen from the Iascr volume,

R,, = l;R\ and R,, = 7’jR2 (lo)

Iout

, , I,u,”l”AI - I\z)fIL(ML+W@J)
011 =

.-

(fR,,+“iR;;)(I ~~fRRk”)
(11)



The output intensities of laser amplifiers are calculated simply by numerically integrating
( 1) or (3) depending upon the temporal pulse “width. The output intensities of laser oscillators
are calculated from (9) or ( 11 ) depending upon whether there is non-saturable absorption
occurring in the laser gain medium. The gain parameters, go, ]~af, and a of the gain medium
can be determined from either amplifier experiments, that ❑ easure lout vs. Iin, or oscillator
experiments that measure lout vs. Rz.

~~2~ Tee_

The data sets collected from amplifier and oscillator experiments are described by ( 1), (3),

(9) or (1 1). The gain parameters, go, l,a~. and a can be determined from such data sets by
fitting the data airectly to the relevant equations. The technique for fitting the data directly to
the output intensity equations requires finding the values of the parameters that minimize the
difference between the measured and calculated output intensities. An initial estimate of the
values of the three parameters is used to calculate theoretical data points. The slope of the
output intensity equation with respect to each parameter, at each data point, is calculated. The
sum of the contributions from the slope and the difference between the measured and
calculated output intensities for each data point is used to adjust the values of the parameters.
The adjustments to the values of the parameters iterates through the prccedure until the
difference between the experimental data and the values calculated from the equation is
minimized. The output intensity equations can be explicit, implicit or first-order differential
equations. The proccdurc described below is an extension of the method developed by jensenl
for accurately determining the spectroscopic constants of laser dyes from optical saturation
experiments.

We consider the general case of a differential equation that is numcricallv integrated to
give output intensities commensurate with an experiment:

\

L

f = DE dx (12)

0

is the equation used to calculate the data points f;, that will bc compared with corresponding

measured values y;. If the differential squation, DE,depends on the set of parurnctcrs, a, ~, x
ctc,, then wc find values for those parameters such that the absolute diffcrcncc bctwccn the

theoretical points fj and the measured points Yj is as small as possible. Wc can usc K as a
measure of this absolute error, as defined by

(13)

As with muny [ilting routines, initial guesses must bc made for lhc parumctcrs a, ~, ctc, to
~cncratc the first set of fj’s for the theoretical curve. Then the theoretical curve is compared
to Lhc n,cusurcd values and each of the parameters is changed by an analytically dctcrmincd
amounl for the next iLcraticm. In general, the dcpcndcncc of fon the pttramctcrs need not bc

slmplc nor hncar WC cun wrltc a Taylor scrlcs that approximates [(a, ~, ~,. ) as a linear
function ul ctich dula point, ;;

(14)



.

where the higher order terms in the expansion have been dropped. Here f~l h the initial

value of fj, obtained with the initial guesses for the parameters via ( 12), and Aa, A~,and Ayare
small corrections to the values of these parameters. If we visualize the fj’s as points on a

surface in a space spanned by CX,~, and ~ then ( 14) is a way of approximating how the poinLs
move on this surface over small changes in the parameters. Equation ( 14) describes how the
value fj moves away from the initial guess f~i with the assumption that the changes are small
enough that LhC surface nearly “flat” at a tangent point to the parameter surface.

The values for fj arc final when the total error is minimized. This happens when each

parameter is adjusted by the correct amount to make X2 a minimum, i.e.

and M=() (15)
aA-y

with like equations existing for any additional unique parameters determining II.

substitution of ( 14) lnLO( 13) yields an approximate expression for X2. Its derivatives can be
evaluated to rewrite ( 15) as

This systcm of equations takes the form of a matrix equation when wc Ict

X3 = Z,(Yi- fo,
afo,
)-
ti’

(16)

(17)

(18)

(19)

(2!)

(22)
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and the solutions for the parameter changes are given by

Aa =E
1

2
3

E

II
21
31

C12c13
C22C23
C32C33

C22C23
c32c33

El
II XIC13
21X2 C23
31 X3 C33

B

11C12C13
21C22C23
31C3Z C33

and (23)

If the surface in parameter space were truly flat in all regions of the parameter-space, then
changing the initial values for the parameters by the values given in (23) would make the
next guess, fj, the best possible guess (the one which reduces X2 to its lowest value). However,
because ( 14) is only a linear approximation to a surface which is not likely to be flat, the
process of changing estimates for the parameters will be an iterative one. After the initial
guesses are made, the changes are solved for and the parameters are corrected for the next
estimation by

CXn+l = an +Aa, ~n+l =~n +A~ and Yn+l = Yn+ AY (24)

The ncw values for a, ~, and yare then inserted back into ( 19) - (21 ) and new changes in their
values arc arrived at via (23). This process continues until all Lhree changes are within some
spccificd margin of error, defined as

(25)

At lhis point, the values of the parameters have been fixed to within their respective specified
margins of error. The power of Lhis fitting tcchniquc has been demonstrated in fitting non
linear data l-4 and comes from the ability to fit all the parameters to each of the data points,
The iterative approximations arc rigorous and transcend the “eyeball”’ fitting, commonly found
in fitting oplical saturation data. The accuracy provided by this technique is greater than that
provided by measuring the gain par~mctcrs “indcpcndcntly” or by making linear
approximations LOdiffcrcnl large sections of the data set I ‘3.

Rcsu&
To lCS[ lhc efficacy of the fitting tcchnlquc simulated cxpcrimcntal data was gcncratcd with

each of the photon propagation equations, ( 1), (3) and (7), and the data was fit to Lhc output
Inlcnslty equations, ( 1 ), (3), (9) and (1 1), The Icngth of !nc gain medium was 10 cm. The initial
cstima~cs for the gain parameters were taken to bc 200% to 500% of the true values. From these
ini[ial cstima Lcs lhc fitling routine program made syst.cmatic corrections LOthe values of all of
the gain parameters unlil after several ilcratiw’is the lruc values of the parameters were
rccovcrcd. The error margin for fitting the data LOthe equations was set at Er - 1,0%.

FigLlrc 2 displays the lhrcc parameter ampliflcr diita gcncratcd with ( I ), the initial
cstlmalcs for the ~a]n parameter values, and the lntcrmcdiatc iterations made by the fitting
progrum LOarrlvc at u perfect fil, Similar results were obtained with gcncraling and fitting
three parameter umpllficr data with (3),

Fl#urc 3 ctlspluvs the two parameter oscillator data gcncralcd with (7) and the fit of the data
L(J (9), Flgurc 4 shows lhc lhrcc puramctcr oscillator data gcncratcd with (7) and the fit of the
datti to ( 1 1). In thu cxumplcs shown in Figs 2 4 lhc initial estimates for Lhc ~ain puramctcr
VUIUCSwere SC[ 200% uway from the vtilucs used to gcncrulc lhc data, In ctich case the true
vitlucs [jf the guln ptiramclcrs were successfully rcwwcrcd,
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Figure 2. Ftiing of three parameters to laser amplikr data.
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The data fitting technique is rigorous and systematic and requmes no help from the
experimcnLcr. The three-parameter amplifier and two- parameter oscillator fitting results
show thaL the systematic corrections of the gain parameter values follow a smooth surface in
the parameter space. The three-parameter oscillator fiLting results reveal a more complicated
surface in the parameter space. There are regions in this parameter space thaL reject some
initial estimates for the gain parameter vail ;s by driving the determinants in the
denominators of (29 )-(33) to zero. In this ‘ase the initial estimates are modified and the fitting
routine proceeds. It is always found that the fiLting proceeds LOthe correct values of the gain
parameters or a rejection of the initial estimates, buL not to an incorrect fiL The thrcc -
paramcLcr fitLing routines can be used for data that has only two non-zero valued parameters
and Lhe correct values for both parameters will be rccovercd. The only advantage of using
two-parameter fltLlng is for oscillators with no non-saturable absorption.

We have dcscribcd an extensively tested method for determining the gain parameters of a
pulsed laser from measurements of the gain medium as an amplifier or an oscillator, The gain
parameters, which include the small signal gain cocfficicnt, the saturation intensity (or
flucnce ) for stimulated emission and the non-saturable absorption coefficient, are all
dcLcrmined simulLancously from a single set of data, The data required in the case of
amplifiers is the output Iascr intensity as a funchon of input laser intensity. In the oscillator
cxpcrimcnts the data needed is the outpu Llaser intensity as a function of output coupler
rcflccLancc or transmission. We dcscribcd a numerical method for providing the best fit of the
data to the photon propagation equations in an oscillaLor or amplifier whether the equations
arc analytic or differential. The resulLs provided by this method arc simpler and more
accuraLc than the common proccdurc of measuring the gain parameters indcp~ndcntly.
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