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Model Inversion Using Bayesian Inference And Genetic Algorithms

Brian J. Reardon, MST-6, Los Alamos National Laboratory, Los Alamos, NM 87545

Abstract

The intimate relationship between Bayesian statistics and genetic algorithms (GA) is
elucidated and it is shown that the GA uses Bayes’ rule to select members for the
crossover operator and thus a GA can be formally described as a Bayesian Inference
Engine (BIE). Additionally, the previously used fuzzy logic based multiple objective
selection procedure has been modified to make it simpler to implement and congruent
with a formal execution of Bayes’ rule. The subroutines necessary for this selection
procedure are provided in Appendix A. Finally, the framework of Bayesian inference
has been used to better extract information out of the evolved population of a GA.
Since the output of the GA is the posterior probability density (PPD) of the optimization
problem, the a posteriori covariance matrix, C,, can be derived and the eigenvalues ov
C,, provide an important measure of performance of the GA. Likewise, the PPD itself
efficiently suppresses much of the noise generated in the population due to the GA’s
inherently stochastic nature. The code for the BIE is provided in Appendix B.



1.0 Introduction

1.1 Inverse and Il Posed Problems in Materials Science and Engineering

There is an ever increasing need in materials science and engineering to fit the
parameters of models, which are to be used in a predictive capacity, using
underdetermined experimental data sets. Model inversion of this type falls under the
general category of inverse and ill — posed problems and can often be cast into the
framework of Bayesian statistics (Tarantola, 1987). Such problems include determining
powder densification models from limited density data, chemical potential determination
from limited phase diagram data containing a high degree of uncertainty, and
mechanical threshold strength (MTS) determination from mechanical tests also with a
high degree of uncertainty. In all of these examples, model parameters must be
optimized wusing limited and uncertain data sets that leave the inversion
underdetermined. Likewise, if the models are to be used in a predictive capacity, there
is a need to be able to quantify the expected deviation of the model from reality.

This report shows how a fuzzy logic based multi-objective genetic algorithm (GA)
(Reardon 1997a-b, 1998a-e) can be used as a Bayesian Inference Engine (BIE) to

evolve a posterior probability density (PPD) of the model parameter vector space:

M. ={m;, m,, m,,..., my}' Eq. 1

where M, is a particular model to be tested, m;,is one of the N parameters used in the
model and T signifies the transpose of the vector. The GA evolves a set or population
of M/s which effectively defines the PPD. Once the PPD has been sufficiently
determined by the GA, parameter vectors are selected and used in the physics of the
forward problem, for future experimental conditions, to evaluate the predictive capacity
of the model.

As a test of the GA’s ability as a BIE and for the sake simplicity, Schaffer's F2

problem will be addressed in this report. Schaffer's F2 problem is a classical



multiobjective optimization problem where the objective is to identify the range of x
which sufficiently minimizes both F,,(x)=x* and F,,(x)=(x-2)%.. In this problem the

parameter vector consists of

M; = {X, X, }' Eq. 2

where —6.0£x,£6.0 is used to evaluate F;;(x) and F,,(x) and 0.0£x,£1.0 is a dummy
variable not used in any function but rather assists in evaluation of the performance of

the GA. The main evaluation carried out by X, is for evidence of genetic drift.

1.2 Bayesian Statistics in Model Inversion
Consider a model parameter vector such as the one defined in Eq. 2 and also

consider a data vector defined as:

D={d,, d,, ds,...,dyo}={024, 04} Eq. 3

where ND is the total number of experimentally derived data points. In this example
there are two data points whose value is 0+4. The goal of Bayesian analysis is to come
up with a way of accepting or rejecting a particular model (M) or hypothesis given an
experimental data set (D) and prior knowledge about the problem. Thus, in Bayesian
statistics, the model or hypothesis is assigned a probability of acceptance and the total
probability distribution function (PDF) of a series of models being tested makes up what
is commonly called the posterior probability density (PPD). This goal is achievable

through the central tenant of Bayesian statistics: Bayes’ Rule:

_PM.D)
s(M | D= P0) Eq. 4

which is essentially the definition of conditional probability. This rule was first proposed

by Rev. Thomas Bayes and published posthumously in 1763 but has been ignored up



until the last 20 years due to the computational difficulties in evaluating the probability
integrals (Bayes, 1763). This theorem says that the conditional probability of a model
being correct given a set of data is a ratio of the pdf of M and D to the pdf of D alone.

The numerator can be expressed as:
P(M,D) =P(D | MP(M) Eq.5

where the term P(D | M) is not a pdf but a likelihood function. Thus, while the individual
components of P(D | M) are probabilities, the function itself does not integrate to 1.0.

The denominator is often expressed as:
P(D) = (P(D.M)dM. Eq. 6

Therefore, the PPD is redefined as:

_PO1MpPMm)
S(M | m—m Eq. 7

Bayes’ rule as written above differs considerably from classical frequentist statistics
because of the dependence of the PPD on the prior PDF, P(M). P(M) often contains
subjective information about the problem that the experimentalist has a priori. Another
major departure from frequentist statistics is the way the PPD is updated as new
experimental data becomes available. The frequentist view point is that P(D) should be
considered an unchanging distribution and alos that it is inappropriate to try to assign a
probability of correctness to a hypothesis.

Consequently, Bayes’ Rule provides the scientist with a tool that classical
statistics is not capable or providing, namely, a mathematical formalization of the
scientific method. When a phenomenon is observed, a hypothesis explaining the event

is created often with the observer’'s own bias and experience in mind. This hypothesis



is then tested against new experimental data and if the data supports the hypothesis
then the belief in or probability of acceptance of the hypothesis increases. An excellent
introduction to the Bayesian approach to hypothesis testing can be found in Chapter 4
of Antelman (1997).

The main difficulty in using Bayes’ rule, lays in the evaluation of the denominator:

P(D)P(D.M)dM, Eq. 8

where the integral is formally carried over the entire N-dimensional model parameter
space. The accurate and fast approximation of the integration of these N-dimensional,
discontinuous pdf’s is the topic of many papers. Duijndam (1988a, 1988b) discussed
the used of Bayes’ Rule in model inversion and accomplished the above integration by
assuming the PPD had a Gaussian shape then optimized the Gaussian parameters
using least squares. Unfortunately, most PPD’s are not Gaussian in nature and thus
other techniques were needed. These techniques include Monte Carlo integration,
Gibb’s Sampling, and genetic algorithms (Sen and Stoffa ,1992, 1996; Sen et al., 1993;
Mallick, 1995; Gerstoft, 1998).

The PPD is itself a difficult function to visualize due to its multidimensionality and
its change with every new experimental data point. However, once the PPD is derived,
regardless of the method, a number of important parameters describing it can be easily
calculated.

The mean model can be calculated using the following formula which is a

standard definition in most statistics books:

M) = Ms(M | M Eq. 9

which for computational purposes is often approximated by summing over a binned
PPD:



My =@ Ms(M | I Eq. 10

Likewise, the a posteriori model covariance matrix is given by:
Cy =gIM- M))(M- {M))'s (M | DdM. Eq. 11

The covariance matrix, which is often expressed for computational purposes as:
Cy, =aMM's(M | D- {M{M)T, Eq. 12

provides a number of useful parameters. The standard deviation associated with the
mean model is obtained through the square roots of the diagonal elements of C,,.

Normalization of C,, through:

Eg. 13

C. = _C'J_
T

produces the correlation matrix. A correlation coefficient of zero indicates no correlation
between two variables. A positive value indicates a positive correlation and likewise a
negative value indicates a negative correlation.

With C,, determined, a principle component analysis (PCA) will provide valuable
insight on how well the GA is converging and what model parameters are most
significant or sensitive. In PCA the data of the C,, is transformed into a new set of axes
of the same number which are orthogonal to each other and are ordered based on the
variance associated with that axis. The principle components of C,, can be obtain by
computing its set of eigenvalues (L) and corresponding orthogonal eigenvectors (U)

such that:

C,=ULU" Eq. 14



is satisfied. In a d-dimensional variable space there are d eigenvalues or principle
components. However, many principle components may have small variances and thus
the intrinsic dimensionality of C,, is k where k<d.

In the context of a PPD evolved by a GA, PCA is a powerful tool that assists in
overcoming many deficiencies in GA’s. First, as the GA evolves the population, the
eigenvalues of C,, asymptotically approach specific values. When the rate of
convergence reaches an acceptable minimum the GA can be stopped. Second, the
largest eigenvalues and their corresponding eigenvectors indicate the most significant
variables or groups of variables in the model given the available data. Thus PCA
provides a sensitivity analysis of the variables in the model. Traditionally, the ability to
conduct a sensitivity analysis with a GA has been hampered by the inherently stochastic
nature of the GA optimization methodology. It will be shown in this paper that the
formulation of the PPD and the extraction of the eigenvalues from C,, effectively filter
out the stochastic noise of the GA and thus allows for an accurate determination of
multi-parameter sensitivity.

Once a PPD has been determined to be reliable based on the stabilization of
<M> and the quantities obtained from C,,, an optimum model can be selected from <M>

assuming the correlations are properly accounted for during the selection.

1.3 Genetic Algorithms in Model Inversion and Parameter optimization

A detailed account of how a GA operates has been provided elsewhere (Reardon
1998a, b, d). In short, a GA randomly generates a set or population of parameter
vectors M/s where i = 1 =» N and N is the population size. This initial selection, which
occurs within parameter ranges set by the user, constitutes the a priori information used
in Bayes’ Theorem. From this set, parameter vectors that satisfactory solve the
optimization problem are selected. The selected members are allowed to exchange
genetic material and thus produce offspring that may undergo a small degree of
mutation before being placed in the next generation. Once the next generation is filled

the GA starts over with selection, crossover and mutation.



The strength and novelty of the GA presented in the references (Reardon 1998a,
b, d) lays in the way selection of members is conducted when dealing with multiple,
conflicting, poorly defined objectives. The actual selection procedure has been modified
slightly from that discussed in the references and thus for completeness the algorithm
and codes will be presented here in detail.

The new selection procedure continues to use a fuzzy logic normalization
scheme as well as continuously updated phenotypic niching but with a few notable
changes. These changes allow for seamless connection between the GA selection
operator and Bayes’ Theorem.

First each parameter vector is used in the evaluation of each objective function
f(M) where j = 19N, (Np: number of objectives or experimental data points). The
outcome of the objective function call is then compared to the experimental data using
the fuzzy rule set of Figure 1 to obtain a scaled fuzzy fitness value f;(f(M)). In Figure 1,
D, is the experimentally observed data point and E; is the uncertainty associated with D,.
fmax 1S the maximum value for objective j in the entire population and f ., is the
minimum. The fuzzy fitness f;(f(M,)) is obtained by finding where f,(M)) lays on the x axis
of Figure 1 and assigning its corresponding y-axis value. The total fuzzy fithess of M,

then is defined as:

(M) = = £(1(m) Eq. 15

DZ =
I
M

where D is the number of objectives. This relation provides the fithess of a model
vector as a number between 0 and 1 where 1 is the most fit.

The code that accomplishes this calculation is provided in Appendixes A.1, A.2
and A.3.

Once the scaled fitness of all the parameter vectors have been determined,
selection can proceed. In the updated selection procedure a vector is randomly picked

from the population and the accepted or rejected according to the likelihood provided by



Eq. 15. Thus if F(M,) = 1.0 then the randomly picked member is accepted 100% of the
time but if F{(M,) = 0.25 then the randomly picked member would be accepted only 25%
of the time. Once two members have been accepted using this procedure they are
compared. If one member has a better fitness than the other then the better fit is
selected for crossover with another member that has been selected in the same way. If
both members have the same fitness then selection goes to the member who is
deemed least crowded according to a continuously updated phenotypic niche counting
procedure describe in previous references (Reardon 1998a, b, d).

As eluded to previously, Eq. 15 and the niching operation taken together are a
combination of the likelihood function and the a priori pdf used in the numerator of
Bayes’ Theorem. The sum over all models evaluated according to Eg. 15 becomes the
denominator. Thus, the GA becomes an effective way of evolving and evaluating the
PPD.

A more simplistic example of the connection between a GA and Bayes’ theorem
can be seen in the traditional roulette wheel selection method used in single objective

GA's (Goldberg 1989) where the probability of selection is defined as:

s(M) =+ Eqg. 16

where f(M)) is the fitness of member M, and the summation in the denominator is over
the entire population. If the summation were over all models ever evaluated then the
Eq. 16 would define the PPD. The a priori pdf is built into f(M,) since M, can only occupy
a parameter volume specified by the user before the GA is initiated.

The net conclusion of this analysis is that the GA acts as a BIE in that it uses
Bayes’ Theorem to select members in the population for crossover and thus the output
of the GA is the PPD. The generation of a PPD now allows for many of the statistical
tools available in Bayesian statistics to be used in the analysis of the output of the GA.

Namely, from the PPD we can derive <M> and C,,. The beauty of this approach is that



the PPD can be generated at virtually no extra cost. Following the method outlined by
Sen and Stoffa (1992). A 2-D array of M X B is reserved where M is the number of
parameters and B is the number of values each variable can take (i.e. the number of
bins). For each model at each generation an unnormalized PPD, s(M), is computed
and stored in the proper position in the bin array for each model parameter comprising
each model. Atthe end of the GA run the model parameter PPD values are normalized.
Also in a vector of length M, each component of M s(M) is stored and summed with the
correspond values from the other models. This vector provides <M>. C,, is determined
by summing up MM™ s(M) in a square array of MM for each model and at the end of the
run subtracting <M><M>". The FORTRAN 90 code used to evaluate these quantities is
listed in Appendix B.

Once the PPD, <M>, and C,, have been sufficiently determined, the GA can be
stopped and optimal model parameter vectors can be selected and used in the physics

of the forward problem for conditions that have not been experimentally tested.

2.0 Schaffer’s F2 Problem
Schaffer's F2 problem, described earlier, is the classic multiple objective

optimization problem where a population must evolved towards the Pareto optimal
frontier. It is also a very tractable problem to visualize and thus serves as an ideal set
of test functions for the correctness of an optimization theory and corresponding
algorithms. For these reasons the F2 problem is explored in this work.

The optimization carried out here will involve two variables. X, will be used in the
functions to be optimized and X, is a dummy variable whose evolution will be tracked to
quantify the performance of the GA. Additionally, the mutation rate will be varied to
determine its effects on the convergence of the solution and to test the ability of the
Bayesian framework to filter out the real marginal PPD signals from the stochastic noise
inherit in GA optimization.

The first step in this analysis is to determine in if the newly redefined fuzzy fitness
function adequately evolves the population towards the optimal frontier. Figure 2

compares the distribution of X, as a function of generation obtained using the previous
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selection method of Reardon (1997a) and the newly revised selection method. Both
methods do an adequate job of quickly optimizing the population towards the Pareto
frontier and maintaining the distribution indefinitely. The optimization of Figure 2b has a
larger population size than 2a which helps to explain the slower convergence. Thus,
the new objective function performs as desired and is much easier to implement into the
GA.

Figures 3a-h show the scatter plots for both X; and X, as a function of generation
for the four different mutation rates using the new fuzzy fitness function. The most
notable artifact of figures 3a-h is that X, tends to converge whereas X, does not. This
would be expected since X, is used in the functions and X, is not. At low mutation
rates, diversity in the population is maintained almost exclusively by niching. Thus the
distribution of the dummy variable X, as well as X, helps to assure that the selection
procedure is operating in a desirable fashion. The highest mutation rate p,=1/10 is the
easiest to visually detect. Figure 3a shows significant scatter due to the high value for
p,, compared to 3c, e, and g. Likewise, figure 3b seems to be much more evenly
spread out compared to 3d, f, and h. There appears not to be a significant difference
among the p,’s of 1/100, 1/1000, and 1/10000. However, one particularly disconcerting
observation is the fact that if this were not such a simple problem and if one did not fully
appreciate the impact of different mutation rates, then one may look at figure 3a and
come up with an acceptable distribution for X, that was significantly incorrect. Even with
a low p,, this same conclusion could be drawn from a visual inspection of the scatter
plots or corresponding stack histograms (Figure 3i). Consequently, a more rigorous
data analysis technique is needed.

The data analysis framework of Bayesian statistics which provides the marginal
PPD'’s for each variable will be discussed here. Figure 4a-x show the PPD’s for X, and
X, for the 4 different p,,'s at generations 0, 10 and 100. The highest p,, (1/10) PPD’s are
displayed in Figures a-f. From the very beginning the PPD of X, seems to have some
structure compared to the random nature of the X, PPD. By generation 10 the Pareto

frontier becomes quite clear but there is still a shoulder between for 2£X,£5. By
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generation 100 the frontier between 0 and 2 is clear but the GA still seems to identify a
finite optimal probability between —6.0 and —4.0 and also between 2.0 and 5.0.
However, this probability is considerably lower than what one would have gathered from
figure 3a or its corresponding stack histogram. X, remains pretty much random
throughout the optimization as would be expected.

At the lower p,, of 1/100 the PPD’s are displayed in figures 4g-l. The PPD for X,
is much crisper at generation 10 than for the high p,, study. Likewise, at generation 100
the PPD is clearly defined. X, remains random although there is a wider distribution in
the peak heights as compared to the high p,, study.

As the p,, continues to decrease to 1/1000 as shown in figures 4m-r, X, again
continues to remain random with a moderate increase in peak height distribution but the
X, PPD is even more clearly defined

For a p,, of 1/10000 the PPD continues to be more crisply defined for X, and
random for X,. In fact it is difficult to argue any real difference between the effects of a
p,, of 1/100, 1/1000, and 1/10000. With a p,, of 1/10000, hardly any genetic
diversification is occurring within the population and thus one would expect a traditional
GA population to experience genetic drift towards a single point within the optimal
range. The reason this is not observed here is due to the niching factor present in the
selection criteria.

With the PPD in hand, the mean marginal model <M> can be determined.
Figures 5a-b show the mean values for X, and X, for the different mutation rates. In
general, all < X;>'s approach a value of 1.0 and all <X,>'s approach a value of 0.5
which is consistent with expected behavior. The slight differences in the <M>’s are
consistent with the effects of mutation observed in the scatter plots of figures 3a-i and
the PPD’s of figures 4a-x.

As discussed previously, the a posteriori covariance matrix C,, is also derived
from the PPD and the square roots of the diagonal terms provide the standard deviation
of the average values of figures 5a-b. Figures 6a-b show the standard deviations of

figures 5a-b as a function of generation. As would be expected for the optimal range of
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X,, the standard deviations tend to converge to a value of 0.7 except for the very high
p,, case. The test case p,, = 1/10 has a much higher standard deviation than the others
which is to be expected from the scatter of figure 3a. The standard deviations of X,
converge to a value close to 0.3 which is also to be expected for a random distribution
between 0 and 1.

Since X, and X, are completely independent in this problem one would expect
their covariance and correlation to be at or near zero. As Figures 7 and 8 show, this is
in fact the case and was achieved by generation 20. In fact most of the important
features of all the data previously discussed was achieve by generation 20 and then
maintained through generation 100. The only obvious exception to this was the
standard deviations of figure 6 which slowly converge.

The eigenvalues of C,, are a standard measure to determine how well the
problem is being optimized. While many optimality conditions can be obtained from the
eigenvalues and eigenvectors, the simplest would be the minimization of the sum of the
eigenvalues. As shown in figure 9, the two eigenvalues of the 2 by 2 C,, in general do
decrease with generation, which indicates a successful optimization.

The astute reader will notice that the eigenvalues converge towards the standard
deviations of figures 6a-b. The reason for this is that the covariance of X; and X, is
virtually zero and thus C,, is converging towards a diagonal matrix with each generation.
Since the eigenvalues of a diagonal matrix are the square roots of the diagonal terms of
the matrix this behavior is to be expected. In a C,, with nonzero off diagonal terms the
eigenvalues and standard deviations would differ.

Analysis of the eigenvectors that correspond to the eigenvalues of figure 9a and
9b (see Table 1) indicates that for all the mutation rates, |, corresponds to the X,
principle component and |, corresponds to the X, principle component. Therefore,
owing to the small value of | ; compared to | , one can safely conclude that only one
variable in this optimization is significant and that variable is X,. A rather interesting
item of information from Table | is that as the mutation rate (noise) increases, so does

the apparent sensitivity of X, as indicated by | ,. This is the result of the very high
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mutation rate accentuating the lack of correlation between X, and X,. This accentuation

can be seen less dramatically in Figures 7 and 8.

3.0 Conclusions
This report has accomplished a number of goals. First, the intimate relationship

between Bayesian statistics and genetic algorithms has been elucidated. It has been
shown that the GA uses Bayes’ Theorem to select members for the crossover operator
and thus a GA can be formally described as a Bayesian Inference Engine. Second, the
previously used fuzzy logic based multiple objective selection procedure has been
modified to make it simpler to implement and congruent with a formal execution of
Bayes’ Theorem. The subroutines necessary for this selection procedure are provided
in Appendix A. Third, the framework of Bayesian inference has been used to better
extract information out of the evolved population of a GA. Since the output of the GA is
the PPD of the optimization problem, the a posteriori covariance matrix can be derived
and the eigenvalues and eigenvectors of which provide an important measure as to the
performance of the GA and the sensitivity of the parameters. Likewise, the PPD itself
efficiently suppresses much of the noise generated in the population due to the GA’s
inherently stochastic nature. This is an important accomplishment since previous
sensitivity analysis attempts with GA’s were unable to separate true parameter variation
from the noise introduced by the stochastic nature of the GA. The code for the
Bayesian inference engine is provided in Appendix B.

In more complex optimization problems, the PPD can be used to select optimal
model parameter vectors. A set of these vectors can then be incorporated into the
forward problem model for conditions in which experimental data is not available. The
resulting average and standard deviation of the set then provides insight as to where

the next experiment should be conducted.
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6.0 Tables

Table I. The final eigenvalues and corresponding eigenvectors for each mutation rate
test case. Note that higher mutation rates increase the eigenvalue of |, or,
alternatively, make X, more sensitive. This is because a high mutation rate accentuates
the lack of correlation between X, and X,.

Pm P e 5 &

1/10 0.28678 | 2.7522E-4 | 1.5102 -1.0000
-1.0000 -2.7522E-4

1/100 0.28695 | -3.8432E-4 | 0.72203 | -1.0000
-1.0000 3.8432E-4

1/1000 0.27888 | -5.8164E-3 | 0.72118 | -0.99998
-0.99998 5.8164E-3

1/10000 | 0.29420 | 9.4257E-3 | 0.67292 | -0.99996
-0.99996 -9.4257E-3
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7.0 Figures
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Figure 2. A scatter plot showing the distribution of X; as a function of generation for
using the a) selection routine from Reardon (1998 a, b, d); b) the newer selection
routine presented in this paper.
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Figure 3. The scatter plots of the distribution of X, and X, as a function of generation for
various mutation rates, p,,.
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Figure 3. Continued.
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Figure 4. The PPD’s for X, and X, at generation 0, 10, and 100 for different mutation
rates.
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