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A Mimetic Finite D ifference method for the 
Stokes problem with selected edge bubbles 

L. Beirao da Veiga * K. Lipnikov t 

Abstract 

A new mimet ic finite difference method for the Stokes problem is proposed and 
analyzed. The unstable PI - Po discretization is stabilized by adding a small number 
of bubble functions to selected mesh edges. A simple strategy for selecting such edges 
is proposed and verified with numerical experiments. 

1 Introduction 

The discretizations schemes for Stokes and Navi r-Stokes equat ions must, at isfy the cele
brau~d inf-sup (or the LBB) stability condition [2, 12]. T he stability condit ion implies a 
balance b tween discrete spaces for velocity and pressure. In finite elements, this balance 
is frequently achieved by adding bub hIe functions to the velocity space. The goal of this 
article is to show that the stabilizing edge bubble functions can be added only to a small set 
of mesh edges. T his results in a smaller algebraic system and potentially in a fa ster calcula
tions. We employ the mimetic finite difference (MF O) discretization technique t hat works 
for general polyhedral meshes and can accomodate non-uniform dist ribution of stabilizing 
bubbles. 

T he :\IFO method has been successfully employed for solving problems of continuum 
mechani ~ [29], electro magnetics [24], gas dynamics [16], and linear diffusion (see e.g. [25, 
26, 14, 2o, 5J and references therein). A modern convergence analysis of the J\IFD methods 
hns been developed in [13] and later in [7, 11, 5, 27]. T his analysis resul1 ed in new algebraic 
methods for building elemental mass [15, 14] and stiffness [11] matrices on arbitrary-shaped 
el ments for a linear diffusion problem. Later these algebraic met hods have been d veloped 
for higher order rvI FD methods [23, 8, 5] and the Stokes problem [4, 6]. A-posteriori error 
estimators have been proposed in [3, 8] for the diffusion problem. 

T he NIFD method shows strong connections with other compatible discret ization meth
ods. Connection with the mixed finite method for diffusion problems has uf'en exploited 
in [9, 10] to develop the firs t convergence analysis of the IvIFD method. 1\lore recently, the 
connect.ion b tw en the J\1FD method and the mixed and hybrid finit e volume rncthods of 
[.1 9.20,22], has been investigated in [21] and a unified formulation has been proposed. For 
completeness of exposition, we also mention the new class of discrete duality finite volume 
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(DD FV ) methods [18J that, like the MFD methods, are based on a discrete v€rsion of the 
duali ty relation between the cl ivel'gence and gradient operators [L 17]. 

F l xi bility of the mimetic discretization machinery allows to develop 1.;ff'D methods 
adj usted to applica tion demands. For instance, by introducing multiple flux unk llOWDS per 
mesh faces and en forcing a special sparcity structure for elemental mass m otrices allowed 
us to develop and analyze MFD methods with a local flux stencil [27]. T hese metrlo is are 
certainly related to multi-point flux approximation (MPF ) finite volume methods. III this 
ilrticle . fl exibility uf the f\'IF D method is used to tackle the stability problem. T he st arting 
point is t he fo rrnulation of [4]: where edge-based degrees of freedom (bubbles) are added to 
every edge. Here , the bubbles are instead added to the discr ,t ization only where needed, 
theref re yield ing a more efficient method. In order to determine where the bu bles are 
needed . we extend the macroelement methodology [30] to polygonal meshe. and introduce a 
macro elem ent partition of mesh which (1) can be applted to a very general range of llleslws 
and (2) for which we are able to prove stability of the discrete problem. For in::; t ance, edge 
bubbles need to I c added only to every fourth edge of a square mesh, and they are not 
needed at all on a Voronoi-type mesh. 

T he paper outline is as follows. In Section 2, we formulate the Stok s problem . In Sec
tion 3, we PI' sent briefly the MFD method with non-uniform distribution of edge b ubLles, 
formulate mesh requirements and summarize error estimates. In Sect ion 4. the gC'rteral 
lllRCToelerncnl s tability analysis, developed originally for simplicial meshes, is revisi t.ed for 
polygonal meshes. In Section 5, the macroelement analysis is developed for the l'vIFD 
methud an ! a simple algorithm for adding stabilizing bubbles is formulated. In Section 6, 
convergence of the new MFD method is verified vvith numerical experiments on polygonal 
and quadrihlteral meshes. 

2 The Stokes problem 

Let n be i:l polygonal domain in 2. vVc consider t.he variational formul at ion of t he S tokes 
prohlem with homogeneous Dirichlet boundary conditions: 

F ind '/./, E (H6( O))2 and p E L6(D) such that 

{ 

A (u, v ) - B(v,p) = f(v) 

B(u, q) = 0 

where the b ilinear forms 

A(u, v) = in C\7u : \7v dx and 

'\Iv E (HJ( D) )2, 

'\Iq E L6(D) , 

B(v,p) = [ div(v ) pd.x, 
i lL 

(1 ) 

(2) 

all C is Cl. syumwLric and positive definite fourth order tensor with componellts in L':Xl (uu). 
Ab ove, H6( fl) indicates as usual the Sobolev space of order 1 with homogeneous Dirich

let bound ary conditions and L6(D) the space of square Lebesgue integrable functions with 
zero average. Note that everything Chat follows applies imm c iately t,o more genpral houno
ary conditions. 

Remark 2.1 The gradient operator \7 is chosen only for simpl'icity of cxpositwn and it 
can be substituted with the symmetric gradient c:(u) = ~[\7( u ) + \7T (u )]. Euc'rything that 
follow s .~till holds up to a. simple modification of the involved norms. 
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3 The MFD method 

Our starting point is the mimetic finite difference (YIFO ) method introduced in [4, 5J. Let 
Dh be a parti tion of D into polygons E. vVe assume that this partition is cunformal. i.e. 
intersec tion of t\VO different elements is either a few mesh poill t.s . or a few mesh edges 
(two adjacent elements may share more than one edge), or empty. \Ve allow Dh to contain 
non-convex and degenerate elements. 

In the following, we indicate with hE the diameter of element g wit. h dE the set of its 
edges, with lEI ib area, and with 0 7; the outward unit normal to edge e E 8E . ~!roreover, 

we set h as the maximum of all hE, E E Dh . For each edge e, we indicate wit h he its 
length ie l and with fie the outward unit normal fixed once and for all. Let Eh be the set 
of all internal edges of Dh and N be the set of all internal vertexes . Finally, we make the 
followi ng mesh regularity assumptions. 

(MI) E ach polygon in D" has at most N mesh edges, where . is independent of h. 

(M2) E ach polygon E in Dh is star shaped with respect to a point x E E E . 

(lVI3) For each element E E Dh , we connect its verteces with X E to generate a conformal 
triangular mesh in Dh . vVe assume that all sHch triangles are uniformly sbape regular, 
i.e. there exists p > 0 independent of h such that the radius of the largest inscribed 
sphere inside each triangle is larger than p times the diameter of the tr iangle. 

The auxiliary triangular partition is introduced only for analysis and is not needed in 
pract ice. ~ote that assumptions (MI) (M3 ) describe a large class of polygonal meshes 
that m ay include non-convex and degenerate (some of the angles are 180°) elements. 

3. 1 D iscrete spaces 

Vve now define the degrees of freedom for the discrete spaces X h for velocities ami Ch for 
pressures . Let EX indicate a subset of Eh , defined later, and E~ indicate the set of remaining 
edges, Eh = E~ u £r 

For velocities, we t ake two degrees of freedom for each internal vertex of Dh , reprc:~cnting 

veloci ty at the point. In addition, and t.his is different with respect to the method of [4, 5], 
we ad d one degree of freedom for each edge e E E~, representing a correction to tl~e normal 
veloci ty on the edge. Every function Vh E X h is uniquely determined by the coUection of 
real numberc; 

Contrary to the finite element methods, we do not define explicitly the function v" illside 
the mesh elements, but we require that 

(AI) T he tangential component. of Vh on each edge e E Eh is linear, and therefore uniquely 
determined by the value of Vh at t.wo end-poil1ts of e. 

(A2) On edge e of E~, the normal component is also linear, and the same obs ~ rvat.ion as 
above holds. 
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(A3) 0 11 edge e of [~, the normal component of Vh is quadrat ic, and therefore uniquely 
determined by the values of Vh at the end-points 1/ and 1/' of e and by identity 

J d . I e I (U 1/' ) I I , ~ V h . n c 1; = - v h + V h . n {' + (' L'h· 
e 2 

(:1 ) 

T he identity (3) is what characterizes the underlying basis function ,' related to the edge 
degrccs of freedom. Such functions play the same role as the edge bubbles in the sLmdard 
fin ite element li t erature. 

For pressures, we simply take one degree of freedom for each clement E , fe prpsenting 
the (consL'Lnt) vClJue of the pressure on the element. In the sequel, we indicate the real 
number qhlE with qE for all E E Dh . T he discrete space of pressures is isomorphic to the 
space of piecewise constant functions on Dh , and this equivalence will be often implicitly 
used in tho paper. ;\lote that the space of discrete pressures mllst be corrected in order to 
be in £6(D). 

3.2 D iscrete operators, bilinear forms and norms 

VVe start introducing the mesh dependent Hi local and global norms on X h : 

( 4) 

where I:j repr sents the curvilinear abscissae along each edge. V{e t hen ::;et 

Ill vhl l l ~h = L I llvhlll~ . (.5) 
EE[2h. 

In addition, we define the mesh dependent L 2-norm on Qh: 

Ilqhllbh = L lEI (qE)2 
E E[2h 

and t he following seminorm: 

,Iqhll~ = L h; [qhll; 
eE [h 

where [ qh ] denotes the jump of qh across e. 
The discrete divergence operator acting from X h to Qh is given by 

(6) 

:\ot e that both (4) and (6) a.re well defined since we know explici tly the funct.ions of X h on 
t he boundary of each element. 

f\ ow, we introduce the bilinear form 
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which mirnic~ t he continuous form A defined in (2), and is defined element-by-element: 

Ah(Vh , Wh) = L AE(VhIE, willE) \/Vh, Wh E Xh. 
EEI·l.h 

Let C be the piecewise constant tensor given by the average of CI E on eilch element E E Df,.. 
We l hen require the local bilinear forms AE to satisfy the following stabilit:y and consistency 
conditions: 

(81) T here exist two positive constants c* and C. independent of h such t hat, for all 
E E Dh and VE E XhI E. it holds 

(82 ) For all E E nh, VE E Xh[E and all linear vector functions q l on E . it holds 

A E(q }, VE) = L l [(C\7q l) . n~] . v E d.:r , 
E8E Je 

where the interpolant q} E X h is defined by the collection of real numbers 

and assumptions (AI) (A3). 

T he condition (81 ) represents the coercivi ty and correct scaling of the bilinear form. T he 
condit ion (82) mimicks an integration by parts. The algebraic construction ofloeal bilinear 
forms which satisfy the above assumptions is shown in [4] for the case E,~ = Eh . For the 
more gew~ral C ~l c consid red here, this construction remains essentially identical; we simply 
erase the degrees of freedom associated with edges e E Eli. For completeness , we present 
briefly the main ideas behind the construction of the local stiffness matrices. 

Let AE be a mE x mE matrix associated with the bilinear form A E . Since v L IS 

arbit rary, the consistency condition (82) may be written as six algebraic conditions 

Ae P'i = Sil i = 1, ... l6, (7) 

that correspond to six linear independent functions q l. VVe assume that the first two such 
functions are constant; therefore, SI = S2 = o. 

We 'Nill apply a divide and conquer approach to find a matrix A E . :"Jamcly, we will 
provide a constructive way to build a special basis in JR. TnC:, represented by columns of 
matrix B D , in which our matrix A E is block-diagonal 

(8) 

~ ~ 

where the block A E ,1 is computable and the block A E ,2 can be a:rbztrary (for instance, t he 
diagonal matrix t I where t > 0 is a free parameter) symmetric positive definite matrix. 
After that, the matrix A E is calculated as a product of three matrices. 
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Lemma 3.1 The columns of rnutnx B E are as follows: 

b , = Pi , 1 S i ::;: 6, 

The proof that vectors b i form a basis in IRmE can be found in [4] . The proof of orthogonality 
is shor t . 

j S 6 < i. 

T hus, the problem of building a special basis is reduced to a well know linear algebra 
problem of ~uilding a basis in a subspace of dimension (mE - 6). Calculation of entries of 

the matrix A E,1 reduces to evaluation of bilinear form AE for six. linear independellt basis 
functiolls q l. T he consistency condition (S2) reduces this evaluation to edge int egrals of 
linear fu nctions. 

3.3 T he discrete problem, stability and convergence 

\~!e are now able to formulate our discrete method: 

F ind U k E X h and Ph E Qh such that 

{ 

Ah(Uh, Vh) - .In divh(vh) Ph dx = j(Vh) 

.In divh( u h) qh dx = 0 

(9) 

where the loading term 1 is obtained by approximating J~ f dx with a element-wise inte
gration rule based on the mesh nodes which is exact on constants. 

Due to t he coercivity condition (Sl ), the h-uniform stability of the above problem 
with respect to the discrete norms III . Illxh and II . IIQh is guaranteed provided that (see for 
exam pk [12]) the following inf-sup condition holds. 

Condition 3.1 It exists a positive real constant (J) independent of hi such that 

(10) 

Under this condit.ion, the linear convergence of the method in the above discre te norms 
is proven in [5] . provided that the solution (u,p) is in (H2(D))2 x Hl(D), and the tensor 
CI E E ~F 1.00 (E) for all E E Ok. Conversely, the failure of (10) implies the presence of 
discrete spurious pressure modes and in general a bad behavior of the method ; therefore. 
Condi tion 3.1 is crucial. 

In [5]. sllch condition is shown to hold for the case [~ = [h. T he role of the edge-based 
degrees of fre edom is only to guarantee (10). In this paper, we show that set ting [~ = Eh 
means add ing far too much useless degrees of freedom t.o the system. In other words , we 
will show how a smaller set of edges [~ is often sufficient to guarantee Condition 3.1. 
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4 A general macroe leme nt technique 

In t.his section, we ext.end the finit.e element result.s of [30] proved for simplicial meshes 
to the case of mimetic finite differences on polygonal meshes satisfying (Ml ) (M3). T he 
main result of this section, Theorem 4.1, will follow from a set of four Lemmas. We will 
skip all the proofs which are essentially identical to the original ones of [30]. 

4.1 Elements and macroelements 

Let us int roduce the concept of macroelement and equivalence class of macroelements. ~e 

observe that, due to condi~ions (Ml)-(M3), for each integer number 3 ::; n ::; / t.here 

exist s a reference element En such that the following holds. Every element. E in Oh with n 
edges is the image of an invertible and continuous map 

(11) 

Moreover, t-he m~p FE and its inverse are piecewise Hf1,oo with respect. t.o the auxiliary 
t riangulation of En into n triangles defined in (M3) . ~ 

The result above is easy to prove in t.he following way. f.et us define En as a convex 
regular polyg n with n edges and build a triangulation of En connecting all its vertexes 
with the bal' icen~er x. T hen, for each element E E Dh . the IEapping FE is the only piecewise 
linear function En ------ E which sends ordered vertexes of En in ordered vert.exes of E and 
x in the point XE defined in (M2). Due the shape-regularity assumption (M3) , th VV l,oo 
regula,r ity of FE can be shown with standard arguments from the FE li terature. 

A macroelement 1>1 is a connected collection of elements. Given a mesh Dh , we indicate 
with M h a collection of macro-elements which covers the whole mesh, i.e. for all E E Dh 
it holds E E vI for some macroelement lI/I E M h . 

Given !vI E M h , we introduce local spaces: 

X Rf = {Vh E X tJI\I : v~ = 0 \Iv E N n alvJ, v~ = 0 \Ie E £~ n aAn · 

QM = QhlM . 

V.ie introduce also the following norm and seminorm: 

II IVAI III~[ = 2::= IllvA! III~ 
E E M 

IqM I~J = 2::= h; [qM]; 
eEE~[ 

wh r:re £t.f represents the internal edges of IvJ. 
F inally, we introduce the equivalence class of macro elements. 

( 12) 

(13) 

Definition 4.1 A macroelement 2S sazd to be equivale!!!: wdh a reference macroelement M 
if there e:r;ists an invertible continuous mappmg F:\I/ : lI/I ------ ivI such that: 

• FAl CM) = /\;1, 

• If ivI = Uj~l Ej and lvJ = U~l Ej, then Ej 
have the same n'umber o.f edges, nj. 

7 

F!vJ (E J). Moreover both E j and Ej 



• FAl l0 = FEj 0 Fij, j = 1, 2, ... , Tn, wheTe F Ej and F F:J aTe the mapP1:ngs from the 
~ ..-... 

'refere nce element Enj , ?>ntTOduced in (11), znto Ej and .J , respectively. 

T wo macroelernents which are equivalent to the same reference macroelemcnt are said 

l o be equivalent. 

14.2 A stability result using macroelements 

I~he proof of the following lemma is essentially identical to that in Lemlll8 1 of 30] and 
t hereforE' not shown. 

Lemma 4.1 Assume that there exzsts a macTOelement paTtition M h such that each e E 

Eh is an inteTioT edge of at least one and not mOTe than L macTOelements, where L zs 
independent of h. lvforeover, assume that theTc e.xists a positive constant,31 such that 

Then, there exist a positive constant /32 such that 

sup 
Vh EXh/ {O} 

(14) 

(15 ) 

Lemma 4.2 TheTe exzst two posztive constants /31 and /32, zndependent of h, such that 

( 16) 

Proof. T he proof is an extension of tha.t in Lemma 2 of [30]. Due to the well known inE-sup 
condit ion [12] for the continuous problem , for any p E L6(0) there exists v E (H l(O))2 and 
a positiVE' constant C1 independent of h, such that 

and (17) 

Let v' be the ~lelllent interpolant. of v on the auxiliary triangular me ' h in nh introduced 
in (M3), and Vh be t.he element in X h defined uniquely by the collection 

Then. th rc exists a positive constant Cz such that 

(18) 
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F irst the defini tion of norm on X h and a scaling argument using the regularity of the 
auxiliary t riangular mesh, then a stundard result for the Clement interpolant, yield the 
ex ist ence of t\NO positive constants C~ and C3 independent of h snch that 

(19) 

D ue to (AI ) (A3) and since V
C is linear on each edge , it holds v hle = v Cie for all edges 

e in the mesh. T lwrefore, recalling that qh is a piecewise const ant function and using the 
integra t ion by parts , we get 

for all E inqh' 
Usillg (20). the first inequality in (17), an element,vise integration by part.s. an I finally 

bonnd (18) together with the second inequality of (17), we obtain 

I' divh(vh) qh dx = r div(v) qh dx + r div(vC - v) qh dx Jf) Jf) Jf) 
~ C1 11qhllQh + I ) qh]e l (vC 

- v) . lle dy 
eEEh e 

1/2 

:> Ctllqh lb - Il qhllh (~ h;' i ,ve - vl2 dIe) 
(21) 

~ C1 11qhllQh - C2 11qhlk 

T he ass :'rtion of the lemma follows immediately combining (21) with (19) and setting 
eGl = C1C3·

1 and R2 = C2C3-
1

. 0 

T he fo llowing result follows easily using Lemma 4.2, see Lemma 3 of [30] for details of 
t he proof. 

Lemma 4.3 Let the stabzlity estzmate (15) hold. Then Condition 3.1 is valid. 

T he following fundamental result also holds. 

Lemma 4.4 Let ~ be a class of equivalent macToelements. Suppose that for every J\;f E ~ 

the spaCf' 

(22) 

is one dimensional consistzng of functions which aTe constant on )\1. Then, there f; xists a 
constant 13') independent of h, such that 

sup 
V.\fEX~tI{O} 

holds for all .'vf E L 

(23) 
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Proof T he proof is an extension of t hat in Lemma 4 of [30]. For a particular ms,eroelement 
lvI, we shall write !J;\.J to stress the fact that this constant depends on J\1. Since N M 

consist s of only constant functions, ,6;\1 > O. W ith a proper coordinate tr ansforma tion, it 
is su fficient to consider a class of equivalent macroelements of diameter :s; 1. Definition 4.1 
of mac roelemellt classes implies that every JVI E I: and the related reference mappings are 
oefined uniquely by the position of a fini te number of vertices {x 1, .. , Xlfl} and t.he position 
of the in ernal pOlnts x E, E E !vI, defined in (lVI2 ). Let X = X (!vI) represent t he vect.or 
in 1R21fl+2

'fT[ with components given by the ordered component.s of {x 1, "', Xlfl , l' E l , ... ) x E",} . 
Let ~x indicat.e the set of all admissible vectors X which are associated to all Fldmissible 
macroelements }11 = }\[( X ) E 2::. Clearly Ex is a bounded subset. of ]R2rn+2m OUE' to the 
above diameter property. It. can be checked t.hat, due to proper ty (M3) , the set I:x is 
also closed. In fact) such property forbids the vectors in Ex to be arbitrarily close to 
unadmi~sible vect.ors X tj Ex, like those where two vertexes are collapsed into a siugle 
ver tex . 

T hus, t.he equivalence class I:x forms a compact. set. Therefore, if we indica te ,viLh ,G'(X) 
the inf-sup constant associated to the macro element !vI defined by X ) i.e. ,3' (X ) = .i3;H(X)' 

all we need to sho,\' is that the function ,6"(X) is continuous. 
T ilis is done by a simple change of variables argument, which is presented hriefly. G iven 

any t.wo macroelements M = l\1(X) and iv!' = JVJ'(X'), we int.roduce the invert ible map ping 
G = FM , 0 F;:;/, where FA! and FM , are t.he mappings introduced in Definition 4.1. UsiIlg 
this m ap ping, we can transform all variables and integrals appearing in (23) from !vI to 
H'. The J acobian of G appears in all these transformations. It is easy to check that the 
Jacobian converges uniformly to t.he identity when X --+ X'. Thus, the t erms 

converge to their counterparts in Ai' when X --+ X'. T his clearly implies thatO(X ) --+ 

/3( X ') when X --+ X'. 0 

Combining Lemmata 4.1,4.3 and 4.4, we get the main result of this section. 

Theorem 4.1 Let M h be a macmelement partition of 0 h' Suppose that 

1 .. M It is composed of a fixed set of eqmvalence classes l:i) i = 1,2, ... , I, of macroele
ments, i.e. M h = : U~=l I:i . 

2. For ach 1\1 E E i , i = 1,2, ... , li the space M\J in (22) is one-dim 'nsional consisting 
of functions that are constant on J\!f. 

S. There exists LEN such that each e E [h is an lntenor edge of at least one and no 
more than L macroelements. 

Then Condition S.l holds. 

5 A stability result for t he MFD method 

G iven any polygonal mesh Dh satisfying (M1 )--(M3), we introduce a macrodement parti
tion /vt h which verifies the hypotheses of Theorem 4.1. The results in this section provide 
flexible tools for ident.ifying the stabilizing se t [~ of edge bubbles . 
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We ~tart introducing the macroelement family. Given any internal node v E N which 
is common for at least three edges, we indicate with A1 = lvlv the macro element given by 
all elcm<: nts in Oh which have v as a vertex. Note that all such macroelement s clearly cuver 
(with overlaps) the whole mesh Dh (see Fig. 1). 

--- Frontiers-- / 

Figure 1: Examples of macroelements. 

t 
J 

/ 

For each internal edge of the mesh e E £h there exists at least one macroelement with 
e as an internal eri.ge. Moreover, it is easy to check that any edge e E £h lays at most in 2 
macroelements, and therefore condition 3 in Theorem 4.1 is verified. 

In order to V Tify condition 1 in Theorem 4.1, we need to count the number of equivalence 
clas~es 2:: i in l vt h . T wo macro elements JVlv and iI/Iv' are surely equivalent if 

1. The number of polygons in A1v is equal to the number of polygons in AIv" vVe refer 
this number as k(v). 

2. The number of edges in polygons El l E2 , ... , Ek(v), ordered counter-clockwise about 
vertex v, is the same as that in polygons E~, E~, ... , E~(v)' ordered counter-clockwise 
about vertex v'. 

3. T he n1lmber of edges in DEi n DEi +1 are equal to the number of edges in DE; n DE;+l 
for i = 1,2, ... , k(v) (modulo k(v)). 

For any vertex v, the shape regularity assumpt.ion (M3) implies that k(v) _ k with J? 
independent of h. :'vIoreover. due to (Ml ) each polygon has at mo~t N edges· hence, any 
set DEi n DEj has at most IV - 1 edges. Therefore, since there exist at most. I = l( k , fir ) 
equivalence cl8 sses in M h , cundition 1 is satisfied. 

It, remains to show condition 2, which is more involved. Given an internal node v and 
the respective macroelement iI/Iv, let £v be the set of mesh edges which join at v. vVe also 
introduce subsets £~ = £v n £~ and £Z = £v n £~. Let Nv, N~, and NZ be the number of 
elements in the sets £Vl £~, and £Z, respectively. 

Proposition 5.1 Let v be the only mternal vertex m lvlv . FurthermoTe, let either (a) 
N~ < 3 or (b) N~ = 3 and all the three angles naturally defined by the three edges m 
£v n £t: be less or eq~ual than Jr. Then) the space N A-I defined in (22) conszsts of constant 
fun,ctions. 
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Proof. We d ivide the proof into three st.eps. 
Step 1. 'vVc start with case. r: = 3 (see left. picture in F ig. 1). For each edge p in [1/, 

let I e indicate t he unit edge tangent , pointing outwards with respect to v. Tvloreovcr , let 
the edge llormal ne be such that 

I.e. I p ic; obtained with the counter-clockwise rot.ation of n e by angle 71 / 2. Given allY edge 
e E DB n Dg with ne the outward normal for E, we define the jurnp of qh DCroSS e as 

F inally, we enumerate the t.hre " edges in [: as e],e2,e3, their tangents as I l, I :', ' :l and 
their llormals as n l , n 2, n 3. \ ;Yithout loss of generality, we assume that '1 and T 2 are 
linearly independent. The remaining edges in [1/ are then enumerated as e4, e5 . ... , with the 
respective enumeration of their tangent.s and normals. 

Let Cfh E Nit! . Since Vh is zero on the boundaries of M, the st.ra.ightfofward calculation 

(24) 
Let W = v~ for simplicity. Recalling identity (3), equation (24) becomes 

(25) 

By defi ui t.ion of jump, we clearly get 

(26) 

P roving the proposition is therefore equivalent to showing that, under conditions (26) iLnd 
(25), all the jumps [Cfh ]e, e E [1/) are zero. 

Step 2. Taking W = 0 and v~ = 1 for a part.icular edge in [~ and v~ = 0 for the 
re llla ini llg edges, we conclude t.hat [qh]e for all edges in [~. 

Let W I W 2 be a basis in JR2
. 'vVr it.ing condi t ion (25) separately for Wi and W2 and 

add ing condition (26), we obtain a linear system of equations 

S q = 0 , (27) 

where the vector q has three components, q = ([lJhl]el' [qd cz) [qh )eJ, and the square lll a t rix 
S has t.he fortIl 

le21 w l . n 2 

le21 w 2 . n 2 

1 

(28) 

O ur goal is to show that the matrix S has full rank. Recalling t.hat 7 j and 72 arc li nearly 
indepelldent by hypothesis, we have 

(29) 
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Taking the choice w ] = T] and W 2 = T2, calculating the determinant In (20) and 
using (29) one easily gets the equivalent condition 

(30) 

By the angle hypothesis of the P roposition, it is easy to check tha t. there must exist t\VO 
real nurnbers Ct], Ct2 such that 

(31 ) 

From (31) it irnmediately follows that n3 = -Ct]n] - Ct2n2. Substitutinf this into (30) and 
using (29) we show that condition (30) is equivalent to 

(32) 

Since bot h Ct] and 0:2 are non-negative, the equality in (32) is surely impossible. T herefore, 
the ma trix S in (28) is non-singular and the proposition is proved for N~ = 3. 

Step 3. In the case N~ = 2, we can follow the same argument and calculations as above. 
VYe end up with showing that the matrix 

le2 lw] .02) 
le21 w 2 . n 2 

1 

(33) 

ha~ full rank. Clearly, it could be rank deficient only when 01 = 02, which is impossible. 
T he cases N~ = 0 u,nd T~ = 1 are even simpler and therefore not shown. 0 

Not.e that the angle condition in Proposition 5.1 is sharp in the following sense. It 
can be shO\ n that, if N~ = 3, then for any triple T] , T 2, T3 that does not sCltdy the 
angle condition there exists at least one triple of edges el, e2, e3 (with the Ti CI S respective 
tangent.s) such that the matrix in (28) is singular. 

A stronger result follows easily from Proposition 5.1. In the sequel we call a frontier Ii 
any collect ion of at least two adjoint edges such that Ii = 8E n 8E', \vith E , E' E .rvIv (see 
right pi ture in F ig. 1). By our assumptions, Proposition 5.1 considers only macroelements 
with no frontiers. In a general case, all the internal bOllndaries among elements in /vi can 
be divided into frontiers and regular (single) edges. T he next result shows that frontiers 
can be essentially ignored. 

Proposition 5.2 Let I\T~ mdzcate the number of edges of Eh whzch connect zn v and which 
are not a pari of a frontzer. Let either (a) fII~ < 3 or (b) fII: = : and all the thTPe angles 
naturally defined by the three respectwe edges be less or equal than 1f. Then, th "'paCt' NI t 
defined in (22) consists of constant junctions. 

Proof. Let p be a frontier in AI, with Ii = 8£ n 8 E' , E , E' E AI . Let v' =f. v be one of the 
interior ver t ices in Ii 8nd let e', e" be the two edges in ~ adjacent to v'. Let Y h be zero in all 
interior vertices except v', and vI;: = 0 for all edges in Ei. Vie define w = y'{ for simplicity. 
Testing cUlldition (22) with such Vh, we easily obtain 

(34) 
Vw E ]R2 , 
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whrre [q,J - = gE - gE' represents the jump across the frontier. It is easy to check that 
condition (.3/1) implies [(id e = 0, i.e. that qE = qE" As a consequence, the hvo delllents E 
and £ ' Cem be considered as a single element for the purpose ' of this proof, and the frontier 
-;; can be completely ignored. I ote also that this argument does not. use th dICgn :cs of 
freedom related to the node lJ, nor any degree of freedom related to an edge bubble. Since 
this argument can be applied to all frontiers in Ai, they all can be ignored by consiciering 
the respective pairs of elements as single elements. T he remaining proof of this proposition 
boils down to that of P roposition 5.1. 0 

vVe have shown that, provided the set E~ is such that the conditions in Proposition 5.2 
arp satisfi ~d , condit ion 3 in Theorem 4.1 is also verified. This in turn implies the s tability 
and (linear ) convergence of the method, as discussed in Section 3.' . 

The above result covers, for example, the case of a mesh wit.h convex elemellts where 
all the nodes hay the property of being the junction of at m ost 3 edges. For example, t.he 
Voronoi meshes satisfy this property and in such a case the result shows that no bubble 
degrees of fr eedom are needed, i.e. E~ = 0 is sufficient. For 8 logically square mesh. we nepd 
to add bubble d egrees of freedom approximately to every fourth edge. T his is suffi cient. to 
kill spurious pressure modes. 

In a more general case, it is sufficient to add bubbles where needed, as indicated in 
Proposition 5.2. A few bubble degrees of freedom are therefore often suffic ient for the 
stabili ty of t he method ; it is quite clear that in general taking ER = Eh as proposed in [4J 
is not the optimal choice. 

6 N umerical experiments 

A · it was shown in [28] the LBB constant /3 is related to the smallest eigenvalues of a 

generalized eigenvalue problem. In our experiments, we use the power method Lo ccdculatc 
this eigt' l1val le. To identify edges where the stabilizing bubbles have to be add .d , iNC:' em ploy 
the following simple algorithm. For each mesh vertex, we count the number of connected 
edges exclud ing frontiers. If the final count is greater than three, vve add a bubble degree of 
freedom to one (or more) the edges in the list. The following relative errors are calculated 
in numerical experi ments: 

and 

~ ( ) _ Illuh 
- uli lio 

co U - IIlul ll lo ' 

whC'rC' PI E QiL is the interpolant of P and U [ E X h is the interpolallt of u. 
III the firs t experiment., we consider a sequence of convex polygonal lllPshes that are 

dual to unstrndmed quasi-uniform Delaunay meshes (see f ig. 2). Each m esh vertex is 
common to at most three edges. Therefore, no stabilizing bubbles are required and the 
ditud e problem with purely nodal velocity space is fully .t able. T his is a n ice property 
which is not shared by standard FEM meshes, apart for particular configurations. 
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Let the exact solution be 

( 
r(x)sin(ay) ) 

u (x, y) = '() ( )/ ' 
T x cos a y a 

p(x, Y) = X:t/, (35) 

where 7(:t) = (I-x) sin(ax), T' is its first derivative, and a = 2.271. Table 1 shows thCl t /3 is 
indep(>ndent of the characteristic mesh size h. We observe the second-order convergence raLe 

for the v locity in the discrete L 2-norm and the first-order in t.he discrete Hi- norm. The 
convergence rate for the pressure variable approaches the first-order. This is in agreement 
with our theoretical analysis. 

-

F igure 2: A unstructured polygonal mesh (left) and location of bubbles on the square mesh 
(right). 

l / h 13 Eo( u) C ] (u ) Eo(p) 
8 4.25e-2 1.24e-l 1. 71e-l 1. 97c-O 

16 3.72e-2 3.21e-2 6.83e-2 5.42e-1 
32 3.48e-2 7.74e-3 2.73e-2 1. 7ge-l 

64 3.38e-2 1.92e-3 1.26e-2 6.7ge-2 

128 3.35e-2 4.77e-4 6.13e-3 2.91e-2 

Tahle 1: r-..JFD discret.ization without bubble degrees of freedom on polygonal meshes. 

In the second experiment, we consider a sequence of square meshes and the exact 
solution (35). Table 2 shows results for the case when llO bubble d .grees of freedom is 
added to the MFD discretizations. It is known that. /3 = 0 in this Cd.!:ie d. ue to a spurious 
pressure mode. T his mode is known for the square mesh and has a chess-board pattern, 
with + 1 and -1 corresponding to white and black cells, respectively. T herefore. we present 
the smallest non-zero eigenvalue that can be interpreted as the LBB constant /3l.. for the 
pressure space orthogonal to the null mode. T he calculations are performed in t he corrected 
pressure space, orthogonal to the null mode. ~ote that (Jl.. is scaled as O(h2) which may 
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result in potential instabilit ies ill simul8tions. These instabilities are not observed in our 
experiments which allmvs us to compare the calculated errors with the rvIFD method with 
stabilized bubble degrees of freedom (see Table :3). 

l/h I (j .l ~n(U ) CI (u ) Eo(p) 
8 1.78e-2 1. 62e-1 1.23e-1 3.52e-0 

16 4.65e-3 4.64e-2 3.88e-2 t) .4ge-1 
32 1. ] 8e-3 1.20e-2 1.04e-2 2.1lJe-1 
64 2.9ge-4 3.04e-3 2.64e-3 5.23e-2 

128 7.50e-5 7.62e-4 G.63e-4 1.31e-2 

Table 2: MDF discretizaLion without bubble degrees of freedom on ~quare meshes 

F igure 2 shows locat.ion of edges where additional degrees of freedom aI<" ac1 cied, roughly 
a qu arter of all edges. In this case, as indicated by the values of beta, the d iscrete problem 
is uniformly stable and we do not need to orthogonalize the pressure space. In both ("d ses, 
t.he superconvergence is observed for the H l-norm of the velocit.y error. However, t.he 
i"Ldual convergence rat.e is slight.ly smaller in t.he stabilized experiment.s. Simil l:Lr behavior 
is observed for pressure errors. 

l/h (1 fo(U) [ 1 (u ) EO(p) 
8 1.2ge-1 1.57e-1 1.24e-1 J .55e-0 

16 1.30e-1 4.35e-2 4.41e-2 1.20e-0 
32 l.2ge-1 l.1 3e-2 1.46e-2 4.25e-1 
64 1.32e-1 2.86e-3 4.71e-3 l. 45e-1 

128 1.30e-1 7.22e-4 l.53e-3 4.96e-2 

Table 3: MDF discretization with stabilizing bubble degrees of freedom on square meshes. 

7 Conclusions 

'0/e presented a Mimet ic Finite Difference method which is an evolution of t hat f [4]. The 
met hod in [4] used a bubble degree of freedom on every mesh edge to c:1chieve stability. 
In the !lew method, the bubble degrees of freedom are added instead only where needed, 
resulting in a smaller algebraic system and potentially in a fast er calc1l1ations. 

1 n order to investigate where the edge bubbles are needed, we extended t he macrocle
mellt methodology to polygonal meshes and introduceei a new rnacroelement partition of 
th mesh. For this partition, we where able to mark a set of edges nef'ding all additional 
degree of freedom and to prove the stability of the ensuing discre te problem. T be set of 
mar ked edges is in general significantly compared to the set of all internal mesh edges . For 
instance. edge buhbles need to be added (roughly) only to every fourth edge of a square 
mesh, ;:md th ey are not needed at all on a Voronoi-type mesh. 

Finally. vve presented a set of numerical tests in complet e accordance with the theoretical 
invcstigat ions. 
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