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Experimental and Theoretical Studies of Spectral Alteration in Ultrasonic

Waves Resulting From Nonlinear Elastic Response in Rock

P. A. Johnson, K. R. McCall, and G. D. Meegan, Jr.

Earth and Environmental Sciences Division, MS D443, Los Alamos National Laboratory,

Los Alamos, New Mexico 84545, USA

Experiments in rock show a large nonlinear elastic wave response, far
greater than that of gases, liquids and most other solids. The large response is
attributed to structural defects in rock including microcracks and grain
boundaries. In the earth, a large nonlinear response may be responsible for
significant spectral alteration at amplitudes and distances currently considered to

be well within the linear elastic regime.

Recordings of seismic waves at various distances from the source are used to estimate the
magnitude of the source, characterize high frequency roll-oft and model source parameters. itis
generally assumed thit beyond a few sourcee radii, scismic waves propagating outward from the
source reside 1o an elasticaily linear material, e a material that has a lincar relationship
between stress and strain. A nonlinear relationship between stress and strain (nonlinear elasticity)
imphies wave maltiplication leading to the creation of sum and difference frequency waves, 1.e., the
farlure of wave superposition  Thus, if seismic waves propagate at sufficient strains in a suitably
large volume for nonlinear elastic effects to be important, then important features in a seismograt

will be maodified by elasne nonhnecarity, Estimates of magmiude, assessment of roll off, and

maodels of source parameters should be consistent with nonlinem elastic behavior,
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Several laboratory studies of nonlinear elastic behavior in solids already exist!. These
studies show that spectrum alteration in the form of harmonics increases with wave propagation
distance. However, study of nonlinear elastic behavior in rock is relatively newZ:9. In contrast 10
most solids, rock is strikingly heterogeneous on scales from millimeters to tens of meters due in
part to structural defects in the form of microcracks, grain boundaries and fractures. These
structural defects cause a large compliance and therefore a large nonlinear elastic response in rock.
As aresult, the cubic anharmonicity (the first order nonlinear elastic contribution) in rock is
typically many orders of magnitude greater than in other solids®7.10.

Our goal in this work is to examine the extent to which source trequency content is alered
during nonlinear seismic wave propagation. To this end, we have conducted ultrasonic
experiments to studv the spectral changes that take place along the wave propagation path. For a
plane wave propagating in an elastic material with cubic anhanmonicity, the amplitude of the 2w
harmonic is proportional to xk?U. where x is the propagation distance, k=w/c is the wave vector,
and U is the displacement amplitude of the source at frequency . Qur initial experiments focused
on confirming this result. We confinmed that the amphtade of the 2w hamonic scaled with x. At
fixed x, the amplitude of the 2w harmonice scaled as frequency squared (k%) and as source
amplitude squared (734). Thus the fundamental prediction for the behavior of the 2w hamionic in
rock was confirmed  The compressional nonkinear modulus § was measured to be 7000 47 25%
(I is Tess than 10 for most solids 110y We also observed the strong growth of odd harmonics 3w
and Se, suggesting that a higher order tenn in the stress strain relitionship (quartic anharmonicny )
niay be necessary to give a complete theoretical deseription of nonhinear elastic behavior in rock.
We arguc, based on our observations at ultrasonic frequencices, that the effect of nonlincar elastucity

on scismic wave propagation may be large, and should be considered in modeling,

Theory
The eqrvation of motion for a homogencous elastic solid, 1w second order in the

. B P . h oy
displacement (Cubic anharmonicity i the elastic moduln, s denved in several teas VLT Phe
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inclusion of linear attenuation leads to a straightforward modification of this equation!4.13.16, For
a longitudina} plane wave propagating in the x direction, the equation of moton in the absence of

atunuation is !0

Q2u(x.1) _ 1 d%ux) - _g 2. (Jux.n)?
X

y crxl) 1
ox- 2 o2 th

where f is the nonlinear coefficient defined as

_ 3A2p0+2(1+2m)
2(A+211

B
u(x,t) is the displacement, ¢ is the compressional velocity, A and p are second order elastic moduli
(Lame coefficients), and 1 and m are third order elastic moduli (Mumaghan coefficients).
The term on the right hand side of Eqg. (1), the (nonlinear) irieraction of the displacement
with itself, causes the creation of sum and difference frequency waves, Eqguation (1) can be solved
analytically, for example, by an iterative Green function technigue’®. Solution 1o ihis equation for

a source at the origin of frequency @ and amplitude U s, to first order in the nonlincarity,

LAV PUk’x c|(.‘k( NOTT

uix,t) - upftx) 4 ux, = U
2
where ug(x,1) is the displacement solution to the lincarized equation of motion and u(x.0 1s the
first order comrection to ug(x,1) due 1o the nonlincar interaction. Note that a source at the origin of
frequency o and initial displacement amplitade U generates a plane wave at frequency o with
amplitude U and a second plans wave at frequency 2m whose amiplitude grows linearly wath the

distance of propagation x, the square of the fundamental wavevector k and the square of thye
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fundamental amplitude U. In our experiment, we test for these signatures of a 2@ harmonic due 1o

cubic anharmonicity.

Experimental Apparatus

The apparatus used in the experiments is shown in Fig. 1. A 2-m long by 6-cm diameter
rod of Berea sandstone was used for the experiments. One end of the sample was tapered in order
to minimize reflections. To accommodite the detcctors (pin transducers), 11 small holes were
driiled into the rod at S ¢cm intervals, up 1o a distance of 58 centimeters from the source transducer.

A self-monitoring drive transducer composed of a piezoelectric crystal with a backload and
capable of direct displaceny nt measurement was constructed for use as the source?. A small
diameter hole was drilled through the center of the backload and transducer and a fiber optic probe
was positioned in the hole to directly measure the rock displacement at the source. This probe s
sensitive 1o 10 Y meters over a frequency range of - 200 ki z,

The source transducer was amplified and driven with a single frequency, amplitude
modulated N eyele wave traing N ranged from 8o 24, Frequencies of 8 1o 24 kHz were used and
care wits Lhen to assure that the measured signals were not contaminated by reflections from the
opposite end of the sample. Detected signals were outpat to a 16 bit waveform analyzer. Source
displacements ranged from 102 10 0 m Strain levels at the source were measured to be 6 60 «

100, and, at the it of the measurement range (S8 cm), strain levels were 06 9x 100,

Experimental Obsersations

The most fundamental experimental observation providing evidence for nonlinear clastic
behavior in the sample is shown in Fags, 2 and 3 Fig. 2 shows the frequency spectrum measured
at the source for a drive frequency av2n of 1375 kHz. The five difterent curves correspond to five
ammplitudes of the sonrce transducer varying over a factor of approxinutely 50, The source
displacement spectrumas elatively monochromatic containing only a small fraction of 2w ot farge

drive levels “rom electrome distotnon) - Figo 3 shows the displacement frequency spectium at 58
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cm, also at increasing drive level. For detected displacements at the fundamental frequency as
small as 10-® m, the composition of the displacemer. frequency spectrum at 58 cm is extremely
rich in harmonics not present at the source, out 1o at least 6w. Further, these higher harmonic
displacement fields have amplitudes that are a sensitive function of the drive amplitude. Similar
results were obtained for 30 frequencies in the range 8 - 24 kHz.

In order 1o emphasize how little wave distortion is required to produce the harmonics
shown in Fig. 3, Fig. 4 shows a portion of the time signal at large input drive level collected at 58§
cm (large amplitude solid line) in relation 1o a pure sine wave of equal amplitude (dashed line).
The difference between the two signals is the low amplitude solid line.

The amplitude of the displacement ficld at 2w was found to increase linearly with source -
receiver distance x. A representative result is shown in Fig. §, where the relative amplitude R of
the 2w harmonic is plotted as a function of distance from the source transducer for a 13.75 kllz
drive. R iv the ratio of the amplitude uy at 2o (source frequency of o) to the amplitude up at 2o
(source frequency of 2m). This ratio was taken in order to correct for detector site effects and
intrinsic atenuation. According to Exg. (2), this ratio is proportionil to the propagation distance:

|ll)(\.2(l))|
= - o~
luptx.2ml

(1

The results in Fig. S confinn this prediction. Measurements throughout the frequency
range 8 24 KHz showed similarresults [The fluctuations about the (it hne i Fig.S are attributed
to positional and frequency dependent elastic scaticning from the periadic array of detectors,
Periadic scatterers cause rapid spatial fluctiations in wave amplitude along the length of the rod
and produce an effective increase in absorption in the rod”] .

The two other predictions for 2w harmonic behavior in rock with cutae anharmonicity,
desceribed at the end of the theory section, were also confirmed: at fixed x, uy scaled as freguency

[ .
squared (k) and as source amplitade squared (L) As aconsequence of the agzeement between
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the behavior of the observed 2m harmonic amplitude and Eq. (2), we are confident that a
significant portion of the observed response is due to cubic anharmonicity in the elastic response of
the rock.
The compressional nonlinear parameter B was calculated from Eq. (2),
2clu, (x.20)!

~ 3 (4)
w-xlug(x,w)l-

where u; is the amplitude at 2w and ug is the amplitude at  when the source frequency isw, ¢ =
2600 +/. 50 m/s, w2 = 13.75+/ 0.002 kHz, and x = 3.0+/. 0.1 cm. We find B = -7000+/ 25%
for our sandstone sample.

We have used the simplest form of the theory, Eq. (2). to discuss and analyze the data,
neglecting the effects of auenuation and higher order terms in the solution to Eqg. (1). We have
available the results of a complete treatment of the theoretical problem including attenuation!6 and a
full set of experimental studies of the linear response of our sample. Numbers derived from
experimental rexalts are used in the theory 1o provide a guide to the conduct of the experiment.
Values of B obtained by others are consistent with the above value 2.7, The value of B is also
similar to that ootained for other extremiely nonlinear media such as a hiquid containing gas
bubbles!7.18,

The results in Figs, 2 and 3 show spectral growth at harmonics higher than 2o, In
particular, we find that the 3o harmonic amplitude grows proportionally with U3 a result which is
in agreement with a second order correction 1o Eq. (2)'¢. We also observe strong growth in
amplitude of other odd harmonics and, whea the source is excited at two frequencies w, and m,,
intermodnlation terms such as 2m, - @, are observed o grow strongly in amplitude. This sugpests
that higher order terms (e, quartic anharmonicity) in the stress strain relationship may be

necessary to give a complete description of nonlinear elastic behavior in rock.

O
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Discussion

What do our observations imply for seismic wave propagation in the earth? In order to
answer this question, we examine some important considerations affecting nonlinear elostic
behavior in seismic waves.

How does the nonlinear response of rock vary as a function of depth in the earth? Itis
known from laboratory experiments!9 that the dependence of velocity on applied stress in rock is
very large due to structural defects such as grain boundaries and cracks which act to make the
material compliant. At pressures of order 0.5 - 1.0 kBar, depending on the degree or type of
structural defect, velocity becomes relatively independent of applied pressure, as is the case for
materials such as metals or single crystals. Therefore, if the nonlinear response is similar at
seismic frequencies we expect that the strongest nonlinear response due to structural defects in the
earth will occur to depths of several kilometers. At deep crustal and upper mantle depths, the
question of the presence of defects 1n the form ¢ open cracks and fractures, which could cause a
large nonlinear response, is under discussion=0.2122.23 Evidence suggesting the existence of
open cracks at deep crustal and upper mantle depths is based on larger than expected (from
laboratory experiments) electrical conductivity measurements20.21.22.23 deep borehole
observations of open cracks and fractures™.25, inferences from metamorphic processes where
chemically bound water is forced inw defects 26, direct observation of cracks in upper mantle
xenoliths?7, seismic source inferences requiring large fluid pressures2® and anisotropy in wave
propagation attributed 1o aligned cracks and fractures®™®. Based on the above evidence it iy
possible that a large nonhinecar response 1s present as deep as the base of the crust and upper mantie
duc to the existence of structural defects that act to make the matenal more comphant,

Are strains large enough to produce a significant nonlinear response at large distances from
a scismic source, and will the o” dependence of the nonlinear response, Eq. (2), make nonlinear
effects at seismic frequencies neghypible? We have nunerically modelled the propagaion of a plane
wave produced by a broadband source (Blackman - Harris window) at seivmic frequencies

including nonlinear clasticity and attenuationt€. We chose 3 101 and specific dissipation
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(equivalent to energy loss per cycle) for an active tectonic region of order 102. The initial source
displacement amplitude was chosen to be consistent with a typical displacement from a magnitude
5.5 source30.31 In Fig. 6, we show the evolution of the displacement frequency spectrum at 1,
10, and 100 km including the nonlinear response to first order.  Note especially the change in
corner frequency with propagation distance. Clearly, the effect of nonlinear elasticity on the
displacement frequency spectrum with distance is significant, especiz lly at low frequency and in
the high frequency roll-off portion of the spectrum.

In conclusion, our results indicate that the progressive effect of nonlinear response in rock
on the frequency spectra of seismic waves may be significart for waves propagating in the earth's
crust and upper mantle. Remote observations ot seismic frequency spectra may be substantially
different from the originating source frequency spectrum. Further studies of nonlinear elastic
response in rock as a function of pressure, fluid saturation, structural defect, and dimension are

forthcoming.

Stress - Strain Hysteresis

We have alvo studied the relationship between applied stress and the resuliing strain as a
function of time for the case of a continuous sine wave source. The following has application o
modeling of hysteresis observed in statie stress - strain data 1o addiion to dlustrating another
manner of viewing the nonlinear response for transient or continuous waves, For this example the

external stress apphied at the origin is

o=2h+ 20U [x (@) Ay Coxy) Al-ay) e 1o, (5)

Here,

x (o) -] A ‘ '
1 () ilwrl
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A can be thought of as the fractional amount of the displacement derivatve which is retarded in
time, T is the characteristic damping time, and the + always refers to the sign of the angular
frequency!. By making the assumption that T and A are the same for all displacement
components, we are assuming that Q 1s the same for both compressional and shear waves, and that
both types of waves experience the same velocity shift from low to high frequencies. In the

absence of attenuation Eq. (5) be_omes,
O = 2(A + 2)Uk cos(wgl). (6)

We have taken measured strain to be the linear strain defined by € = %{: . InFig. (7), we show

the time wace of strain as a function of applied stress. The stress is applied at x = 0 and the strain
is calculated one wavelength away (A = 200 m). Fig. (7a) is a plot of strain as a function of stress
in the absence of attenuation. Fig. (7b) is a plot of strain as a function of stress when attenuation is

present. The input parameters for the calculation were /21 = 30 Hz, U=10-3 m, ¢ = 6000 m/s, B

-107, 8 = <100 (second order nonlinear coefficient)’, 1= 0.01 s, A = 0.1, x=200 m. and A + 2

i

105 MPa. Note that in Fig. (7a), the first order nonlinear contribution to the strain consists of
symmetric lobes about the origin, while the second order nonhinear contribution 1s asymmetric,
causing the total strain to roll over toward an asymptote. The direction of the roll over of the
second order termn depends on the sign of the nonlinear coefficient § which is always negative for
rock in our experience. In Fag (7h) we see that attenuation adds hysteresis to the linear strain. At
these levels of attenuation, the first order nonlinear contribution is changed very litde from its

contribution in the absence of attenuution,
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Figure Captions

FiG. 1. Experimental configuration.

FIG. 2. Source displeement spectrum at increasing applied voltages as shown by the different

line types. Drive at 13.75 kHz.

FIG 3. Displacement spectrum S8 ¢m from source art increasing applied velrages corresponding 1o
FIG. 2. Note the richness of the spectrumi created by nonlinear elasticity in the rock

during wave propagation. Drive is at 13.75 kH~.

FIG. 4. Time -eries showing distorted wave at 58 cm from source (large amplitude solid line)
versus pure sine wave (dashed line). The difference between the two signals is the low

amplitude sohid line.

FIG. 5. Dependence of harmonic amplitude on propagation distance (R = uy/ug o x) for drive at
1375 kHz  The dashed line 1s a least squares linear fit to the data. The harmonic

amplitude 1s normalized to unity at the posinon nearest the source.

FIG. 6. Model result showing evolution of the displacement spectrum with distance for a broad
band source at seismic frequercies. The source function was a Blackmann. Harris
window. The pulse propagates to x = Tkm, 10 km and 100 km, respectively, producing
sum and difference frequencies through a first order nonlinear interaction. (a) in the
absence of attenuation. (b) including attenuation. The initial displacement was chosen to
correspond to a displacement from a magnitude 5.5 scismic source. The sharp drop in

amplitude near 6, 8 and 9 Hz may be due to wave interference,
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FIG. 7. Stess - strain response aver one cycle from a continuous sine wave source. The linear,
first and second order nonlinear, and total strain response are shown. (a) In the absence

of attenuation. (b) Including attenuation.
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