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THE GREEN'S FUNCTION METHOD
FOR CRITICAL HETEROGENEOUS SLABS

Drew E. Komreich

Los Alamos National Laboratory
TSA-7. MS F609

Los Alamos, New Mexico 87545

INTRODUCTION

Recently, the Green's Function Method (GFM) has been employed 10 obtain
Lenchmark-quadity results for nuclear engineering and rudlative wansfer culeulutions.
wus possible becuuse of fust wid accurite cadeulwions of the Green's function wnd the
associuled Fourier und Lapluce trunsform inversions,” Culeulations have been prov
in one=cimensional stub geometries for both homogeneous and heterogencous media,
heteropencous medivn is anndyzed i series of honopeneous sfabs, and Placzck s
lemma” is used to exterkd ench slub 1o infinity. This allows use of the infinite mediu
Gireen's Tunction (Uwe anisotiopic plne sonree in e infinite homopeneous iedivm) i
solution, To this potat, o deawbick of the GEM T been the linmitation (o media with
1, whete o is the nnobwer oF secondaey i tieles proshieed dnn collision, Cleaty, no
(rhiysical steady =stte solution exists for an infinite mediom Dt contans an indante so
and Iy descnbed by o 1 however, mathematical solutions exist which resultin oseill
Gireen's functions, Such caleulations are heiefly discussing in Ref. 8, "Flie imitatin
inedin with ¢« 1 has been relaned so that the Chreen's funeton may also be calenlated

medin with ¢ 1.2 'Thas, inateriuds that contain Hssionuble isologes may be adeled



The obvious upplication of the GFM with ¢ > 1 is the critical slab problem. Th
critical slab problem has been solved using a variety of analytical und xemi-analytical
methods,” However. as the GRM is used (ur heterogeneous media with ¢ < 1, it may
be used for the heterogencous criticul slub problem. Reflected multiplying mediu huve
studicd and have included some anisotrapic scaticring in the medium properties.* ' T
analyses considered symmetric media with the multiplying medium in the center and ti
or infinite reflectors on cach side. The GFM with isotropic scattering will be employe
anatyze similar systoms us woll us usymmetric slab configurations. ‘I uanalysis consi

of determinution of the criticul width und associuted 1lux profiles.

THE GREBN'S FUNCTION METHOD FOR FINITE MEDIA

The power of the GFM reuts primurily in the ability to cbuin solutions (or (igit
mwdin uging the infinite mwedium Green's funciion. Maltiple-siub systems are casily
constructed us u seriex of single-slub problems thiut are connected by equating boundiu
ungulur fluxes, Using stadurd Geeen's function formulutions for the one-group liney
wauiEpont equition with isotropic scattering, the ungulir Nua in a slab is expressed in

of the Green's function us

whwre Se(syn) = j @O K < p A0S <A) (i result of Pluczek's lemma), §, (1
mry inhomopenevus sources, ud ¢{x) Is the chatwteristic function for tie stab, defing
| insdde the slab wid 0 elsewhere, The effect of Pliczek's leanna is o udd bomslary |
souree terts (o the infinite medivm formulation, Upon insertlng the expression fo

Sedaut) und weparating he g integeal foto positive aied negitive components we have
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where @(x.4) is e term for inhomogencous sources. Both trunslationul invariunce

[G(x-a"ydu = G(xdr' D] and rociprocity [G(~x,~ul-p') = G(x.iu")] have been
assumed. The interior angulur flux in Eq. (1b) may be detennined via quudrature if t
angulur boundary fluxes and the Green's funcuion are knowa.

‘THE CRITICAL SL.AB PROBLEM

The critical slub problein consists of a series of source -free slabs which sca
piuticloy isowopically. At least onc slub musi be a multiplying medium, By lewting
wwd g = ~p for the exiting angular Nux at the left boundury wxd & - v A™ for the exiting
at the right boundary, the following equations wre obtained for the boundary angulw
of the £ glub:
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Thw exponentind teons cone Trom the separation of the CGieeen®s Taiwetion into collides
uncollided components, Agaln, the slabs “commumicate’ with one muther vin i
Woundiny angulur (luxes hetween the slabs For asonree-lree aedivm, ome <solution

o) = O, Pns tavaal sotution escurs if the camatative mtegral operator s mv drible



However, the “critical™ solution comes when the operator is singular, or non-invertibl
Phyzically, with no source present, a slab configuration which is thinner than the critic.
configuration will have u zero neutron population (te trivinl solution). If the thicknes:
preater than the critical thicknexs, no stendy state solution is available (the population
continuously increases with tine). Therefore, the goal is W determine the critical tick
at which a steady-stute flux distribution may be present without sources, The thicknes
of ull but one of the slubs ar held constunt, and the critical width of whe slub under
consideration is desired. There wre 2V, unknown functions - the boundary ungular flu
(0% .—u) and o{A" ). Assuming o Gauss-Loegendre quadrature rule (order L) tur U
integrals, & cumuluwtlve solution vector is constructed from the boundary fluaes, The o
of Uw vector is 2 ¥ N, « L. A super imutrix equation for Eq. (2) is constructed. Avo
form of the Green's function for ¢ > 1 is complex, this nutrix is wlso complex.” The
critical solution comes when, for u given thickness of the variable slub, the determinun
the super matri ls zero. A dud zero search ix perfornnd for the real wind imaginuey pa
of the deterinan, which provides the critical width of the varisble slub.

Once the vriticul thickness is detennined, the next step is to caleulute U wuguln
sculwr Fluxes for euch slub. As usual, the mugnitude of the flux disteiiations is arbitru
w crithcd system (usually i ly determined using a power level). Withi e GEM, ihe inte
wopulie fluxes are determined via quadratuee onee the bouxdaey luses ure Known,
Noemally, the operator matidx wouhl be nverted to plve the Youndigy Quacs; howeve.
mhatrix 1% singuliv and thertore can not e inverted. "The bonidary i s detesmioed
an ierative process, For each slab, there ure lour boundury thines wieh mudt be
Caleuhited oa seen i 1 (2), The indthal guess (or one of the entering boundacy Nuse:
W 1O )y 18 the normalization factor (ay) Which seales the sealar tux, Tl eniting

boundury fuxes are then colealivted from B (2) with cachh stab belng malyzed in



sequenwe, This process is done iteratively until all boundary fluxes huve converged (
specified tolerance. Interior fluxes may then he calculated from Eq. (1b).

The Green's function ukcthod for a critical multi-slab systetn is demonstrated
two adjacent slubs, The {irst slab is a multiplying medium with ¢ = 1.5, and the sec
a reflector on the right side of the first slab with ¢; = 0.9 and a width of Ay = |. The
critical width of the first siab was determined to be 0.9652. The scalar flux distribut
along with a comparison using the ONEDANT!! code, is provided in Fig. 1. Good
agreement is obtained. with correspondence achieved by matching the left endpoint {
Comparisons of the GEM results with results from symmetric reflected systems fow

Refs. 8-10 yield the sume critical widths.
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Fig. 1. Scalar Mux distributivn for iwo-slab criticul system 4, ~ 0.9052, ay = |



