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A framework for developing a mimetic tensor artificial viscosity
for Lagrangian hydrocodes on arbitrary polygonal and
polyhedral meshes (U)

'Konstantin Lipnikov, !Mikhail Shashkov
'Los Alamos National Laboratory
Mail Stop B284
LANL, Los Alamos, New Mexico
87545, USA

We construct a new mimetic tensor artificial viscosity on general polygonal and polyhedral meshes. The
tensor artificial viscosity is based on a mimetic discretization of coordinate invariant operators, divergence
of a tensor and gradient of a vector. The focus of this paper is on the symmetric form, div (xe(u)), of
the tensor artificial viscosity where e(u) is the symmetrized gradient of u and y is a tensor. The mimetic
discretizations of this operator is derived for the case of a full tensor coefficient x that may reflect a shock
direction. We demonstrate performance of the new viscosity for the Noh implosion, Sedov explosion and
Saltzman piston problems in both Cartesian and axisymmetric coordinate systems.
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Introduction

Consider a system of hydrodynamic equations in
Lagrangian coordinates describing motion of an
ideal compressible gas:

1Pp _ _&

, Dt ivu,
Du
— = =Y

P Dt P
D

'DFi = —pdivu,

where p, p, u and € are the gas density, pressure,
velocity and internal energy, respectively, and

D /Dt denotes the material derivative. These
equations represent fundamental conservation laws
for the mass, momentum, and energy. The system
of three equations has four unknowns; therefore, it
is closed by an equation of state.

Modeling of high-speed flows with shocks using a
staggered discretization [3] requires introduction of
an artificial numerical viscosity (4, 10, 9]. It
stabilizes the simulation by spreading the shock
across a few mesh elements. In [-D, the classical
Von Neumann-Richtmyer viscosity [4] with a
linear term due to Landshoff [9] has a clearly
defined continuum analog. In particular, the
modified momentum equation has the following
form:

’Oﬁ_ 5;‘1‘% (N

Du  dp 0 ( 8u>
H12 oz )’
where the viscosity coefficient 1112 depend on the
solution:

19 du
Mu(u) = M1 — Lt

p Oz’

The parameters p; and po control shock thickness.
Analysis of continuum equations for a strong
shock with thickness of six mesh cells [12] (in the
mass coordinates) gives 1 = ¢1(y + 1)psAx and
pa = ca(y + 1)p%(Az)? with positive constants c;
and ¢y close to one. Here s is the sound speed and
Ax is the mesh size.
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In 2-D, the basic requirements for design of the
artificial viscosity, as well as overview of existing
methods, can be found in [5]. Here, we propose an
artificial viscosity model that satisfies four
requirements: it is disspative, Galilean invariant,
and self-similar motion invariant. More precisely,
an analog of the modified momentum equation (1)
is

pﬁltl = —Vp+div (u12¢(u))

with the viscosity coefficient

pa(u) = py — %s(u»

Here £(u) denotes the symmetrized gradient,
e(u) = 3(Vu+ (Vu)?).

For a staggered discretization [3] considered here,
the discrete velocities are defined at mesh nodes,
while the discrete pressure, density, and internal
energy are defined on mesh elements. Unstructured
and disturted polygonal and polyhedral meshes are
challenging for desining an accurate discretization
of the artificial viscosity term. In this paper, we
employ a novel discretization tenchnology
developed in [1] for a scalar diffusion operator.
This technology represents recent progress in
development of mimetic discretization methods
and is based on a discrete tensor calculus. Applied
to the term

£ = div (p12 £(u)), 2)

where 412 is a full tensor, it results in a novel
tensor artificial viscosity (TAV) method that
extends the original TAV method [7] with a scalar
p12. The tensorial coefficient y1o provides a tool
for building various artificial viscosity models. In
this paper we consider only second-order tensors;
however, the mathematical structure of equations
allows us to use full fourth-order tensors in the
future.

The new TAV framework can be applied to meshes
with nonconvex and degenerate elements. Note
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that the related TAV methods [7, 8] are limited to
meshes with convex elements.

Method description

Consider a partition of the computation domain
Q2 € ®% into polygonal (d = 2) or polyhedral
(d = 3) elements F that may be non-convex or
degenerate. Let |E| denote the volume of E.

Consider a conventional staggered discretization,
where the degrees of freedom for velocity u are
defined at mesh points. Let U be the vector of all
velocity degrees of freedom. In 3-D, the size of U
is triple the number of mesh points. We also need
the restriction of this vector to element E that we
denote by Ug. The size of Ug is triple the number
of vertices of E. Similarly, U g, denotes the
restriction of Ug to vertex v of E. Thisis a
three-dimensional vector.

Multiplying both sides of (2) by a test function v,
integrating by parts, and using proper boundary
conditions, yields

/Q Y. v dV = — /Q(u12 e(u)) : e(v)dV.

We apply accurate (will be speficied later)
quadrature rules to both integrals. Each quadrature
rule is written as a vector-matrix-vector
multiplication with vectors of degrees of freedom
and a matrix of weights:

(FviS)TMV e (’)(h) = _UTAV ot O(h),

where the F% is the global vector of point-based
degrees of freedom of the force function £7%%. The
vector V is from the same discrete space as U.
The O(h) terms must be small for sufficiently
smooth functions. Omitting these terms, we obtain
the desired viscous forces at mesh points:

F" = -M'AU.

Note that the actual computations require only the
vector M FV**. Thus, our main focus is on the
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stiffness matrix A. We assume that this matrix can
be assembled from elemental matrices A g:

A=) NgAgNi,
EeT,

where N g is the assembling matrix with only zero
and one entries.

Clearly, the elemental matrices A g must provide
accurate quadrature rules for integrals over mesh
elements:

/Eulgs(u) .e(v)dV = UL Ap Vi + |E| O(R).
3)

To obtain the correct error term, the quadrature rule
must be exact iat least for linear velocity functions.
To derive such a rule for a general polygon or
polyhedron F, we recall first a few facts from
linear algebra.

Let Bg be a fuli rank n x n matrix, representing a
change of the basis in a linear space. Change of the
basis induces the following congruent
transformation of the matrix A g:

Ar=BLA:Bg.

In reality, a partial information about the basis and
the matrix A g is often available. For instance, we
know a priori how to calculate the integral in (3)
for linear functions u, v and constant tensor fi12.
Indeed, in this case, the integrand is a constant.
Thus, a natural choice for a basid vector is the
vector those components are values of a linear
function at vertices of F.

In a more abstract framework, let us assume that
we (a) know m basis vectors B;, m < n, and (b)
can calculate somehow m vectors R; = A gB;
without using the matrix A g. Then, it is possible
to complete the basis in such a way that the matrix
A g is block-diagonal. More precisely, let us
complete the basis by vectors B, such that

BT R; =0, 1<i<m<j<n. (4)
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Then, we have the following identity:

AL 0

BLALBg = .
0 A%

This implies immediately that the (i, k)-entry of
matrix A}, is the dot-product B Ry; therefore,
this matrix can be calculated easily.

Detailed analysis reveals that the accuracy
requirement (3) alone is not sufficient to build a
convergent approximation of the elliptic operator
in (2). What is also needed are the orgonality
conditions (4).

We define m basis vectors B; using the degrees of
freedom of linearly independent linear
vector-functions ?p;. In 3-D there are twelve such
functions, which gives m = 12. In 2-D, m = 6.
Thus, m is always less or equal to the dimension n
of matrix A g and the equality is achived only for a
simplex. Next, we replace the tensor 1119 in (3) by
a constant tensor pg. This is again the order of h
approximation. Next, we replace u by 2); and
integrate by parts to obtain

IE|O(h) + BTApVg = /EuEe(z/),.) . (%) 4V

= > ((uee(yy)) - ng) - / vds,
f€dE f

(%)
where ng is the exterior normal vector to the
surface of E. This formula is the remarkable
property: for an arbitrary v, the volume integral
can be calculated accurately using only the surface
information.

For each face f, the surface integral can be
calculated approximately using the degrees of
freedom at its vertices v. Again, we need only an
O(h) approximation. Recall that there exist
positive coefficients wy,, such that the center of
gravity x of face f is a linear combination of
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vertices x,, of f:

xf:: E:Cuﬂvxv
vef

These weights give a quadrature rule exact for
linear functions. Using them in the formula for A g
and neglecting the O(h) terms, we obtain

BIAeVe = Y (uee(,))ne)d wroVey.
fEOE vef

After simple re-arranging of the terms, the
right-hand side can be written in a compact form as
the dot product of two vectors:

> (ueVey) nE) - > wrVew =R Vg
fEOE vef

Due to arbitrariness of V g, we derive the desired
relations A g B; = R,; without knowledge of the
matrix A g. Note that our arguments and presented
derivations hold for an arbitrarily shaped element.

No information is available to specify the matrix
A%; thus, it remains arbitrary. For the moment, we
use a diagonal matrix, AQE = aglg; however, this
freedom can be analyzed in the future. A
reasonable choice for the scaling parameter o is
the mean trace of the first diagonal block,

ap = trace(AL)/d.

To complete the method derivation, we write down
the formula for yg in element E. For a
one-dimensional shock, the 2-D viscousity term
reduces to a 1-D model. Therefore, we take the
same parameters ¢ and cg to obtain

pe=pe(y+1)Lg (01 sg—cLg gE(UE)),

where Lg is the characteristic length (preferably in
the direction of the shock) and €, is the negative
spectral component of € g. The superscript £
indicates that a mean value of the related
quantatity. According to formula (5), calculation of
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the mean value of the symmetrized gradient is
reduced to calculation of a surface integral that can
be done with the quadrature rule described above.

Numerical experiments

In the experiments shown below, a factor x g is
added to the ug. Note that xg = 1 if only if
trace(eg(Ug)) < 0. Otherwise, xg = 0. The
characteristic length L is defined as |E|1/d.

Since, our TAV does not control a hourglass
distortion of the mesh, additional numerical
viscosity is added to the system using the temporal
triangular subzoning method [2]. We verified with
numerical experiments that both viscosities are
required in our simulations.

Let us consider a 3-D Noh implosion problem,
where the ideal gas with v = 5/3, density p = 1,
and pressure p = 0 is given an initial unit inwards
radial velocity. A spherical shock wave is
generated at the origin and moves with constant
speed 1/3. Attime ¢t = 0.6, the shock wave has
radial coordinate 0.2. The density behind the shock
is 64.

First, using symmetry of the problem, we solve it
in the r-z geometry. The initial computational mesh
is the 80 x 80 square mesh occupying the unit
square. Second, the same problem is solved in
three-dimensions. The initial mesh is the

80 x 80 x 80 orthogonal mesh. In both runs

c¢1 = 0.5 and ¢cp = 1.0. As shown in Fig. 1, the
meshes at final time ¢ = 0.6 have high-quality
elements. The scatter plots in Fig. 2 indicate
acceptable preservation of the spherical symmetry.
Around the shock, we observe approximately 5%
variation of density in the angular direction.

The density behind the shock is smaller than the
theoretical value of 64 in both runs. Density
oscillations before the shock can be controlled by
increasing the coeffcient ¢;. Note that the results
are more accurate in 3-D.
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Figure 1: Noh problem: 2-D and 3-D meshes at
time t=0.6 colored by the density.

In the second experiment, we consider the Sedov
explosion problem. The problem generates a
strong diverging shock wave [13, 14]. The initial
density of the ideal gas with v = 1.4 is unity and
the initial velocity is zero. Att = 0, the total
energy Ej is all internal and concentrated at the
origin. The analytical solution gives the expanding
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Figure 2: Noh problem: density distribution as
a function of the distance from the origin in 2-D
(top) and 3-D (bottom) runs.

shock of radius rg with peak density of 6,

By 2\ %2
Fg= )
Qs Po

where a3z = 0.850937. The total energy Ey is
defined such that r; = 0.9 at time ¢t = 1.

We consider a 80 x 80 square mesh occupying
initially the unit square. Only one element near the
origin (the biggest element in Fig. 3) is given a
non-zero specific internal energy. The mesh
elements are compressed in the radial direction and
have large obtuse angles. Note that only small
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Figure 3: Sedov problem: 2-D and 3-D meshes
at time t=1 colored by the density.

angles (close to 0°) may reduce (theoretically) the
accuracy of the mimetic discretization. The
pictures in Fig. 4 show small variation of density in
the angular direction.

The same problem is solved in three-dimensions.
The initial mesh is the 80 x 80 x 80 orthogonal
mesh. In both runs ¢; = ¢ = 1. The trace of the
final mesh at ¢ = 1 is shown in Fig. 4. All
hexahedra have high quality according to the mesh
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criteria formulated in [ 1] for polyhedral meshes.
We recall that presence of large obtuse dihedral
angles does not necessary affect the mesh quality.
In the bottom picture in Fig. 4, we observe slight
reduction of the pike density compared to the
two-dimensional simulation (the top-right picture).
On the other hand, position of the shock is more
accurate in the three-dimensional simulation.
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Figure 4: Sedov problem: density distribution
as a function of the distance from the origin in
2-D (top) and 3-D (bottom) runs,

In the Saltzman problem, a one-dimensional shock
wave propagates through a two-dimensional mesh
[11]. This tests the ability of the method to model

shock waves that are oblique to the mesh. As
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artificial viscosity is dominant in the shock wave
propagation, the Saltzman piston problem is often
used for testing new viscosity methods.

A box is initially filled with the cold ideal gas

(v = 5/3) at density 1. A piston moves into the
box with a constant speed 1.0 and generates a
shock wave that reflects from the opposite fixed
end of the box at time ¢ = (.8 and hits the piston at
time t = 0.9. The simulation time is 0.925 when
the shock reflected from the piston has not yet
reached the fixed end. The final density behind the
shock is 20 and the density ahead of the shock is
10.

Figure 5 compares results of simulations in the x-y
and r-z coordinate systems. In both runs

c1 = ¢y = 1. We observe a slightly more accurate
results in the r-z coordinate system. The final mesh
lines are more straight in this experiment. A
common wall heating effect is observed on the top
wall of the box where the symmetry boundary
condition is applied.

Conclusion

We constructed a new mimetic tensor artificial
viscosity on polygonal and polyhedral meshes. The
tensor viscosity is designed as the mimetic
discretization of the differential operator

div (ue(u)), where p is the full second-order
tensor coefficient. We demonstrated performance
of the new viscosity with three test problems.
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Density
203

Figure 5: Saltzman problem: meshes at time
t=0.925 colored by the density in 2-D
simulations using x-y (top) and r-z (bottom)
coordinatei systems.
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